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For the Student 


Welcome to Big Ideas Math Algebra 2. From start to finish, this program was designed with 
you, the learner, in mind. 


As you work through the chapters in your Algebra 2 course, you will be encouraged to think 
and to make conjectures while you persevere through challenging problems and exercises. 

You will make errors—and that is ok! Learning and understanding occur when you make errors 
and push through mental roadblocks to comprehend and solve new and challenging problems. 


In this program, you will also be required to explain your thinking and your analysis of diverse 
problems and exercises. Being actively involved in learning will help you develop mathematical 
reasoning and use it to solve math problems and work through other everyday challenges. 


We wish you the best of luck as you explore Algebra 2. We are excited to be a part of your 
preparation for the challenges you will face in the remainder of your high school career 
and beyond. 
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Stabdards for Mathematical oe as 


Make sense of problems and persevere in solving them. 

@ Essential Questions help students focus on core concepts as they analyze and work 
through each Exploration. 

Q Section opening Explorations allow students to struggle with new mathematical concepts 
and explain their reasoning in the Communicate Your Answer questions. 

Reason abstractly and quantitatively. 

Q Reasoning, Critical Thinking, Abstract Reasoning, and Problem Solving exercises challenge 
students to apply their acquired knowledge and reasoning skills to solve each problem. 

QQ Thought Provoking exercises test the reasoning skills of students as they analyze and 
interpret perplexing scenarios. 

Construct viable arguments and critique the reasoning of others. 

Q Students must justify their responses to each Essentia/ Question in the Communicate Your 
Answer questions at the end of each Exploration set. 

Q Students are asked to construct arguments and critique the reasoning of others in 
specialized exercises, including Making an Argument, How Do You See It?, Drawing 
Conclusions, Reasoning, Error Analysis, Problem Solving, and Writing. 

Model with mathematics. 

Q Real-life scenarios are utilized in Explorations, Examples, Exercises, and Assessments so 
students have opportunities to apply the mathematical concepts they have learned to 
realistic situations. 

© Modeling with Mathematics exercises allow students to interpret a problem in the context 
of a real-life situation, often utilizing tables, graphs, visual representations, and formulas. 

Use appropriate tools strategically. 

©) Students are provided opportunities for selecting and utilizing the appropriate 
mathematical tool in Using Tools exercises. Students work with graphing calculators, 
dynamic geometry software, models, and more. 

© Avariety of tool papers and manipulatives are available for students to use in problems as 
strategically appropriate. 

Attend to precision. 

© Vocabulary and Core Concept Check exercises require students to use clear, precise 
mathematical language in their solutions and explanations. 

© The many opportunities for cooperative learning in this program, including working with 
partners for each Exploration, support precise, explicit mathematical communication. 

Look for and make use of structure. 

© Using Structure exercises provide students with the opportunity to explore patterns and 
structure in mathematics. 

© Students analyze structure in problems through Justifying Steps and Analyzing Equations 
exercises. 

Look for and express regularity in repeated reasoning. 

© Students are continually encouraged to evaluate the reasonableness of their solutions 
and their steps in the problem-solving process. 

Q  Stepped-out Examples encourage students to maintain oversight of their problem-solving 
process and pay attention to the relevant details in each step. 


Go to BigideasLearning.com for more information on the 


o Common Core State Standards for Mathematical Practice. ; 


— State Standards for 


" Mathematical Content for Algebra 2 


Chapter Coverage for Standards 


Conceptual Category Number and Quantity 


@ The Real Number System @ Quantities 
@ The Complex Number System 


Conceptual Category Algebra 


@ Seeing Structure in Expressions @ Arithmetic with Polynomials and Rational Expressions | 
@ Creating Equations @ Reasoning with Equations and Inequalities | 


Conceptual Category Functions 


@ Interpreting Functions @ Building Functions 
@ Linear, Quadratic, and Exponential Models Q@  Trigonometric Functions 


Conceptual Category Geometry 


@ Expressing Geometric Properties with Equations 


Conceptual Category Statistics and Probability 
@ Interpreting Categorical and Quantitative Data 
Q@ > Making Inferences and Justifying Conclusions 
@ Conditional Probability and the Rules of Probability 
@ Using Probability to Make Decisions 


Go to BigideasLearning.com for more information on the 
ail Common Core State Standards for Mathematical Content. 
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Analyze the trajectory of a dirt bike after it 
is launched off a ramp. 
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See the Big Idea 
Learn how to build your own parabolic mirror 
that uses sunlight to generate electricity. 
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See the Big Idea 
Explore imaginary numbers in the 
context of electrical circuits. 
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See the Big Idea 
Discover how Quonset Huts (and the related 
Nissen Huts) were utilized in World War II. 
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See the Big Idea 
Explore heartbeat rates and life 


spans for different animals. 
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Exponential and Logarithmic Functions 
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See the Big Idea 
Explore how the USDA uses Newton's Law of 
Cooling to develop safe cooking regulations 

using rules based on time and temperature. 
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See the Big Idea 
Analyze how 3- 
economically with traditional 
manufacturing. 
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Sequences and Series 
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See the Big Idea 
Go on a field trip with the Friends of the LA 
River to explore the river's ecology. 
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See the Big Idea 
Learn about caring for trees at an arboretum. 


See the Big Idea 


Learn what kind of damage actually occurs after 
a volcanic eruption and how the information 


is collected. 
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How to Use Your 
Math Book 


Get ready for each chapter by Maintaining Mathematical Proficiency and reviewing the 
Mathematical Practices. Begin each section by working through the 

to Communicate Your Answer to the Egsential Question. Each (EEEB wit! explain 
What You Will Learn through GSZSMgES G} Core Concepts, and Core Vocabulary... 
Answer the Monitoring Progress questions as you work through each lesson. Look for 


STUDY TIPS, COMMON ERRORS, and suggestions for looking at a problem ANOTHER WAY 
throughout the lessons. We will also provide you with guidance for accurate mathematical READING 
and concept details you should REMEMBER. 


Sharpen your newly acquired skills with | Exercises | at the end of every section. Halfway through 
each chapter you will be asked FADE MUCA (REET iea and you can use the Mid-Chapter 
to check your progress. You can also use the a iiae and Marl otalissa to review and 


assess yourself after you have completed a chapter. 

Apply what you learned in each chapter to a Perfermance Task and build your confidence for 
taking standardized tests with each chapter’s | Cumulative Assessment } 

For extra practice in any chapter, use your Online Resources, Skills Review Handbook, or your 


Student Journal. 
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Maintaining Mathematical Proficiency 


Evaluating Expressions 


Example 1 Evaluate the expression 36 + (32 x 2) — 3. 
36 + (32 X 2) -—3 = 36+(9X2)-3 
0 = I = 3 


Evaluate. 


Tore 7 2) 48+ 442 


oy + 2 5 (2a?) 6) — 2 
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Transformations of Figures 


example 2. Reflect the black rectangle in the x-axis. Then translate the new rectangle 
5 units to the left and 1 unit down. 


Move each vertex 5 units 
left and 1 unit down. , 


| Take the opposite of | 


—| each y-coordinate. | 


\ 


Graph the transformation of the figure. 


7. Translate the rectangle 8. Reflect the triangle in the 9. Translate the trapezoid 
1 unit right and y-axis. Then translate 3 units down. Then 
4 units up. 2 units left. reflect in the x-axis. 


10. ABSTRACT REASONING Give an example to show why the order of operations is important 
when evaluating a numerical expression. Is the order of transformations of figures important? 
Justify your answer. 


Dynamic Solutions available at BigldeasMath.com 


hy ath em ati Cc al | pe ae proficient students use technological tools to 
. ° | explore concepts. 
Practices 


Using a Graphing Calculator 


G) Core Concept 


Standard and Square Viewing Windows WINDOW 


5 : : . Xmin=-10 Age: 
A typical screen on a graphing calculator has a height-to-width Peauas 0 This ; 
ratio of 2 to 3. This means that when you view a graph using Xscl=1 standar 
the standard viewing window of —10 to 10 (on each axis), i | ae 
the graph will not be shown in its true perspective. Yscl=1 a sl 


To view a graph in its true perspective, you need to change to Snes - — 
a square viewing window, where the tick marks on the x-axis Xmax=9 This is a 


are spaced the same as the tick marks on the y-axis. Xscl=1 hele 
Ymin=-6 viewing 


Ymax=6 : 
Mila window. 


Using a Graphing Calculator 


Use a graphing calculator to graph y = |x| eo: 


SOLUTION 


In the standard viewing window, notice that || This is the graph 
the tick marks on the y-axis are closer together in the standard 
than those on the x-axis. This implies that the viewing window. } 
graph is not shown in its true perspective. 


In a square viewing window, notice that the 
tick marks on both axes have the same spacing. 
This implies that the graph is shown in its E 
true perspective. This is the graph } 
in a square 
viewing window. 
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Monitoring Progress 


Use a graphing calculator to graph the equation using the standard viewing 
window and a square viewing window. Describe any differences in the graphs. 


1. y=2x—-3 2. y=|x+2!| 3. y= —-x? +1 
4. y=Vx-1 5. y=x3-2 6. y = 0.25x3 
Determine whether the viewing window is square. Explain. 
7. -8<$x<8, -2<y<8 8. -7<x<8, -2<y<8 
Ses DD ay Ss 8 10-2 = 
Nie ey <3 12. —45%2:4,5—3 25,23 


Chapter 1 Linear Functions 


JUSTIFYING 
CONCLUSIONS 


To be proficient in math, 
you need to justify 

your conclusions and 
communicate them 
clearly to others. 


Parent Functions and Transtormations | 


Essential Question What are the characteristics of some of the 


basic parent functions? 


Identifying Basic Parent Functions 


"EXPLORATION 1 
Work with a partner. Graphs of eight basic parent functions are shown below. 


Classify each function as constant, linear, absolute value, quadratic, square root, 
cubic, reciprocal, or exponential. Justify your reasoning. 


Communicate Your Answer 
2. What are the characteristics of some of the basic parent functions? 


3. Write an equation for each function whose graph is shown in Exploration 1. 
Then use a graphing calculator to verify that your equations are correct. 
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114 Lesson What You Will Learn 


» Identify families of functions. 
p Describe transformations of parent functions. 


ocabulary. Describe combinations of transformations. 


| parent function, p. 4 
asian, Identifying Function Families 


translation, p. 5 ; eA 
Si ; een . 5 Functions that belong to the same family share key characteristics. The parent 
ie function is the most basic function in a family. Functions in the same family are 


vertical stretch, p. 6 f ; 
aM tions of their parent function. 
vertical shrink, p. 6 parc P 


Previous 
function C) Core Concept 


domain 


Parent Functions 


range 
s| be Family Constant Linear Absolute Value Quadratic 
scatter plot Rule fay = 1 J = FQ) = |x| ieee 


i 
{ 
4 
4 
' 
i] 
‘ 
\ 


ay 


Domain All real numbers All real numbers All real numbers All real numbers 


Range y=1 All real numbers y20 y20 


LOOKING FOR 
STRUCTURE 


Identify the function family to which f belongs. 
Compare the graph of f to the graph of its 
parent function. 


4 
| You can also use function 
| rules to identify functions. 
, The only variable term in 


| fis an |x|-term, so it is an SOLUTION 


| absolute value function. 
= ee The graph of fis V-shaped, so fis an absolute 


value function. 


The graph is shifted up and is narrower than 
the graph of the parent absolute value function. 
The domain of each function is all real numbers, 
but the range of fis y 2 1 and the range of the 

' parent absolute value function is y = 0. 


Monitoring Progress ed) Help in English and Spanish at BigldeasMath.com 


1. Identify the function family to which 
g belongs. Compare the graph of g to 
the graph of its parent function. 


4 Chapter 1 Linear Functions 


REMEMBER 


The slope-intercept form 
of a linear equation is 

y = mx + b, where m is 
the slope and b is the 
y-intercept. 


REMEMBER 


The function p(x) = — 
is written in function 
notation, where p(x) is 
another name for y. 


pm danltte Transformations 


formation changes the size, shape, position, or orientation of a graph. 
A Scsttiion | is a transformation that shifts a graph horizontally and/or vertically 
but does not change its size, shape, or orientation. 


“EXAMPLE 2 Graphing and Describing Translations 


Graph g(x) = x — 4 and its parent function. Then describe the transformation. 


SOLUTION 


The function g is a linear function with a slope 
of 1 and a y-intercept of —4. So, draw a line 
through the point (0, —4) with a slope of 1. 


The graph of g is 4 units below the graph of 
the parent linear function f. 


> So, the graph of g(x) = x — 4 isa vertical 
translation 4 units down of the graph of 
the parent linear function. 


A reflection is a transformation that flips a graph over a line called the line of 
reflection. A reflected point is the same distance from the line of reflection as the 
original point but on the opposite side of the line. 


EXAMPLE 3 Graphing and Describing Reflections 
Graph p(x) = —x? and its parent function. Then describe the transformation. 
SOLUTION 


The function p is a quadratic function. Use a table of values to graph each function. 


The graph of p is the graph of the parent function flipped over the x-axis. 


P So, p(x) = —x? is a reflection in the x-axis of the parent quadratic function. 
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Graph the function and its parent function. Then describe the transformation. 


2. g(x) =x+3 3. A(x) = x — 2) Ana — —|x| 
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REASONING 
ABSTRACTLY 


i To visualize a vertical 


i 
| 
| 
| 
| 
| 
{ 


stretch, imagine pulling 


the points away from 


the x-axis. 


i To visualize a vertical 


shrink, imagine pushing 
the points toward 
the x-axis. 


Chapter 1 Linear Functions 


Another way to transform the graph of a function is to multiply all of the y-coordinates 
by the same positive factor (other than 1). When the factor is greater than 1, the 
trans? options is a vertical stretch. When the factor is greater than 0 and less than 1, 


OS 20 8a9 Graphing and Describing Stretches and Shrinks 


Graph each function and its parent function. Then describe the transformation. 
alo: 
a. g(x) = 2|x| b. h(x) = 5% 


SOLUTION 


a. The function g is an absolute value function. Use a table of values to graph 
the functions. 


| g(x) = 2x| 
x y=(|x| | y=2|x| y 
~2 2 4 a 
—] itt 2. 
| 0 0 0 
] il 2 ; 
_ fe) = 


The y-coordinate of each point on g is two times the y-coordinate of the 
corresponding point on the parent function. 


> So, the graph of g(x) = 2|x| is a vertical stretch of the graph of the parent 
absolute value function. 


b. The function h is a quadratic function. Use a table of values to graph 


the functions. 
A(x) = x? 
y 


= 
—_= © 
NN vple © ple 


The y-coordinate of each point on / is one-half of the y-coordinate of the 
corresponding point on the parent function. 


So, the graph of h(x) = 5x? is a vertical shrink of the graph of the parent 
quadratic function. 


Monitoring Progress @)) Help in English and Spanish at BigldeasMath.com 


Graph the function and its parent function. Then describe the transformation. 


5. g(x) = 3x 6. h(x) = 5x2 7. c(x) = 0.2|x| 


—EEEE 


Combinations of Transformations 


You can use more than one transformation to change the graph of a function. 


EXAMPLE 5 Describing Combinations of Transformations 


Use a graphing calculator to graph g(x) = 0s + 5| — 3 and its parent function. Then 
describe the transformations. 


SOLUTION 


The function g is an absolute value function. 


> The graph shows that g(x) = —|x + 5| — 3 
is a reflection in the x-axis followed by a 
translation 5 units left and 3 units down of the 
graph of the parent absolute value function. 


“EXAMPLE 6 


Modeling with Mathematics 


The table shows the height y of a dirt bike x seconds after jumping off a ramp. What 
type of function can you use to model the data? Estimate the height after 1.75 seconds. 


SOLUTION 


1. Understand the Problem You are asked to identify the type of function that can 
model the table of values and then to find the height at a specific time. 


2. Make a Plan Create a scatter plot of the data. Then use the relationship shown in 
the scatter plot to estimate the height after 1.75 seconds. 


3. Solve the Problem Create a scatter plot. 


: 0 
The data appear to lie on a curve that resembles : 


a quadratic function. Sketch the curve. - 


P So, you can model the data with a quadratic 
function. The graph shows that the height is 10 
about 15 feet after 1.75 seconds. 


' 4. Look Back To check that your solution is reasonable, analyze the values in the 
table. Notice that the heights decrease after 1 second. Because 1.75 is between 
1.5 and 2, the height must be between 20 feet and 8 feet. 


S <i> 20 J 
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| Use a graphing calculator to graph the function and its parent function. 
Then describe the transformations. 


8. h(x) = —7x+5 9. d(x) = 3(x— 5)? - 1 


10. The table shows the amount of fuel in a chainsaw over time. What type of 
function can you use to model the data? When will the tank be empty? 


Time (minutes), x 20 | 30 ; 40 


| Fuel remaining (fluid ounces), y 
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1 1 Exercises Dynamic Solutions available at BigideasMath.com 


Vocabulary and Core Concept Check 


1. COMPLETE THE SENTENCE The function f(x) = x? is the Gh = 2x7 — 3; 


2. DIFFERENT WORDS, SAME QUESTION Which is different? Find “both” answers. 


What are the vertices of the figure after a 
reflection in the x-axis, followed by a translation 
2 units right? 


What are the vertices of the figure after a 
translation 6 units up and 2 units right? 


What are the vertices of the figure after 
a translation 2 units right, followed by a 
reflection in the x-axis? 


What are the vertices of the figure after a 
translation 6 units up, followed by a reflection 
in the x-axis? 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-6, identify the function family to which 7. MODELING WITH MATHEMATICS At 8:00 A.o., 
jf belongs. Compare the graph of f to the graph of its the temperature is 43°F. The temperature increases 
parent function. (See Example 1.) 2°F each hour for the next 7 hours. Graph the 


temperatures over time ¢ (t = 0 represents 8:00 A.M.). 
What type of function can you use to model the data? 
Explain. 


8. MODELING WITH MATHEMATICS You purchase a 
car from a dealership for $10,000. The trade-in value 
of the car each year after the purchase is given by 
the function f(x) = 10,000 — 250x?. What type of 
function models the trade-in value? 


In Exercises 9-18, graph the function and its parent 
function. Then describe the transformation. (See 


Examples 2 and 3.) 
9. gn =xt+4 10. f(x) =x-6 
piper ip a I 12. A(x) = (+ 4) 
; \ 
a Ue), =|x- 3 = 
——3 3. g(x) =|x—5| 14. f(x) = 44 |x| 

15 AG) = x" 16. g(x) = —x 

17. f(x) =3 18. f(x) = -2 
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In Exercises 19-26, graph the function and its parent 
function. Then describe the transformation. 
(See Example 4.) 


19. f(x) = 4x 20. g(x) = 4x 
21. f(x) = 2x 22. h(x) = $x 
23. h(x) = 3x 24. g(x) = 4x 
25. h(x) = 3|x| 26. fix) = 3|z| 


In Exercises 27—34, use a graphing calculator to graph 
the function and its parent function. Then describe the 
transformations. (See Example 5.) 


wee fx) = 3x +2 28. A(x) = —-x+5 


29. A(x) = —3|x|-1 30. f(x) = |x| +1 


31. e(x) = 1x2 -6 


2 


32. fix) = 4x2 -3 
Bey) = —(x + 3)? +4 


34. g(x) = —|x- 1|-3 


ERROR ANALYSIS In Exercises 35 and 36, identify and 


correct the error in describing the transformation of the 


parent function. 


The graph is a reflection in the x-axis 
and a vertical shrink of the parent 
‘quadratic function. 


The graph is a translation 3 units right of 
the parent absolute value function, so the 
function is f(x) =|x+ 3). 


Section 1.1 


MATHEMATICAL CONNECTIONS In Exercises 37 and 38, 
find the coordinates of the figure after the 
transformation. 


37. Translate 2 units 
down. 


: 


38. Reflect in the x-axis. 


USING TOOLS In Exercises 39-44, identify the function 
family and describe the domain and range. Use a 
graphing calculator to verify your answer. 


39. g(x)=|x+2|-—1 40.°hG@)=|x-3/) +2 


41. g(x) =3x+4 42. f(x) = —4x 4+ 11 


43. f(x) = 5x7-2 44. f(x) = —-2x* + 6 

45. MODELING WITH MATHEMATICS The table shows 
the speeds of a car as it travels through an intersection 
with a stop sign. What type of function can you use to 
model the data? Estimate the speed of the car when it 
is 20 yards past the intersection. (See Example 6.) 


[ Displacement from ; Speed ¥ 
sign (yards), x (miles per hour), y | 
| —100 40 | 
——5() 20 
=10 
0 
10 
50 20 
100 40 


46. THOUGHT PROVOKING In the same coordinate plane, 


sketch the graph of the parent quadratic function 
and the graph of a quadratic function that has no 
x-intercepts. Describe the transformation(s) of the 
parent function. 


47. USING STRUCTURE Graph the functions 
fx) = |x — 4| and g(x) = |x| — 4. Are they 
equivalent? Explain. 
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48. HO\W DO YOU SEE IT? Consider the graphs of f, g, 51. PROBLEM SOLVING You are playing basketball 
and h. with your friends. The height (in feet) of the ball 

above the ground f seconds after a shot is released 

from your hand is modeled by the function 

f(t) = —16r2 + 32t + 5.2. 


a. Without graphing, identify the type of function 
that models the height of the basketball. 


b. What is the value of t when the ball is released 
from your hand? Explain your reasoning. 


c. How many feet above the ground is the ball when 
it is released from your hand? Explain. 


a. Does the graph of g represent a vertical stretch 
or a vertical shrink of the graph of f? Explain 
your reasoning. 


b. Describe how to transform the graph of f to obtain 


52. MODELING WITH MATHEMATICS The table shows the 
battery lives of a computer over time. What type of 
function can you use to model the data? Interpret the 
meaning of the x-intercept in this situation. 


the graph of h. 
Time Battery life 
49. MAKING AN ARGUMENT Your friend says two (hours), x remaining, y 
different translations of the graph of the parent linear 1 80% 
function can result in the graph otf) =x = 2748 3 40% 
your friend correct? Explain. 
3 0% 
50. DRAWING CONCLUSIONS A person swims at a 6 20% 
constant speed of 1 meter per second. What type 8 60% 


of function can be used to model the distance the 


swimmer travels? If the person has a 10-meter head 
start, what type of transformation does this 53. REASONING Compare each function with its parent 


represent? Explain. function. State whether it contains a horizontal 
translation, vertical translation, both, or neither. 
Explain your reasoning. 


a. fix) =2|x\eees b. f(x) = (x — 8)? 
ce fi) =|x4+2)/4+4 dd. fi) = 4 


54. CRITICAL THINKING Use the values —1, 0, 1, 
and 2 in the correct box so the graph of each function 
intersects the x-axis. Explain your reasoning. 


a. fx) = 3x +1 bf) =|2x—-6|— 
c fx) = 8B2+1 asfo=- 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Determine whether the ordered pair is a solution of the equation. (Skills Review Handbook) 
55. f(x) = |x + 2|; (1, -3) 56. f(x) = |x|— 3; C2, —5) 

ie Ct) — Xx — 3205, 2) 58. f(x) =x — 4; (12, 8) 

Find the x-intercept and the y-intercept of the graph of the equation. (Skills Review Handbook) 
59. y=x 60. y=x+2 . 


61. 3x+y=1 62. x—2y=8 
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Transformations of Linear and 


Absolute Value Functions 


Essential Question How do the graphs of v = f(x) + k, 


y = f(x — h), and y = —f(x) compare to the graph of the parent 
function f? 


EXPLORATION 1 Transformations of the Parent Absolute 
= Value Function 


Work with a partner. Compare 
the graph of the function 


USING TOOLS 
STRATEGICALLY 


To be proficient in 
math, you need to use 
technological tools to f@) = |x|. 
visualize results and 

explore consequences. 


y=|x|+k Transformation 
to the graph of the parent function 


Parent function 


EXPLORATION 2 Transformations of the Parent Absolute 
, = Value Function 


Work with a partner. Compare 
the graph of the function 


(=H), (v= 2) 


bs |x a h| . Transformation 


to the graph of the parent function 


f@ = |x|. Parent function 


EXPLORATION 3 Transformation of the Parent Absolute 
Value Function 


Work with a partner. Compare 
the graph of the function 


a |x| 3 Transformation 


to the graph of the parent function 


f@) = |x|. Parent function 


Communicate Your Answer 


4. How do the graphs of y = f(x) + k, y = f(x — h), and y = —f(x) compare to the 
graph of the parent function f? 


5. Compare the graph of each function to the graph of its parent function f Use a 
graphing calculator to verify your answers are correct. 


a y=vx-4 b y=Vxt+4 . CV ie 
d, y=x*+1 e. y=(x-— 1) OS ie = 
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What You Will Learn 


Write functions representing translations and reflections. 
Write functions representing stretches and shrinks. 
> Write functions representing combinations of transformations. 


4.2» Lesson 


Translations and Reflections 


You can use function notation to represent transformations of graphs of functions. 


G) Core Concept 


Horizontal Translations Vertical Translations 
The graph of y = f(x — h)isa The graph of y = f(x) + kisa 
horizontal translation of the graph vertical translation of the graph of 
of y = f(x), where h # 0. y = f(x), where k # 0. 

Ved 


Subtracting / from the inputs Adding k to the outputs shifts the 
before evaluating the function graph down when k < 0 and up 
shifts the graph left when h < 0 when k > 0. 

and right when h > 0. 


O2.0.i248sa08 Writing Translations of Functions 


Letyx) een 
a. Write a function g whose graph is a translation 3 units down of the graph of f. 


b. Write a function h whose graph is a translation 2 units to the left of the graph of f. 


SOLUTION 
a. A translation 3 units down is a vertical translation that adds —3 to each output value. 
g(x) = f(x) + (-3) Add —3 to the output. 
= 24 ele (—4) Substitute 2x + 1 for f(x). 
= 2 Simplify. 
> The translated function is g(x) = 2x — 2. 
Check ; b. A translation 2 units to the left is a horizontal translation that subtracts —2 from 
each input value. 
h(x) = f(x — (—2)) Subtract —2 from the input. 
= f(x + 2) Add the opposite. 
= 2042) Replace x with x + 2 in f(x). 
=2x+5 Simplify. 


The translated function is h(x) = 2x + 5. 
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G Core Concept 


Reflections in the x-axis Reflections in the y-axis 
The graph of y = —f(x) is a The graph of y = f(—x) is a reflection 
STUDY TIP reflection in the x-axis of the graph in the y-axis of the graph of y = f(x). 
When you reflect a of y = f(x). 


function in a line, the 
graphs are symmetric 
about that line. 


Multiplying the outputs by —1 Multiplying the inputs by —1 
changes their signs. changes their signs. 


Writing Reflections of Functions 


Let fx) = |x + 3) +1. 
a. Write a function g whose graph is a reflection in the x-axis of the graph of f. 


b. Write a fiinction / whose graph is a reflection in the y-axis of the graph of f. 


SOLUTION 
a. A reflection in the x-axis changes the sign of each output value. 
g(x) = —f(x) Multiply the output by —1. 
= —(|x+3|+1) Substitute |x + 3] + 1 for f(x). 
=—|x+3|-1 Distributive Property 


The reflected function is g(x) = —|x + 3| — 1. 


b. A reflection in the y-axis changes the sign of each input value. 


h(x) = f(—x) Multiply the input by —1. 
See 3 | tt Replace x with —x in f(x). 
wets 3) +l Factor out —1. 
ea) lee | +0 Product Property of Absolute Value 
ae 3 f Simplify. 


P The reflected function is h(x) = |x — 3| + 1. 
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Write a function g whose graph represents the indicated transformation of the 
graph of f. Use a graphing calculator to check your answer. 


1. f(x) = 3x; translation 5 units up 
2. f(x) = |x 


3. f(x) = —|x + 2| — 1; reflection in the x-axis 


— 3; translation 4 units to the right 
4. f(x) = ax + 1; reflection in the y-axis 
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STUDY TIP 


The graphs of y = f(—ax) 
and y = —a « f(x) represent 
a stretch or shrink and 

a reflection in the x- or 
y-axis of the graph 

of y= f (x). 
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Stretches and Shrinks 


In the previous section, you learned that vertical stretches and shrinks transform 
graphs. You can also use horizontal stretches and shrinks to transform graphs. 


G) Core Concept 


Horizontal Stretches and Shrinks y = flan), 
The graph of y = f(ax) is a horizontal stretch a>1 


or shrink by a factor of ; of the graph of 
y = f(x), where a > Oanda # 1. 


Multiplying the inputs by a before evaluating 
the function stretches the graph horizontally 
(away from the y-axis) when 0 < a < 1, and 
shrinks the graph horizontally (toward the 
y-axis) whena > 1. 


The y-intercept 
stays the same. 


Vertical Stretches and Shrinks y=a- f(x), 


The graph of y = a * f(x) is a vertical stretch or 
shrink by a factor of a of the graph of y = f(x), 
where a > Oanda # 1. 


Multiplying the outputs by a stretches the graph 
vertically (away from the x-axis) when a > 1, 
and shrinks the graph vertically (toward the 
x-axis) when 0 < a < l. 


———_—— 


Writing Stretches and Shrinks of Functions 


Let f(x) = |x — 3| — 5. Write (a) a function g whose graph is a horizontal shrink of 


The x-intercept 
stays the same. 


the graph of f by a factor of m and (b) a function h whose graph is a vertical stretch of 
the graph of f by a factor of 2. 


SOLUTION 
a. A horizontal shrink by a factor of + multiplies each input value by 3. 
&(x) = f(3x) Multiply the input by 3. 


= |3x—3|-—5 Replace x with 3x in f(x). 
> The transformed function is g(x) = |3x — 3| — 5. 


b. A vertical stretch by a factor of 2 multiplies each output value by 2. 


h(x) = 2 + f(x) Multiply the output by 2. 
=2+(|x—3|-5) Substitute |x — 3| — 5 for f(x). 
= 2ix — 3) 10 Distributive Property 


> The transformed function is h(x) = 2|x — 3| — 10. 
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Write a function g whose graph represents the indicated transformation of the 
graph of f. Use a graphing calculator to check your answer. 


5. fix) = 4x + 2; horizontal stretch by a factor of 2 
6. fix) = |x| — 3; vertical shrink by a factor of $ 
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Combinations of Transformations 


You can write a function that represents a series of transformations on the graph of 
another function by applying the transformations one at a time in the stated order. 


“EXAMPLE 4 


Combining Transformations 


Let the graph of g be a vertical shrink by a factor of 0.25 followed by a translation 
3 units up of the graph of f(x) = x. Write a rule for g. 


SOLUTION 
: Step 1 First write a function / that represents the vertical shrink of f. 
2 h(x) = 0.25 « f(x) Multiply the output by 0.25. 
f i = 0.25x Substitute x for f(x). 
9| {| Step2 Then write a function g that represents the translation of h. 
7 | g(x) = h(x) + 3 Add 3 to the output. 
7 | = (0 2orear 3} Substitute 0.25x for h(x). 
ee ws, —_ .. ..? > & The transformed function is g(x) = 0.25x + 3. 


“EXAMPLE 5 


Modeling with Mathematics 


You design a computer game. Your revenue for x downloads is given by f(x) = 2x. 
Your profit is $50 less than 90% of the revenue for x downloads. Describe how to 
transform the graph of f to model the profit. What is your profit for 100 downloads? 


SOLUTION 


1. Understand the Problem You are given a function that represents your revenue 
and a verbal statement that represents your profit. You are asked to find the profit 
for 100 downloads. 


2. Make a Plan Write a function p that represents your profit. Then use this function 
to find the profit for 100 downloads. 


3. Solve the Problem profit = 90% + revenue — 50 
p(x) = 0.9 « f(x) — 50 
Vertical shrink by a factor of 0.9 |» ah * {Translation 50 units down | 
0.9 «2x — 50 Substitute 2x for f(x). 
= 1.8x — 50 Simplify. 


200 


y= 


To find the profit for 100 downloads, evaluate p when x = 100. 
p(100) = 1.8100) — 50 = 130 
Your profit is $130 for 100 downloads. 


f 
a = 4. Look Back The vertical shrink decreases the slope, and the translation shifts the 
0 graph 50 units down. So, the graph of p is below and not as steep as the graph of f- 
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7. Let the graph of g be a translation 6 units down followed by a reflection in the 
x-axis of the graph of f(x) = |x|. Write a rule for g. Use a graphing calculator to 
check your answer. 


8. WHAT IF? In Example 5, your revenue function is f(x) = 3x. How does this affect 
your profit for 100 downloads? 
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4 Exe rcises Dynamic Solutions available at BigideasMath.com 
* 


_abulary and Core Concept Check 


1. COMPLETE THE SENTENCE The function g(x) = |5x| — 4 is a horizontal of the 
function f(x) = |x| — 4. 


NJ 


WHICH ONE DOESN'T BELONG? Which transformation does not belong with the other three? 
Explain your reasoning. 


Translate the graph of f(x) = 2x + 3 Shrink the graph of f(x) = x + 5 

up 2 units. horizontally by a factor of ‘ 

Stretch the graph of f(x) = x + 3 Translate the graph of f(x) = 2x + 3 
vertically by a factor of 2. left 1 unit. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-8, write a function g whose graph 10. PROBLEM SOLVING You open a café. The function 
represents the indicated transformation of the graph f(x) = 4000x represents your expected net income 
of f. Use a graphing calculator to check your answer. (in dollars) after being open x weeks. Before you 
(See Example 1.) open, you incur an extra expense of $12,000. What 


transformation of fis necessary to model this 
situation? How many weeks will it take to pay off 
the extra expense? 


3. f(x) = x — 5; translation 4 units to the left 


4. f(x) = x + 2; translation 2 units to the right 


(. 


5. fix) = |4x + 3| + 2; translation 2 units down 
6. f(x) = 2x — 9; translation 6 units up 


7. fe) =4-|x+1| 8. fix) = |4x|+5 


In Exercises 11-16, write a function g whose graph 
represents the indicated transformation of the graph 
of f. Use a graphing calculator to check your answer. 
(See Example 2.) 


9. WRITING Describe two different translations of the ae : 
graph of f that result in the graph of g. 11. f(x) = —Sx + 2; reflection in the x-axis 


12. fx#= $x — 3; reflection in the x-axis 
13. f(x) = |6x| — 2; reflection in the y-axis 
14. f(x) = |2x — 1| + 3; reflection in the y-axis 


15. f(x) = —3 + |x — 11]; reflection in the y-axis 


16. f(x) = —x + 1; reflection in the y-axis 
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In Exercises 17-22, write a function g whose graph 
represents the indicated transformation of the graph 
of f. Use a graphing calculator to check your answer. 
(See Example 3.) 


17. f(x) = x + 2; vertical stretch by a factor of 5 
18. f(x) = 2x + 6; vertical shrink by a factor of 5 
19. f(x) = |2x| + 4; horizontal shrink by a factor of t 


20. fix) =|x+3 


; horizontal stretch by a factor of 4 


mime) — —2|x — 4| +2 


22. 


ANALYZING RELATIONSHIPS y 

In Exercises 23-26, match the 

graph of the transformation of f 

with the correct equation shown. i 
Explain your reasoning. 


23. y. 24. hy 
25. | 26. Ay 
e6 x 
A. y = 2f(x) B. y=f(2x) 
C. y=f@ + 2) D.-y =fG) + 2 


In Exercises 27-32, write a function g whose graph 
represents the indicated transformations of the graph 
of f. (See Example 4.) 


27. f(x) = x; vertical stretch by a factor of 2 followed by a 
translation | unit up 


28. f(x) = x; translation 3 units down followed by a 
vertical shrink by a factor of ; 


29. f(x) = |x 


a horizontal stretch by a factor of 2 


; translation 2 units to the right followed by 


30. fx) = |x|; reflection in the y-axis followed by a 
translation 3 units to the right 


32. f(x) = |x| 


31. f(x) = |x| 


ERROR ANALYSIS In Exercises 33 and 34, identify and 
correct the error in writing the function g whose graph 
represents the indicated transformations of the 

graph of f- 


f(x) = |x|; translation 
3 units to the right followed 


by a translation 2 units up 


33. 


g(x) =|x+3|+2 


f(x) = x; translation 

6 units down followed by a 
vertical stretch by a factor 
of 5 


"Xe 


g(x) = 5x -—6 


35. MAKING AN ARGUMENT Your friend claims that 
when writing a function whose graph represents 
a combination of transformations, the order is not 
important. Is your friend correct? Justify your answer. 
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36. MODELING WITH MATHEMATICS During a recent 42. HOW DO YOU SEE IT? Consider the graph of 


period of time, bookstore sales have been declining. f(x) = mx + b. Describe the effect each 
The sales (in billions of dollars) can be modeled by transformation has on the slope of the line and 
the function f(t) = —it + 17.2, where ¢ is the number the intercepts of the graph. 


of years since 2006. Suppone sales decreased at twice 
the rate. How can you transform the graph of f to 
model the sales? Explain how the sales in 2010 are 
affected by this change. (See Example 5.) 


MATHEMATICAL CONNECTIONS For Exercises 37-40, 
describe the transformation of the graph of f to the 
graph of g. Then find the area of the shaded triangle. 


37. fix) = |x| 38. fix) = —|x|-—2 


a. Reflect the graph of f in the y-axis. 


obtain the graph of g. Explain your reasoning. 


44. THOUGHT PROVOKING You are planning a 


One oneal model and the shifted model. 


ae a a a | 


pee ryrigenoen shat hmcepenes 


41. ABSTRACT REASONING The functions f(x) = mx + b 


and g(x) = mx + c represent two parallel lines. 45. CRITICAL THINKING Use the correct value 0, —2, or 1 
with a, b, and c so the graph of g(x) = a|x — b| + cis 
a reflection in the x-axis followed by a translation one 


a. Write an expression for the vertical translation of 


th h . : : 
gencl/ Wolne tap Oks unit to the left and one unit up of the graph of 


b. Use the definition of slope to write an expression f(x) = 2|x — 2| + 1. Explain your reasoning. 
for the horizontal translation of the graph of f to 
the graph of g. 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 
Evaluate the function for the given value of x. (Skills Review Handbook) 

46. fx) =x4+4;x=3 47. fix) =44-1x*x=-1 

48. f(x) = —-x+3:x=5 AS. f) = -—2x —=2:x« =a 


Create a scatter plot of the data. (Skills Review Handbook) 
50. 


x Rah ears a 


g 
f(x) 4 | 9110] 121] 12 


| 
4 
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b. Shrink the graph of f vertically by a factor of 7 
c. Stretch the graph of f horizontally by a factor of 2. 


43. REASONING The graph of g(x) = —4|x| + 2isa 
reflection in the x-axis, vertical stretch by a factor 
of 4, and a translation 2 units down of the graph of 
its parent function. Choose the correct order for the 
transformations of the graph of the parent function to 


cross-country bicycle trip of 4320 miles. Your distance © 
d (in miles) from the halfway point can be modeled 
by d = 72|x — 30|, where x is the time (in days) and 
x = O represents June 1. Your plans are altered so that 
the model is now a right shift of the original model. 
Give an example of how this can happen. Sketch both 


Coe SSR rire metre eee > 


1.1-1.2 What Did You Learn? 


Core Vocabulary 


parent function, p. 4 
transformation, p. 5 
translation, p. 5 


Core Concepts 


Section 1.1 
Parent Functions, p. 4 


Section 1.2 


Horizontal Translations, p. 12 
Vertical Translations, p. /2 
Reflections in the x-axis, p. 13 


reflection, p. 5 
vertical stretch, p. 6 
vertical shrink, p. 6 


Describing Transformations, p. 5 


Reflections in the y-axis, p. 13 
Horizontal Stretches and Shrinks, p. 14 
Vertical Stretches and Shrinks, p. 14 


Mathematical Practices 


1. How can you analyze the values given in the table in Exercise 45 on page 9 to help you 
determine what type of function models the data? 


2. Explain how you would round your answer in Exercise 10 on page 16 if the extra expense 
is $13,500. 


po ------------- Study Skills -------------------- . 
Control of 


Your 


. Sit where you can easily see and hear the teacher, and the teacher can see you. 


. Pay attention to what the teacher says about math, not just what is written 
on the board. 


. Ask a question if the teacher is moving through the material too fast. 
. Try to memorize new information while learning it. 
. Ask for clarification if you do not understand something. 
. Think as intensely as if you were going to take a quiz on the 
material at the end of class. 
7. Volunteer when the teacher asks for someone to go up 
to the board. 
8. At the end of class, identify concepts or problems for 
which you still need clarification. 
9. Use the tutorials at BigideasMath.com for additional help. 


Nees 


a vl WwW 
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1.1-1.2 Quiz 


Identif the function family to which g belongs. Compare the graph of the function to the graph of its 
parent function. (Section 1.1) 


_ g(x) = |x + 11-2] 


[a(x) ~ 2x + ig 


Graph the function and its parent function. Then describe the transformation. (Section I./) 


Aix) = 2 5. f(x) = 3x 6. f(x) = 2x — 1) 
Fa = |e 2 8. fa) =p? + 1 9. f(x) = —3x-4 


Write a function g whose graph represents the indicated transformation of the graph of f. (Section /.2) 


10. f(x) = 2x + 1; translation 3 units up 11. f(x) = —3|x-4 


; vertical shrink by a factor of S 


12. fix) =3|x+5 


; reflection in the x-axis 13. f#~= 5x = ; translation 4 units left 


Write a function g whose graph represents the indicated transformations of the graph of f. (Section 1.2) 


14. Let g be a translation 2 units down and a horizontal shrink by a factor of : of the graph 
of f(x) = x. 


15. Let g be a translation 9 units down followed by a reflection in the y-axis of the graph 
of f(x) = x. 


16. Let g be a reflection in the x-axis and a vertical stretch by a factor of 4 followed by a 
translation 7 units down and 1 unit right of the graph of f(x) = |x|. 


17. Let g be a translation 1 unit down and 2 units left followed by a vertical shrink by a factor 
of 5 of the graph of f(x) = |x}. 


18. The table shows the total distance a new car travels each month after it is purchased. 
What type of function can you use to model the data? Estimate the mileage after 
1 year. (Section 1.1) 


Time (months), x 


5 
5750 


6 9 
6900 | 10.350 


| Distance (miles), y 


19. The total cost of an annual pass plus camping for x days in a National Park can be 
modeled by the function f(x) = 20x + 80. Senior citizens pay half of this price and 
receive an additional $30 discount. Describe how to transform the graph of f to model 
the total cost for a senior citizen. What is the total cost for a senior citizen to go camping 
for three days? (Section 1.2) 
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Modeling with Linear Functions 


MODELING WITH 
MATHEMATICS 


To be proficient in math, 
you need to routinely 
interpret your results 

in the context of the 
situation. 


Essential Question How can you use a linear function to model and 


analyze a real-life situation? 


Sa4ote)y vee RM =Modeling with a Linear Function 


Work with a partner. A company purchases a 
copier for $12,000. The spreadsheet shows how 
the copier depreciates over an 8-year period. 


ve | Value, V 
0) $12,000. 


a. Write a linear function to represent the 


value V of the copier as a function of the $9,500 
number f¢ of years. $8,250 
b. Sketch a graph of the function. Explain why ieee 
this type of depreciation is called straight $ ri 500 
line depreciation. $3,250 
c. Interpret the slope of the graph in the context $2, 000 


of the problem. 


Saqpke)y ure) ee Modeling with Linear Functions 


Work with a partner. Match each description of the situation with its corresponding 
graph. Explain your reasoning. 

a. A person gives $20 per week to a friend to repay a $200 loan. 

b. An employee receives $12.50 per hour plus $2 for each unit produced per hour. 


c. A sales representative receives $30 per day for food plus $0.565 for each 
mile driven. 


d. A computer that was purchased for $750 depreciates $100 per year. 


A. B. 


Communicate Your Anewer 


3. How can you use a linear function to model and analyze a real-life situation? 


4. Use the Internet or some other reference to find a real-life example of 
straight line depreciation. 


a. Use a spreadsheet to show the depreciation. 
b. Write a function that models the depreciation. 
c. Sketch a graph of the function. 
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What You Will Learn 


> Write equations of linear functions using points and slopes. 
& Find lines of fit and lines of best fit. 


1.3) Lesson 


Cor Vocabulary. 


Writing Linear Equations 


| line of fit, p. 24 

line of best fit, p. 25 

| correlation coefficient, p. 25 G) Core Concept 

, Previous Writing an Equation of a Line 

| eer fercept form Given slope m and y-intercept b Use eos form: 
point-slope form y=mx+b 
scatter plot Given slope m and a point (x,, y,) Use point-slope form: 


-——— y — y, = mx — x) 


Given points (x,, y,) and (x, y) First use the slope formula to find m. 
Then use point-slope form with either 
given point. 


Writing a Linear Equation from a Graph 


Asteroid 2012 DA14 


The graph shows the distance Asteroid 2012 DA14 travels in x seconds. Write an 


_ i. equation of the line and interpret the slope. The asteroid came within 17,200 miles 
a of Earth in February, 2013. About how long does it take the asteroid to travel 

E that distance? 

® 16 

S SOLUTION 

= : From the graph, you can see the slope is m = = = 4.8 and the y-intercept is b = 0. 


— ae Use slope-intercept form to write an equation of the line. 
x 
Time (seconds) y=mt+b Slope-intercept form 
= 48x +0 Substitute 4.8 for m and 0 for b. 
J. See L The equation is y = 4.8x. The slope indicates that the asteroid travels 4.8 miles per 
second. Use the equation to find how long it takes the asteroid to travel 17,200 miles. 
| REMEMBER ‘ : 
ve equation of the form 17,200 = 4.8x Substitute 17,200 for y. 
| y= mx indicates that x 3583 ~ x Divide each side by 4.8. 
| and y are in a proportional 
~ relationship. ® Because there are 3600 seconds in | hour, it takes the asteroid about 1 hour to 


travel 17,200 miles. 
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1. The graph shows the remaining 
balance y on a car loan after 
making x monthly payments. 
Write an equation of the line and 
interpret the slope and y-intercept. 
What is the remaining balance 
after 36 payments? 


Car Loan 


10 20 30 40 50 60x 
Number of payments 


— 
a) 
s 
& 
i) 
mo) 
— 
So 
ui 
g*) 
c 
iis] 
“ 
| 
=) 
<= 
= 
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Lakeside Inn 
Number of Total 

|_ Students, x | cost,y 
100 $1500 
125 $1800 
150 $2100 
175 $2400 
200 $2700 | 


Modeling with Mathematics 


Two prom venues charge a rental fee plus a fee per student. The table shows the total 
costs for different numbers of students at Lakeside Inn. The total cost y (in dollars) for 
x students at Sunview Resort is represented by the equation 


y= 10x + GOe 


Which venue charges less per student? How many students must attend for the total 
costs to be the same? 


SOLUTION 


1. Understand the Problem You are given an equation that represents the total cost 
at one venue and a table of values showing total costs at another venue. You need 
to compare the costs. 


. Make a Plan Write an equation that models the total cost at Lakeside Inn. Then 
compare the slopes to determine which venue charges less per student. Finally, 
equate the cost expressions and solve to determine the number of students for 
which the total costs are equal. 


. Solve the Problem First find the slope using any two points from the table. Use 
(xX), ¥;) = (100, 1500) and (x, yr) = (125, 1800). 


in = 2231 — 1800 = 1500 _ 300 


= 12 
H=%, 125-100 25 


Write an equation that represents the total cost at Lakeside Inn using the slope of 
12 and a point from the table. Use (x,, y,) = (100, 1500). 


y— yy = mx — x) Point-slope form 
y — 1500 = 12(x — 100) Substitute for m, x,, and y;. 
y — 1500 = 12x — 1200 Distributive Property 
y = 12x + 300 Add 1500 to each side. 


Equate the cost expressions and solve. 


10x + 600 = 12x + 300 Set cost expressions equal. 
300 = 2x Combine like terms. 
150 =x Divide each side by 2. 


> Comparing the slopes of the equations, Sunview Resort charges $10 per 
student, which is less than the $12 per student that Lakeside Inn charges. 
The total costs are the same for 150 students. 


4. Look Back Notice that the table shows the total cost for 150 students at Lakeside 
Inn is $2100. To check that your solution is correct, verify that the total cost at 
Sunview Resort is also $2100 for 150 students. 


y = 10(150) + 600 Substitute 150 for x. 
= 2100 / Simplify. 
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2. WHAT IF? Maple Ridge charges a rental fee plus a $10 fee per student. The total 
cost is $1900 for 140 students. Describe the number of students that must attend 
for the total cost at Maple Ridge to be less than the total costs at the other two 
venues. Use a graph to justify your answer. 
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Finding Lines of Fit and Lines of Best Fit 


Data do not always show an exact linear relationship. When the data in a scatter plot 
show an approximately linear relationship, you can model the data with a line of fit. 


G Core Concept 
Finding a Line of Fit 
Step 1 Create a scatter plot of the data. 


Step 2 Sketch the line that most closely appears to follow the trend given by 
the data points. There should be about as many points above the line as 
below it. 

Step 3 Choose two points on the line and estimate the coordinates of each point. 
These points do not have to be original data points. 


Step 4 Write an equation of the line that passes through the two points from 
Step 3. This equation is a model for the data. 


“EXAMPLE 3 


Finding a Line of Fit 


| The table shows the femur lengths (in centimeters) and heights (in centimeters) of 
Femur Height, y | several people. Do the data show a linear relationship? If so, write an equation of a line 
ength, x 4 | of fit and use it to estimate the height of a person whose femur is 35 centimeters long. 
40 170 
| | SOLUTION 
45 183 
Step 1 Create a scatter plot of the data. 
32 
a The data show a linear relationship. oS 
| . | Step 2 Sketch the line that most closely appears a (40, aa, 
37 162 to fit the data. One possibility is shown. = £ 
41 174 De 
Step 3 Choose two points on the line. + 2 
| 30 14] For the line shown, you might 8 
| 34 151 choose (40, 170) and (50, 195). 
47 185 Step 4 Write an equation of the line. Femur length 
45 mis First, find the slope. mcedadalis 
m = 229) = 9S 170 _ 25 45 


Use point-slope form to write an equation. Use (x;, y,) = (40, 170). 


Vomey i = x at) Point-slope form 
y—9F70 — 256 —40) Substitute for m, x,, and y;. 
y—170 25x — 100 Distributive Property 
y = 2.5x + 70 Add 170 to each side. 


Use the equation to estimate the height of the person. 
y = 2.535) + 70 Substitute 35 for x. 
= 157.5 Simplify. 


> The approximate height of a person with a 35-centimeter femur is 
157.5 centimeters. 
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The line of best fit is the line that lies as close as possible to all of the data points. 
Many technology tools have a linear regression feature that you can use to find the line 
of best fit for a set of data. 


correlation t, denoted by 7, is a number from —1 to 1 that measures 
how el a a fits a set of data pairs (x, y). When r is near 1, the points lie close to 
a line with a positive slope. When r is near —1, the points lie close to a line with a 
negative slope. When r is near 0, the points do not lie close to any line. 


Using a Graphing Calculator 


humerus Use the linear regression feature on a graphing calculator to find an equation of the 
ys line of best fit for the data in Example 3. Estimate the height of a person whose femur 
is 35 centimeters long. Compare this height to your estimate in Example 3. 
SOLUTION 
Step 1 Enter the data into Step 2 Use the linear regression 
two lists. feature. The line of best fit is 
y = 2.6x + 65. 
LinReg 
=axt+b 
a=2.603570555 
b=64 . 99682074 
femur r2=. 9890669473 
ris close to 1. 
Step 3 Graph the regression equation Step 4 Use the trace feature to find the 
with the scatter plot. value of y when x = 35. 
210 
25 55 ) ore, ln 
ATTENDING TO 120 *20 . 


PRECISION 


> The approximate height of a person with a 35-centimeter femur is 


Be sure to analyze the 156 centimeters. This is less than the estimate found in Example 3. 
data values to help you 


select an appropriate 
viewing window for 
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3. The table shows the humerus lengths (in centimeters) and heights 
(in centimeters) of several females. 


a. Do the data show a linear relationship? If so, write an equation of a line 
of fit and use it to estimate the height of a female whose humerus is 
40 centimeters long. 


b. Use the linear regression feature on a graphing calculator to find an equation 
of the line of best fit for the data. Estimate the height of a female whose humerus 
is 40 centimeters long. Compare this height to your estimate in part (a). 
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= 
| 3 Fxyercises Dynamic Solutions nvallable al GigideasMati.con 


Vucabulary and Core Concept Check 


1. COMPLETE THE SENTENCE The linear equation y = +x + 3 is written in form. 


2. VOCABULARY A line of best fit has a correlation coefficient of —0.98. What can you conclude about 
the slope of the line? 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-8, use the graph to write an equation of 9. MODELING WITH MATHEMATICS Two newspapers 
the line and interpret the slope. (See Example 1.) charge a fee for placing an advertisement in their 
— paper plus a fee based on the number of lines in the 
:" Tipping Pe Gasoline Tank advertisement. The table shows the total costs for 


different length advertisements at the Daily Times. 
The total cost y (in dollars) for an advertisement that 
is x lines long at the Greenville Journal is represented 
by the equation y = 2x + 20. Which newspaper 
charges less per line? How many lines must be in an 
advertisement for the total costs to be the same? 

60 120 x | (See Example 2.) 


Tip (dollars) 
Fuel (gallons) 


Cost of meal 
(dollars) 


Distance (miles) 


Daily Times 
Number of Total 
5. Savings Account 6. lines, x cost, Men 
ee 7 4 
® 
5 2 
3 a 
g 2 
5 3 
© ps 
fen) - 
10. PROBLEM SOLVING While on vacation in Canada, 
you notice that temperatures are reported in degrees 
Celsius. You know there is a linear relationship 
7. between Fahrenheit and Celsius, but you forget the 


formula. From science class, you remember the 
freezing point of water is 0°C or 32°F, and its boiling 
point is 100°C or 212°F. 


a. Write an equation that represents degrees 
Fahrenheit in terms of degrees Celsius. 


Words typed 


(=) 


b. The temperature outside is 22°C. What is this 
temperature in degrees Fahrenheit? 


Time (hours) 


Time (minutes) 


c. Rewrite your equation in part (a) to represent 
degrees Celsius in terms of degrees Fahrenheit. 


d. The temperature of the hotel pool water is 83°F. 
What is this temperature in degrees Celsius? 
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ERROR ANALYSIS In Exercises 11 and 12, describe and 
correct the error in interpreting the slope in the context 
of the situation. 


Savings Account 


Balance (dollars) 


The slope of the line is 10, so after 
7 years, the balance is $ 70. 


Income (dollars) 


The slope is 3, so the income is $3 per hour. 


In Exercises 13-16, determine whether the data show a 
linear relationship. If so, write an equation of a line of 
fit. Estimate y when x = 15 and explain its meaning in 
the context of the situation. (See Example 3.) 


2: 6 | 11) 13 | 16] 
: 4 
27 | SOG | 708 


15. Hours, x : ) 7 | ST wee 40) 
Battery life (%),y 86 61 | 50 | 26 | 0 


16. 


6 10 | 13 | 
| 


Shoe size, x 8 g 
112; 94 100 | 132 87 | 


Heart rate (bpm), y 


17. MODELING WITH MATHEMATICS The data 
pairs (x, y) represent the average annual tuition 
y (in dollars) for public colleges in the United States 
x years after 2005. Use the linear regression feature 
on a graphing calculator to find an equation of the 
line of best fit. Estimate the average annual tuition 
in 2020. Interpret the slope and y-intercept in this 
situation. (See Example 4.) 


(0, 11,386), (1, 11,731), (2, 11,848) 


(3, 12,375), (4, 12,804), (5S, 13,297) 
18. MODELING WITH MATHEMATICS The table shows 
the numbers of tickets sold for a concert when 
different prices are charged. Write an equation of a 
line of fit for the data. Does it seem reasonable to use 
your model to predict the number of tickets sold when 
the ticket price is $85? Explain. 


Ticket price - 
(dollars), x 


Tickets sold, y 


USING TOOLS In Exercises 19-24, use the linear 
regression feature on a graphing calculator to find an 
equation of the line of best fit for the data. Find and 
interpret the correlation coefficient. 


19. 


25. OPEN-ENDED Give two real-life quantities that have 
(a) a positive correlation, (b) a negative correlation, 


and (c) approximately no correlation. Explain. 
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26. 


Pa 


28. 


29. 


28 


HOW DO YOU SEE IT? You secure an interest-free 
loan to purchase a boat. You agree to make equal 
monthly payments for the next two years. The graph 
shows the amount of money you still owe. 


Loan balance 
(hundreds of dollars) 


0 8 16 24x 
Time (months) 


a. What is the slope of the line? What does the 
slope represent? 


b. What is the domain and range of the function? 
What does each represent? 


c. How much do you still owe after making 
payments for 12 months? 


MAKING AN ARGUMENT A set of data pairs has a 
correlation coefficient r = 0.3. Your friend says that 
because the correlation coefficient is positive, it is 
logical to use the line of best fit to make predictions. 
Is your friend correct? Explain your reasoning. 


THOUGHT PROVOKING Points A and B lie on the line 
y = —x + 4. Choose coordinates for points A, B, 

and C where point C is the same distance from point 
A as it is from point B. Write equations for the lines 
connecting points A and C and points B and C. 


ABSTRACT REASONING If x and y have a positive 
correlation, and y and z have a negative correlation, 
then what can you conclude about the correlation 
between x and z? Explain. 


Maintain ing Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Solve the system of linear equations in two variables by elimination or substitution. 


(Skills Review Handbook) 

33. 3x+y=7 34. 

36. y=1lt+x a7. 
2 ay = 2 2x—-y=1 
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4x+ 3y=2 
2x 3y =a 


sx+4y=4 


30. 


31. 


32. 


MATHEMATICAL CONNECTIONS Which equation has 
a graph that is a line passing through the point (8, —5) 
and is perpendicular to the graph of y = —4x + 1? 


@ y=4x-5 CBD ey = —4ae7 
1 
Ce 7 Dy = 


PROBLEM SOLVING You are participating in an 
orienteering competition. The diagram shows the 
position of a river that cuts through the woods. You 
are currently 2 miles east and 1 mile north of your 
starting point, the origin. What is the shortest distance 
you must travel to reach the river? 


ANALYZING RELATIONSHIPS Data from North 
American countries show a positive correlation 
between the number of personal computers per capita 
and the average life expectancy in the country. 


a. Does a positive correlation make sense in this 
situation? Explain. 


b. Is it reasonable to 
conclude that 
giving residents 
of a country 
personal computers 
will lengthen their 
lives? Explain. ¢ 


30.02% 2y — 
x=4y-1 


38. y=x-4 
4x + y= 26 


Solving Linear Systems 


FINDING AN 
ENTRY POINT 


To be proficient in math, 

you need to look for entry 
points to the solution of 
a problem. 


Essential Question How can you determine the number of 


solutions of a linear system? 


A linear system is consistent when it has at least one solution. A linear system is 
inconsistent when it has no solution. 


Peele Nee) mm Recognizing Graphs of Linear Systems 


Work with a partner. Match each linear system with its corresponding graph. 
Explain your reasoning. Then classify the system as consistent or inconsistent. 


a. 2x — 3y =3 boo G24 — 3y ='3 
—4x + 6y = 6 x+2y=5 —4x + by = —6 


“EXPLORATION 2 Solving Systems of Linear Equations 


Work with a partner. Solve each linear system by substitution or elimination. Then 
use the graph of the system below to check your solution. 


a. 2x+y=5 b x+3y=1 c x+ty=0 
ray) —x+2y=4 3x + 2y= 1 


Communicate Your Answer 


3. How can you determine the number of solutions of a linear system? 


4. Suppose you were given a system of three linear equations in three variables. 
Explain how you would approach solving such a system. 


5. Apply your strategy in Question 4 to solve the linear system. 


yey + z= 1 Equation 1 
way 3 Equation 2 
ie ve — | Equation 3 
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1.4 Lesson What You Will Learn 


> Visualize solutions of systems of linear equations in three variables. 


Solve systems of linear equations in three variables algebraically. 


Core Vocabulary. Pm Solve real-life problems. 


linear equation in three 
variables, p. 30 peo por utionS of Systems 

system of three linear linear equation in three variables x, y, and z is an equation of the form 
equations, p. 30 ax " oye +cz= a nines a, he and c are not all zero. 

solution of a system of three 
linear equations, p. 30 

ordered triple, p. 30 


The following is an example of a syst ions in 


three variables. 


; 3x + 4y — 8z = -3 Equation 1 
Previous 

| system of two linear equations ey + 57] —12 Equation 2 

4x -—2y+z=10 Equation 3 


A solution of such a system is an ordered triple (x, y, z) whose coordinates make 
each equation true. 


The graph of a linear equation in three variables is a plane in three-dimensional 
space. The graphs of three such equations that form a system are three planes whose 
intersection determines the number of solutions of the system, as shown in the 
diagrams below. 


Exactly One Solution 
The planes intersect in a single point, 
which is the solution of the system. 


Infinitely Many Solutions 
The planes intersect in a line. Every 
point on the line is a solution of the system. 


The planes could also be the same plane. 


Every point in the plane is a solution 
of the system. 


No Solution 
There are no points in common with all three planes. 
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LOOKING FOR 
STRUCTURE 


The coefficient of —1 in 
Equation 3 makes ya 
convenient variable 

to eliminate. 


ANOTHER WAY 


In Step 1, you could also 
eliminate x to get two 
equations in y and z, or 
you could eliminate z 
to get two equations 

in x and y. 


Solving Systems of Equations Algebraically 


The algebraic methods you used to solve systems of linear equations in two variables 
can be extended to solve a system of linear equations in three variables. 


G) Core Concept 


Solving a Three-Variable System 


Step 1 Rewrite the linear system in three variables as a linear system in two 
variables by using the substitution or elimination method. 


Step 2 Solve the new linear system for both of its variables. 


Step 3 Substitute the values found in Step 2 into one of the original equations and 
solve for the remaining variable. 


When you obtain a false equation, such as 0 = 1, in any of the steps, the system 
has no solution. 


When you do not obtain a false equation, but obtain an identity such as 0 = 0, 
the system has infinitely many solutions. 


“EXAMPLE Solving a Three-Variable System (One Solution) 
Solve the system. 4x + 2y + 3z= 12 . Equation 1 

ae 3y + 5z= —7 Equation 2 

Sry + 4z2=—3 Equation 3 
SOLUTION 


Step 1 Rewrite the system as a linear system in two variables. 


4x+2y+ 3z =12 Add 2 times Equation 3 to 
12x —2y+ 8% =-6 Equation 1 (to eliminate y). 


16x + 1llz =6 New Equation 1 
-aaeoy + o2=—/ Add —3 times Equation 3 to 
ore 3y — 1920 Equation 2 (to eliminate y). 


— 16x —- 7z=2 New Equation 2 
Step 2 Solve the new linear system for both of its variables. 
l6x + llz=6 Add new Equation 1 
jg Io= 3 and new Equation 2. 
4z=8 
Z=2 Solve for z. 
er Substitute into new Equation 1 or 2 to find x. 
Step 3 Substitute x = —1 and z = 2 into an original equation and solve for y. 


CoH y + 4z2=—-3 Write original Equation 3. 
1) — 7+ 42) = —3 Substitute —1 for x and 2 for z. 
y=5 Solve for y. 


} The solution is x = —1, y = 5, and z = 2, or the ordered triple (—1, 5, 2). 
Check this solution in each of the original equations. 
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ANOTHER WAY 


Subtracting Equation 2 
from Equation 1 gives 

z = 0. After substituting 
0 for z in each equation, 
you can see that each Is 
equivalent to y= x + 3. 
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Solving a Three-Variable System (No Solution) 


Solve the system. xtyazZ=2 Equation 1 
5x + 5y + 5z=3 Equation 2 
4x Fy —3z => 6 Equation 3 


SOLUTION 
Step 1 Rewrite the system as a linear system in two variables. 
—5% — sy — 57 — 10) 


oy hoy ct SoS 
0=-7 


Add —5 times Equation 1 
to Equation 2. 


> Because you obtain a false equation, the original system has no solution. 


P20." (48am Solving a Three-Variable System (Many Solutions) 
Solve the system. x=—yrz==3 Equation 1 

t= 2 = 5 Equation 2 

5k = Dy + z2=—15 Equation 3 


SOLUTION 


Step 1 Rewrite the system as a linear system in two variables. 


Add Equation 1 to 
Equation 2 (to eliminate z). 


x= yRe= 5 
C= 


2h ay = —6 New Equation 2 

i= Vo. Sea Add Equation 2 to 
5x = Sy + z= —-15 Equation 3 (to eliminate z). 
6x — 6y = —18 New Equation 3 


Step 2 Solve the new linear system for both of its variables. 


—6x + by = 18 Add —3 times new Equation 2 
6x — by = —18 to new Equation 3. 
0=0 


Because you obtain the identity 0 = 0, the system has infinitely 
many solutions. 


Step 3 Describe the solutions of the system using an ordered triple. One way to do 
this is to solve new Equation 2 for y to obtain y = x + 3. Then substitute 
x + 3 for y in original Equation | to obtain z = 0. 


> So, any ordered triple of the form (x, x + 3, 0) is a solution of the system. 
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Solve the system. Check your solution, if possible. 
1. * = 2 
344 yee — 

=~ Jy. — —9 


3.x + yes 
xy-yre=s 
De yet 27 = 16 


Ye ee ie a ad | 
4x + 4y —4z, = -2 
See zc — 0 


4. In Example 3, describe the solutions of the system using an ordered triple in 
terms of y. 


Linear Functions 


STUDY TIP 


When substituting to find 
values of other variables, 
choose original or new 
equations that are 
easiest to use. 


Solving Real-Life Problems 


EXAMPLE 4 


Solving a Multi-Step Problem 


An amphitheater charges $75 for each seat in Section A, $55 for each seat in 
Section B, and $30 for each lawn seat. There are three times as many seats in 
Section B as in Section A. The revenue from selling all 23,000 seats is $870,000. 
How many seats are in each section of the amphitheater? 


SOLUTION 


Step 1 Write a verbal model for the situation. 


Number of , Number of 
seats in B, y seats in A, x 
Number of Number of Number of Total number 
seats in A, x seats in B, y lawn seats,z _——ooff Seats 
75 « Number of 455° Number of ap « Numberof _ Total 
seats in A, x seats in B, y lawn seats, z revenue 
Step 2 Write a system of equations. 
y = 3x Equation 1 
“x+y +z= 23,000 Equation 2 
75x + SS5y + 30z = 870,000 Equation 3 


Step 3 Rewrite the system in Step 2 as a linear system in two variables by substituting 


3x for y in Equations 2 and 3. 
5 oe) et aa)" 010) 
x + 3x + z = 23,000 
4x + z = 23,000 
75x + 55y + 30z = 870,000 
75x + 55(3x) + 30z = 870,000 
240x + 30z = 870,000 


Write Equation 2. 
Substitute 3x for y. 
New Equation 2 


Write Equation 3. 
Substitute 3x for y. 
New Equation 3 


Step 4 Solve the new linear system for both of its variables. 


—120x — 30z = —690,000 
240x + 30z = 870,000 
120x = 180,000 

x = 1500 
y = 4500 
z = 17,000 


Add —30 times new Equation 2 
to new Equation 3. 


Solve for x. 
Substitute into Equation 1 to find y. 
Substitute into Equation 2 to find z. 


> The solution is x = 1500, y = 4500, and z = 17,000, or (1500, 4500, 17,000). So, 
there are 1500 seats in Section A, 4500 seats in Section B, and 17,000 lawn seats. 
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5. WHAT IF? On the first day, 10,000 tickets sold, generating $356,000 in revenue. 
The number of seats sold in Sections A and B are the same. How many lawn seats 


are still available? 
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1.4 Exercises 


Dynamic Solulions avas 


able at Bigldeashfath.com 


Vocabulary and Core Concept Check 


1. VOCABULARY The solution of a system of three linear equations 1s expressed as a(n) 


2. WRITING Explain how you know when a linear system in three variables has infinitely 
many solutions. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3—8, solve the system using the elimination 


method. (See Example 1.) 


Sait Younes = 4. x+4y-6z2=—-1 
eet 2yrz—Z 2X Wee eee 
2x+ 3y-z=9 —J ey ae 

S 2ry—-z-9 6. 3x+2y—z=8 


=x + 6yae22 = —17 
Sx+7y+2=4 


7. 2x + 2y + 57 = =) 8. 
Lee 2 
2x+4y+z=6 


ERROR ANALYSIS In Exercises 9 and 10, describe and 


3x + 2y = 327 — = 
Tx — 2y + 5z= —-14 


15: 


=—3e 2 4y 4 2 = 


x—3y+4¢=-14 [ts 


correct the error in the first step of solving the system of 


linear equations. 
4x —y+2z= —-18 
—x+2yv+z= 11 


3x + 3y — 42 = 44 


4x-~y+2z=—168) | 
—4x+ 2y+z=11 


ay 
° x 


In Exercises 11-16, solve the system using the 
elimination method. (See Examples 2 and 3.) 


12x -— Sy -- 6Z— =e 


Bx+3y-4z=44 | 
15x+2z= 26 


ii SoH versa 
6x — 2y + 4z.= -8 
pa y+ 3z—= 10 


12. Sx+y—z=6 
Cy ea 
12x + 4y = 10 
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18. 


13: 


x+3y-z=2 14. 
x+y—-—z=0 
See 2y ase = 1 


XE 2y—ZH3 
=25 — \ ba 
6y=3y 22> —7 


mor ly st az — 4 16. 
—3x4 + 2y Sa 2 
2x — 2) age 


or — Ve == 6 
ba ae 
1x + 8y — 6z— 31 


MODELING WITH MATHEMATICS Three orders are 
placed at a pizza shop. Two small pizzas, a liter of 
soda, and a salad cost $14; one small pizza, a liter 
of soda, and three salads cost $15; and three small 
pizzas, a liter of soda, and two salads cost $22. 
How much does each item cost? 


MODELING WITH MATHEMATICS Sam’s Furniture 
Store places the following advertisement in the local 
newspaper. Write a system of equations for the three 
combinations of furniture. What is the price of each 
piece of furniture? Explain. 


oe 
$1300 
| Sofa and love seat 


$1400 


Sofa and two chairs 


| Sofa, love seat, and one chair : 


In Exercises 19-28, solve the system of linear equations 

using the substitution method. (See Example 4.) 

19. -—2x+y+6z=1 
exer zy + Sz = 16 
7x + 3y — 4z= 11 


20-7 x — Gy — 22 = —8 
—ht oy 3z = 2 
3x — 2y — 4z = 18 


21. xt+y+z=4 22. x+2y=—-1 
peda oy ot oz = 12 =x 4 sy + 2z= —4 
x-—4y+z=9 =a = Az = 10 


23. 2x-3y+z=10 24 x=4 


y+ 2z= 13 x Fy — —6 
z=5 4x — 3y + 2z = 26 
@oe Xt+y—z=4 26. Ze eee — 15 


3x + 2y + 4z=17 
ext Sy tz=—8 


4x + Sy + 2z = 10 
—x — 4y + 3z = —20 


27. 4x+,y+5z=5 28. Ge — 3 
8x + 2y + 10z = 10 
rey 2f = —2 


29. PROBLEM SOLVING The number of left-handed 
people in the world is one-tenth the number of right- 
handed people. The percent of right-handed people 
is nine times the percent of left-handed people and 
ambidextrous people combined. What percent of 
people are ambidextrous? 


OY " 


30. MODELING WITH MATHEMATICS Use a system of 
linear equations to model the data in the following 
newspaper article. Solve the system to find how many 
athletes finished in each place. 


Lawrence High prevailed in Saturday’s track 
meet with the help of 20 individual-event 
placers earning a combined 68 points. A 
first-place finish earns 5 points, a second- 
place finish earns 3 points, and a third-place 
finish earns | point. Lawrence had a strong 
second-place showing, with as many second 
place finishers as first- and third-place 
finishers combined. 


31. WRITING Explain when it might be more convenient 
to use the elimination method than the substitution 
method to solve a linear system. Give an example to 
support your claim. 


32. REPEATED REASONING Using what you know about 
solving linear systems in two and three variables, plan 
a Strategy for how you would solve a system that has 
four linear equations in four variables. 


MATHEMATICAL CONNECTIONS In Exercises 33 and 34, 
write and use a linear system to answer the question. 


33. The triangle has a perimeter of 65 feet. What are the 
lengths of sides #, m, and n? 


m 


N 


34. What are the measures of angles A, B, and C? 


35. OPEN-ENDED Consider the system of linear 
equations below. Choose nonzero values for a, b, 
and c so the system satisfies the given condition. 
Explain your reasoning. 

x+ty+z=2 
ax + by + cz = 10 
Sanya Ge 


a. The system has no solution. 
b. The system has exactly one solution. 


c. The system has infinitely many solutions. 


36. MAKING AN ARGUMENT A linear system in three 
variables has no solution. Your friend concludes that it 
is not possible for two of the three equations to have 
any points in common. Is your friend correct? Explain 
your reasoning. 
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37. PROBLEM SOLVING A contractor is hired to build an 40. HOW DO YOU SEE IT? Determine whether the 


apartment complex. Each 840-square-foot unit has a system of equations that represents the circles has 
bedroom, kitchen, and bathroom. The bedroom will no solution, one solution, or infinitely many solutions. 
be the same size as the kitchen. The owner orders Explain your reasoning. 
980 square feet of tile to completely cover the floors o b 
of two kitchens and two bathrooms. Determine , sf . y 
how many square feet of carpet is needed for each 
bedroom. 
x x 


41. CRITICAL THINKING Find the values of a, b, and c so 
that the linear system shown has (— 1, 2, —3) as its 
only solution. Explain your reasoning. 


- Total Area: 840 ioe 


x-+ Zy— 3z=a 


—x—yre—b 
38. THOUGHT PROVOKING Does the system of linear i 2x + 3y-2z= 
equations have more than one solution? Justify 
your answer. | 42. ANALYZING RELATIONSHIPS Determine which 
4x+y+z=0 ' arrangement(s) of the integers —5, 2, and 3 produce 
4 a solution of the linear system that consist of only 
2a sy — 5s ie i integers. Justify your answer. 
es dead ee : x —3y + 6z=21 
ery see a OU 
39. PROBLEM SOLVING A florist must make 5 identical 2x — Sy + 2z = —6 
bridesmaid bouquets for a wedding. The budget is 
$160, and each bouquet must have 12 flowers. Roses 43. ABSTRACT REASONING Write a linear system to 
cost $2.50 each, lilies cost $4 each, and irises cost represent the first three pictures below. Use the system 
$2 each. The florist wants twice as many roses as the to determine how many tangerines are required to 
other two types of flowers combined. balance the apple in the fourth picture. Note: The 
: ; first picture shows that one tangerine and one apple 
a. Write a system of equations to represent this balance one grapefruit. 


situation, assuming the florist plans to use the ' 
maximum budget. n 4 

b. Solve the system to find how many of each type of 
flower should be in each bouquet. 


c. Suppose there is no limitation on the total cost of 
the bouquets. Does the problem still have exactly 
one solution? If so, find the solution. If not, give 
three possible solutions. 


Ma intaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Simplify. (Skills Review Handbook) 
aa (x — 2)2 45. (3m + 1) 46. (2 —5) 47. (4—>y) 


Write a function g described by the given transformation of f(x) = |x| — 5. (Section 1.2) 


48. translation 2 units to the left 49. reflection in the x-axis 


50. translation 4 units up : 51. vertical stretch by a factor of 3 
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1.3-1.4 What Did You Learn? 


Core Vocabulary 

line of fit, p. 24 system of three linear equations, p. 30 

line of best fit, p. 25 solution of a system of three linear equations, p. 30 
correlation coefficient, p. 25 ordered triple, p. 30 


linear equation in three variables, p. 30 


Core Concepts 


Section 1.3 


Writing an Equation of a Line, p. 22 
Finding a Line of Fit, p. 24 


Section 1.4 


Solving a Three-Variable System, p. 3/ 
Solving Real-Life Problems, p. 33 


Mathematical Practices 


1. Describe how you can write the equation of the line in Exercise 7 on page 26 
using only one of the labeled points. 


2. How did you use the information in the newspaper article in Exercise 30 on 
page 35 to write a system of three linear equations? 


3. Explain the strategy you used to choose the values for a, b, and c in 
Exercise 35 part (a) on page 35. 


procter - Performance Task - - -- 
Secret of the 
Hanging Baskets 


A carnival game uses two baskets hanging from springs at 
different heights. Next to the higher basket is a pile of 
baseballs. Next to the lower basket is a pile of golf balls. 
The object of the game is to add the same number of balls 
to each basket so that the baskets have the same height. 
But there is a catch—you only get one chance. What 
is the secret to winning the game? 


To explore the answers to this question and more, 
go to BigldeasMath.com. ope 


ee ee ee 
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Chapter Review Dynamic Solutions available at BigideasMath.com 


Parent Functions and Transformations (pp. 3-70) 


Graph g(x) = (« — 2)? + 1 and its parent function. Then describe the transformation. 


The function g is a quadratic function. 


® The graph of g is a translation 2 units right and 1 unit up 
of the graph of the parent quadratic function. 


Graph the function and its parent function. Then describe the transformation. 
1. f®=x4+3 2. g(x) = |x|-1 3. A(x) = 52° 
4. h(x) =4 5. fix) = —|x|-3 6. 2(x) = —3(« + 3? 


phe | Transformations of Linear and Absolute Value Functions (pp. 71-78) 
| Let the graph of g be a translation 2 units to the right followed by a reflection in the 
y-axis of the graph of f(x) = |x|. Write a rule for g. 
Step 1 First write a function h that represents the translation of f. 
ne) =f@—2) Subtract 2 from the input. 
=|x—2| Replace x with x — 2 in f(x). 


Step 2 Then write a function g that represents the reflection of h. 


g(x) = h(—x) Multiply the input by —1. 
=| 4-2] Replace x with —x in A(x). 
=\=@ 1 2)| Factor out —1. 
= (SU Obese] Product Property of Absolute Value 
=|x+2| Simplify. 


> The transformed function is g(x) = |x + 2|. 


Write a function g whose graph represents the indicated transformations of 
the graph of f. Use a graphing calculator to check your answer. 


7. f(x) = |x 


; reflection in the x-axis followed by a translation 4 units to the left 
8. f(x) = |x|; vertical shrink by a factor of 5 followed by a translation 2 units up 


9. f(x) = x; translation 3 units down followed by a reflection in the y-axis 
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M's) | Modeling with Linear Functions (pp. 27-28) 


The table shows the numbers of ice cream cones sold for different outside 
temperatures (in degrees Fahrenheit). Do the data show a linear relationship? 
If so, write an equation of a line of fit and use it to estimate how many ice cream 
cones are sold when the temperature is 60°F. 


Temperature, x 625) 10352 90) 


Number of cones, y | 90 | 105 | 117 | 131 | 147 
Step 1 Create a scatter plot of the data. The data show a Pica Cima Cones Sold 
linear relationship. 


Step 2 Sketch the line that appears to most closely fit the data. 


One possibility is shown. i 
Step 3 Choose two points on the line. For the line shown, os 
you might choose (70, 117) and (90, 147). 5 
Step 4 Write an equation of the line. First, find the slope. + 
= ee NT 30 |. 2 
Soe eo 70 20 
Use point-slope form to write an equation. Temperature (°F) 
Use (x;, y,) = (70, 117). 
y— y, = m(x — x,) Point-slope form 
y— 117 =25@— 70) Substitute for m, x,, and yj. 
y — 117 =e 105 Distributive Property 
y=1.5x+ 12 Add 117 to each side. 
Use the equation to estimate the number of ice cream cones sold. 
y = 1.5(60) + 12 Substitute 60 for x. 
= 102 Simplify. 


Approximately 102 ice cream cones are sold when the temperature is 60°F. 


Write an equation of the line. 


10. The table shows the total number y (in billions) of U.S. movie admissions each year for 
x years. Use a graphing calculator to find an equation of the line of best fit for the data. 


Po[=[*[e[e] ol 
reat] 26) 1291.47 [19 | 


11. You ride your bike and measure how far you travel. After 10 minutes, you travel 3.5 miles. 
After 30 minutes, you travel 10.5 miles. Write an equation to model your distance. How far 
can you ride your bike in 45 minutes? 


Admissions, y 
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40 


Chapter 1 


Solving Linear Systems (pp. 29-36) 


Solve the system. 


x—yre==—3 
2~— yr 37 —4 
4g: 2y 2 2 


Equation 1 
Equation 2 
Equation 3 


Step 1 Rewrite the system as a linear system in two variables. 


kX- yes 
Ax th 2y = ee 


oxy =-!1 


=5% + Sy oie 


ax —-_yt+5z=4 
Si Ay = 19 


Add Equation 1 to 
Equation 3 (to eliminate z). 


New Equation 3 


Add —5 times Equation 1 to 
Equation 2 (to eliminate z). 


New Equation 2 


Step 2 Solve the new linear system for both of its variables. 


—20x — 4y =4 Add —4 times new Equation 3 
3, cer to new Equation 2. 
aaa = 23 
x=-l Solve for x. 
y=4 Substitute into new Equation 2 or 3 to find y. 
Step 3 Substitute x = —1 and y = 4 into an original equation and solve for z. 


Write original Equation 1. 
Substitute —1 for x and 4 for y. 


Solve for z. 


> The solution is x = —1, y = 4, and z = 2, or the ordered triple (—1, 4, 2). 


Solve the system. Check your solution, if possible. 


12: 


15; 


18. 


Ley Zs 5 13; 
=x + 3y + 27s 

x= 4z 

x+4y-—2z=3 16. 


4+ 3y Foz =— 1 
2x + Oy i322 


A school band performs a spring concert for a crowd of Sees 
600 people. The revenue for the concert is $3150. There | BAND CONCERT 
||| STUDENTS - $3 ADULTS - $7 


are 150 more adults at the concert than students. How 


205 — fe 14. 44° yz = 2 

Lor Yor sz = 19 oye 2 — |) 
—4x + 6y + z= —20 ox + 2) — 2-13 
x=—y t 3z—6 WW. x+2z2=4 
¥-—2y=5 xt+ty+z=6 

I~ — sy F572 3x + 3y + 4z = 28 


a er 


many of each type of ticket are sold? . CHRD REN oe oe 


Linear Functions 


1 Chapter Test 


Write an equation of the line and interpret the slope and y-intercept. 


2. | Shoe Sales 


10 units 


~~ 
a) 
a 
& 
© 
me) 
~— 
ov 
i] 
= 
& 
is] 
[oa] 


Price of pair of shoes (dollars) 


20 40 60 £80 
Percent discount 


Solve the system. Check your solution, if possible. 


co 


e2axt+y+4z=5 4. y=5z- . 5. x-yt+5z=3 
mea oy — 2 = 2 Rey + 5z=2 Dane Sy Wet Gere Ps 
4x+y—6z=11 3x + 6y — 3z=9 —4x —y—9z = -8 


Graph the function and its parent function. Then describe the transformation. 


& f@) =|x-1| 7. f(x) = (x) 8. f(x) =4 
Match the transformation of f(x) = x with its graph. Then write a rule for g. 
9. g(x) = 2f(x) + 3 : 10. g(x) = 3f(%) -— 2 ieee) = —2f(x)iaa 
A. TROLLPTOOO B. ALLO cia we 
12. A bakery sells doughnuts, muffins, and bagels. The bakery 
makes three times as many doughnuts as bagels. The bakery 
ears a total of $150 when all 130 baked items in stock are sold. ip : $1.00 
How many of each item are in stock? Justify your answer. SEU Scams: ait’ - ° 
MUG: .....2.5.:..-.. $1.50 
Bagels. ....4..1...: $1.20 
13. A fountain with a depth of 5 feet is drained and then refilled. The water level (in feet) after 


t minutes can be modeled by f(f) = alt — 20|. A second fountain with the same depth is 
drained and filled twice as quickly as the first fountain. Describe how to transform the 
graph of f to model the water level in the second fountain after tf minutes. Find the depth 
of each fountain after 4 minutes. Justify your answers. 


Chapter 1 


Chapter Test 41 


Cumulative Assessment 


1. Describe the transformation of the graph of f(x) = 2x — 4 represented in each graph. 


a. Verify that the data show a linear relationship. Then write an equation of a line of fit. 
b. Interpret the slope and y-intercept in this situation. 


c. Predict the cost of tuition in 2015. 


3. Your friend claims the line of best fit for the data shown in the scatter plot has a correlation 
coefficient close to 1. Is your friend correct? Explain your reasoning. 
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. Order the following linear systems from least to greatest according to the number 
of solutions. 


A. 2x+ 4y-z=7 B:. Jae oy + 32 = 5 C. 4a 22 — 18 
14x + 28y — 7z = 49 =~yy-z=8 =v ay z= 11 
—x + 6y + 12z = 13 14x — 3y + 12z = 108 3x + 3y — 42 = 44 


. You make DVDs of three types of shows: comedy, drama, and reality-based. An episode of 
a comedy lasts 30 minutes, while a drama and a reality-based episode each last 60 minutes. 
The DVDs can hold 360 minutes of programming. 


a. You completely fill a DVD with seven episodes and include twice as many episodes of a 
drama as a comedy. Create a system of equations that models the situation. 


b. How many episodes of each type of show are on the DVD in part (a)? 


& 


You completely fill a second DVD with only six episodes. Do the two DVDs have a 
different number of comedies? dramas? reality-based episodes? Explain. 


. The graph shows the height of a-hang glider over time. ae 
dang Gliding D t 
Which equation models the situation? meng Gilsied Descen 
y 
CA) y+ 450 = 10x 400 
© ty=-x+ 450 2 
"D> 200 
@M 10x + y = 450 - 
100 
0 
0 TO= 205 730 x 
Time (seconds) 


. Let f(x) = xand g(x) = —3x — 4. Select the possible transformations (in order) of the 
graph of frepresented by the function g. 


CA) reflection in the x-axis reflection in the y-axis 
© vertical translation 4 units down ©) horizontal translation 4 units right 
CE) horizontal shrink by a factor of t CF vertical stretch by a factor of 3 


Choose the correct equality or inequality symbol which completes the statement below 
about the linear functions f and g. Explain your reasoning. 


gx) | £22) 1 8022) 
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Soccer (p. 63) 


Kangaroo (p. 53) 


Maintaining Mathematical Proficiency 


Finding x-Intercepts 
Example 1 Find the x-intercept of the graph of the linear equation y = 3x — 12. 
y= 34a 
=35x— 12 
12 = 3x 
4=x 


The x-intercept is 4. 


Find the x-intercept of the graph of the linear equation. 
A y= 2x +7 2. y= —-6x+ 8 3. y= —l0x — 36 
4. y= 3(x— 5) 5. y= —4(x + 10) 6. 3x + 6y = 24 


The Distance Formula 
The distance d between any two points (x,, y,) and (x, y2) is given by the formula 


d= Va — x)? + O» — y*. 


Find the distance between (1, 4) and (—3, 6). 


Let (x), y,) = C1, 4) and (%, y,) = (—3, 6). 


d= Vea= 2 + Os? 


= V(-3 - 1? + 6 — 4? 
=\(-42 +2 
=V16+4 
= V20 
~ 4.47 
Find the distance between the two points. 
7. (2,5), (—4, 7) 8. (—1, 0), (—8, 4) 9. (3, 10), (5, 9) 
10. (7, —4), (—5, 0) 11. (4, —8), (4, 2) a2. (0.9), (—3, 6} 


. ABSTRACT REASONING Use the Distance Formula to write an expression for the distance 
between the two points (a, c) and (5, c). Is there an easier way to find the distance when the 
x-coordinates are equal? Explain your reasoning. 


Dynamic Solutions available at BigldeasMath.com 


if | Mathematically proficient students distinguish correct reasoning from 
Mathematical | flawed reasoning. 
Practices 


Using Correct Logic 


G) Core Concept 


Deductive Reasoning 


In deductive reasoning, you start with two or more statements that you know or 
assume to be true. From these, you deduce or infer the truth of another statement. 
Here is an example. 


1. Premise: If this traffic does not clear, then I will be late for work. 
2. Premise: The traffic has not cleared. 


3. Conclusion: I will be late for work. 


This pattern for deductive reasoning is called a syllogism. 


Recognizing Flawed Reasoning 


The syllogisms below represent common types of flawed reasoning. Explain why each 
conclusion is not valid. 


a. When it rains, the ground gets wet. b. When it rains, the ground gets wet. 
The ground is wet. It is not raining. 
Therefore, it must have rained. Therefore, the ground is not wet. 


. Police, schools, and roads are d. All students use cell phones. 
necessary. . My uncle uses a cell phone. 
Taxes fund police, schools, and roads. Therefore, my uncle is a student. 
Therefore, taxes are necessary. 


SOLUTION 

a. The ground may be wet for another reason. 
‘b. The ground may still be wet when the rain stops. 
c. The services could be funded another way. 


d. People other than students use cell phones. 


Monitoring Progress 


Decide whether the syllogism represents correct or flawed reasoning. If flawed, 
explain why the conclusion is not valid. 


1. All mammals are warm-blooded. 2. All mammals are warm-blooded. 
All dogs are mammals. My pet is warm-blooded. 
Therefore, all dogs are warm-blooded. Therefore, my pet is a mammal. 


. If Iam sick, then I will miss school. 4. If I am sick, then I will miss school. 


I missed school. I did not miss school. 
Therefore, I am sick. Therefore, I am not sick. 


Chapter 2 Quadratic Functions 


Transformations of 


Quadratic Functions 


LOOKING FOR 
STRUCTURE 


To be proficient in math, 
you need to look closely 
to discern a pattern or 
structure. 


Essential Question How do the constants a, h, and k affect the 
graph of the quadratic function g(x) = a(x — h)? + k? 


The parent function of the quadratic family is f(x) = x. A transformation of the 
graph of the parent function is represented by the function g(x) = a(x — h)? + k, 
where a # 0. 


Staee VNR Identifying Graphs of Quadratic Functions 


Work with a partner. Match each quadratic function with its graph. Explain your 
reasoning. Then use a graphing calculator to verify that your answer is correct. 

a. 2(x) = —(@ — 2) bo er) — (x — 2)? +2 
d. (x) = 0.5 —2)?—2 e. g(x) = 2(x — 2) 


c. 9(x) = —(x + 2)2 -2 
f. g(x) = —@ + 2)7 +2 


A. 4 B. 4 

= 6 -6 6 
(eS 
= =f 
GC 4 D. 4 
i 

=a 6 -6 6 

—4 -4 

E 4 F. 4 

4 ==/il 


Communicate Your Answer 


2. How do the constants a, h, and k affect the graph of “ 
the quadratic function g(x) = a(x — h)* + k? / 
3. Write the equation of the quadratic function whose -6 6 
graph is shown at the right. Explain your reasoning. 
Then use a graphing calculator to verify that your 
equation 1s correct. =f 


Section 2.1 Transformations of Quadratic Functions 47 


2.1 Lesson 


Core Vocabulary. 


quadratic function, p. 48 
parabola, p. 48 

vertex of a parabola, p. 50 
vertex form, p. 50 


Previous 
transformations 


48 Chapter 2 


What You Will Learn 


& Describe transformations of quadratic functions. 
> Write transformations of quadratic functions. 


Describing Transformations of Quadratic Functions 
A quadratic function is a function that can be written in the form f(x) = a(x — h)* + k, 
where a # 0. The U-shaped graph of a quadratic function is called a parabola. 


In Section 1.1, you graphed quadratic functions using tables of values. You can also 
graph quadratic functions by applying transformations to the graph of the parent 


function f(x) = x7. 


G) Core Concept 


Horizontal Translations 


f(x) = x? 
fee=tie = (x =k)? 
y = (x — h)?, 
n=0 y=x? 
y 
y = (x — h), 


e shifts left when h < 0 
e shifts right when h > 0 


eens 


Vertical Translations 
oo 
fOyPk= xP +k 


Var nk yx 
k>0 


y=x* +k, 


e shifts down when k < 0 
e shifts up when k > 0 


. EXAMPLE 1 Translations of a Quadratic Function 


Describe the transformation of f(x) = x? represented by g(x) = (x + 4)? — 1. Then 


graph each function. 


SOLUTION 


Notice that the function is of the form 
g(x) = (x — h)* + k. Rewrite the function 
to identify / and k. 


8%) = @ > (8) a) 


ff 


h k 


Because h = —4 and k = —1, the graph 
of g is a translation 4 units left and 1 unit 
down of the graph of f. 


Monitoring Progress ) Help in English and Spanish at BigldeasMath.com 


Describe the transformation of f(x) = x? represented by g. Then graph 
each function. 
3. (x) = @ +5) + 1 


1. e@) =G@— 32 2. a(x) = — 2)? —2 


Quadratic Functions 


G Core Concept 


Reflections in the x-Axis Reflections in the y-Axis 
fa) =x {=e 
Sime) a at) ak) — 


WX? 


y = x? is its own reflection 
flips over the x-axis in the y-axis. 


con ns scars ———}— 


Horizontal Stretches and Shrinks 


Vertical Stretches and Shrinks 


f(x) = x? fa) = x? 
flax) = (ax ae f(x) = ax 
y = (ax)2, y = axé, 
a> =o a> y= x2 


e horizontal stretch (away from e vertical stretch (away from 
y-axis) when0 <a < 1 x-axis) whena > 1 
e horizontal shrink (toward y-axis) e vertical shrink (toward x-axis) 
when a > 1 when0<a< 1 
OSV peaee Transformations of Quadratic Functions 


Describe the transformation of f(x) = x? represented by g. Then graph each function. 
LOOKING FOR ' 
STRUCTURE a, g(x) = 39° LG ea! 
In Example 2b, notice that SOLUTION 
g(x) = 4x2 + 1. So, you can 


also describe the graph of a. Notice that the function is of the form b. Notice that the function is of the 


g as a vertical stretch by g(x) = —ax*, where a = x. form g(x) = (ax)* + k, where a = 2 
dk=1. 
a factor of = followed by So, the graph of g is a reflection at 
a translation 1 unit up of in the x-axis and a vertical shrink So, the graph of g is a horizontal 
the graph of f. by a factor of of the graph of f. shrink by a factor of 5 followed 
by a translation | unit up of the 


graph of f. 


Section 2.1 Transformations of Quadratic Functions 49 
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Describe the transformation of f(x) = x? represented by g. Then graph 
each function. 


4. 9(x) = (4x) 5. g(x) = 3(x — 1)? 6. g(x) = —(x + 32 +2 


Writing Transformations of Quadratic Functions 


The lowest point on a parabola that opens up or the highest point on a parabola 
that opens down is the vertex. The vertex form of a quadratic function is 
f(x) = a(x — h)* + k, where a # 0 and the vertex is (A, k). 


fa) = a(x — hy +k 


k indicates a ’ 
vertical translation. 


a indicates a reflection 
in the x-axis and/or a 
vertical stretch or shrink. 


h indicates 
a horizontal 
translation. 


Ses eae § Writing a Transformed Quadratic Function 


Let the graph of g be a vertical stretch by a factor of 2 and a reflection in the x-axis, 
followed by a translation 3 units down of the graph of f(x) = x. Write a rule for g and 
identify the vertex. 


SOLUTION 

Method 1 Identify how the transformations affect the constants in vertex form. 
reflection in x-axis 
vertical stretch by 4 a 
translation 3 units down} k = —3 


Write the transformed function. 


g(x) = a(x — hy +k Vertex form of a quadratic function 
= —2(x — 0)? + (—3) Substitute —2 for a, 0 for h, and —3 for k. 
= —2x7 —3 Simplify. 


> The transformed function is g(x) = —2x* — 3. The vertex is (0, —3). 
g 


Method 2 Begin with the parent function and apply the transformations one at a time 
in the stated order. 


First write a function h that represents the reflection and vertical stretch 


Check oa 
= : h(x) = —2 « fix) Multiply the output by —2. 
; = —2x2 Substitute x2 for f(x). 
25 5, Then write a function g that represents the translation of h. 
g g(x) = h(x) — 3 Subtract 3 from the output. 
ov =—2%7—3 Substitute —2x2 for h(x). 


The transformed function is e(x) = —2x? — 3. The vertex is (0, —3). 
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REMEMBER 


To multiply two binomials, 
use the FOIL Method. 


(x + 1)(x + 2) = x2 +2x+x%+2 


EXAMPLE 4 


Writing a Transformed Quadratic Function 


Let the graph of g be a translation 3 units right and 2 units up, followed by a reflection 
in the y-axis of the graph of f(x) = x? — 5x. Write a rule for g. 


SOLUTION 


Step 1 First write a function A that represents the translation of f, 


Ax) =fe—2) 2 Subtract 3 from the input. Add 2 to the output. 
=@- 9) oe 3) +2 Replace x with x — 3 in f(x). 
= x? — IIx + 26 Simplify. 
Step 2 Then write a function g that represents the reflection of h. 
g(x) = h(—x) Multiply the input by —1. 
== (—x)* — 11(—x) + 26 Replace x with —x in h(x). 
=e ix + 26 Simplify. 


pa 


“EXAMPLE 5 Modeling with Mathematics 


The height h (in feet) of water spraying from a fire hose can be modeled by 

h(x) = —0.03x? + x + 25, where x is the horizontal distance (in feet) from the fire 
truck. The crew raises the ladder so that the water hits the ground 10 feet farther from 
the fire truck. Write a function that models the new path of the water. 


SOLUTION 


1. Understand the Problem You are given a function that represents the path of 
water spraying from a fire hose. You are asked to write a function that represents 
the path of the water after the crew raises the ladder. 


2. Make a Plan Analyze the graph of the function to determine the translation of the 
ladder that causes water to travel 10 feet farther. Then write the function. 


3. Solve the Problem Use a graphing calculator to graph the original function. 


Because h(50) = 0, the water originally hits the ground 50 feet from the fire 
truck. The range of the function in this context does not include negative values. 


However, by observing that h(60) = —23, you can determine that a translation 
23 units (feet) up causes the water to travel 10 feet farther from the fire truck. 
g(x) = h(x) + 23 Add 23 to the output. 
ees + x + 48 Substitute for h(x) and simplify. 


> The new path of the water can be modeled by g(x) = —0.03x2 + x + 48. 
4. Look Back To check that your solution is correct, verify that g(60) = 0. 


9(60) = —0.03(60)? + 60 + 48 = —108 + 60 + 48 =0 J 
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7. Let the graph of g be a vertical shrink by a factor of : followed by a translation 


2 units up of the graph of f(x) = x’. Write a rule for g and identify the vertex. 


8. Let the graph of g be a translation 4 units left followed by a horizontal shrink by a 
factor of 4 of the graph of f(x) = x? + x. Write a rule for g. 


9. WHAT IF? In Example 5, the water hits the ground 10 feet closer to the fire truck 
after lowering the ladder. Write a function that models the new path of the water. 


Section 2.1 Transformations of Quadratic Functions 5A 


2m Exercises Dynamic Solutions available at BigldeasMath.com 


1. COMPLETE THE SENTENCE The graph of a quadratic function is called a(n) 


2. VOCABULARY Identify the vertex of the parabola given by f(x) = (x + 2P — 4. 


F \ceabulary and Core Concept Check 
| 
| 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-12, describe the transformation of In Exercises 17—24, describe the transformation of 
f(x) = x? represented by g. Then graph each function. f(x) = x? represented by g. Then graph each function. 
(See Example 1.) (See Example 2.) 

3. g(x) =x7—-3 4. gx) =x2+1 17. 2(x) = —x2 18. 9(x) = (—x)* 

5 eG 2) 6. g(x) = (x — 4? 19. g(x) = 3x? 20. g(x) = 3x 

1. eo) == 8. ex) = +3) 21. g(x) = (2x) 22. g(x) = —(2x)? 

9. gx) =(x+6)2?-2 10. px =(x—-9%4+5 23. g(x) = 5x2 —-4 24. g(x) = x(x - 1) 


te a = ae 
Te 8) Ne ee ERROR ANALYSIS In Exercises 25 and 26, describe 


and correct the error in analyzing the graph of 


ANALYZING RELATIONSHIPS y f(x) = —6x? + 4. 
In Exercises 13~—16, match the f ; 
function with the correct 2 ‘ soe | 
: The graph is a reflection in the 
transformation of the graph : . 
of f. Explain your reasoning. Jraxis and alvertica la | 
by a factor of 6, followedbya | 
translation 4 units up of the graph 
> of the parent quadratic function. 


13...) jee) 14. y=f@+1 
26. 
iy —fx— 1) I 16.507. — fix 1) — 1 x The graph is a translation 4 units 
down, followed by a vertical 
A. stretch by a factor of Ganda | 


reflection in the x-axis of the graph 
of the parent quadratic function. . 


y B. yy 
in USING STRUCTURE In Exercises 27—30, describe the 

x x transformation of the graph of the parent quadratic 

function. Then identify the vertex. 
Cry D. Ay 

27. fx) =3(4+2)+1 
28. fx) = —-4a~+ 12-5 
29. f(x) = —2x7+5 

‘ ‘ 30. f(x) =F - 1P 
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In Exercises 31-34, write a rule for g described by the JUSTIFYING STEPS In Exercises 41 and 42, justify each 


transformations of the graph of f. Then identify the step in writing a function g based on the transformations 
vertex. (See Examples 3 and 4.) of f(x) = 2x? + 6x. 
31. f(x) = x°; vertical stretch by a factor of 4 anda 41. translation 6 units down followed by a reflection in 
reflection in the x-axis, followed by a translation the x-axis 
2 units up FON ee 6 -_ 
32. f(x) = x?; vertical shrink by a factor of + and a 2 +66 So 
reflection in the y-axis, followed by a translation AG) = _aae 
3 units right’ BC - 
= —(2x2 + 6x — 6) = 
= 8x2 — 6: i 
33. f(x) = 8x* — 6; horizontal stretch by a factor of 2 and ee é ~_ 


a translation 2 units up, followed by a reflection in the 


io 42. reflection in the y-axis followed by a translation 
34. f(x) = (« + 6) + 3; horizontal shrink by a factor of 4 ea 
and a translation | unit down, followed by a reflection A(x) = f(—x) a 
in the x-axis ee ee ee = 
= 2x2 — 6x —- 
USING TOOLS In Exercises 35-40, match the yevon 
with its graph. Explain your reasoning. g(x) = h(x — 4) — — 
35. (2) =2Ax—-12-2 36. g(x) =1(x+ 1-2 | = 2x — 4)? - 6-4) ’ 
. = 9x2 — 22x + 56 <x“ «7. 


apex) = —2(x — 1)? +2 


43. MODELING WITH MATHEMATICS The function 
h(x) = —0.03(« — 14)? + 6 models the jump of a red 
kangaroo, where x is the horizontal distance traveled 
(in feet) and A(x) is the height (in feet). When the 
kangaroo jumps from a higher location, it lands 
5 feet farther away. Write a function that models the 
second jump. (See Example 5.) 


38. Peper 2 39. 2%) =—2a — 2 


40. g(x) =2%-1)?4+2 


| 
| 
| 


—— 


44. MODELING WITH MATHEMATICS The function 
f(t) = —16t? + 10 models the height (in feet) of an 
object ¢ seconds after it is dropped from a height of 
10 feet on Earth. The same object dropped from 
the same ao on the moon is modeled by 
g(t) = —=2 + 10. Describe the transformation of 
the graph an f to obtain g. From what height must the 
object be dropped on the moon so it hits the ground at 
the same time as on Earth? 
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45. MODELING WITH MATHEMATICS Flying fish use 
their pectoral fins like airplane wings to glide through 
the air. 

a. Write an equation of the form y = a(x — h)? +k 


with vertex (33, 5) that models the flight path, 
assuming the fish leaves the water at (0, 0). 


b. What are the domain and range of the function? 
What do they represent in this situation? 


c. Does the value of a change when the flight path 
has vertex (30, 4)? Justify your answer. 


46. HOW DO YOU SEE IT? Describe the graph of g as a 
transformation of the graph of f(x) = x. 


A line of symmetry for the figure is shown in red. Find the coordinates of point A. 


(Skills Review Handbook) 
50. 
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47. 


48. 


49. 


COMPARING METHODS Let the graph of g be a 
translation 3 units up and | unit right followed by 
a vertical stretch by a factor of 2 of the graph of 
F(x) = x?. 


a. Identify the values of a, h, and k and use vertex 
form to write the transformed function. 


b. Use function notation to write the transformed 
function. Compare this function with your 
function in part (a). 

c. Suppose the vertical stretch was performed first, 
followed by the translations. Repeat parts (a) 
and (b). 

d. Which method do you prefer when writing a 
transformed function? Explain. 


THOUGHT PROVOKING A jump on a pogo stick 
with a conventional spring can be modeled by | 
f(x) = —0.5(x — 6)? + 18, where x is the horizontal 
distance (in inches) and f(x) is the vertical distance | 
(in inches). Write at least one transformation of 

the function and provide a possible reason for 

your transformation. | 


MATHEMATICAL CONNECTIONS The area of a circle 
depends on the radius, as shown in the graph. A 
circular earring with a radius of r millimeters has a 


circular hole with a radius of “ millimeters. Describe 


a transformation of the graph below that models the 
area of the blue portion of the earring. 


Characteristics of 


Quadratic Functions 


Essential Question What type of symmetry does the graph of 


fix) = a(x — hy + k have and how can you describe this symmetry? 


“EXPLORATION 1+ MEATELEREnT Symmetry 


Work with a partner. 


a. Complete the table. Then use the values 
in the table to sketch the graph of the 
function 


fx) = 5x2 — 2x — 2 


on graph paper. 


b. Use the results in part (a) to identify the 
vertex of the parabola. 


c. Find a vertical line on your graph paper so 
that when you fold the paper, the left portion of 
the graph coincides with the right portion of 
the graph. What is the equation of this line? 
How does it relate to the vertex? 


d. Show that the vertex form 
FO) ge = 2) 


is equivalent to the function given in part (a). 


Sadone) vie ee Parabolas and Symmetry 


Work with a partner. Repeat Exploration 1 for the function given by 


fs) = —fx2 + xt 3 = Fx - 3 +6. 


ATTENDING TO 
PRECISION 


To be proficient in math, you 
need to use clear definitions 


in your reasoning and Communicate Your Answer 


discussions with others. 


3. What type of symmetry does the graph of f(x) = a(x — h)* + k have and how can 


you describe this symmetry? 


4. Describe the symmetry of each graph. Then use a graphing calculator to verify 
your answer. 
a. fa) — —G@ — 1)? +4 bf) =@+ 12 —2 c. f(x) = 2-3) 4+ 1 
d. fix)=3+2? | e& fx) = ~2x72 +3 f. f(x) = 3(x -— 5)? +2 
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What You Will Learn 


Pm Explore properties of parabolas. 
b> Find maximum and minimum values of quadratic functions. 


Core Vocabulary... » Graph quadratic functions using x-intercepts. 


axis of symmetry, p. 56 > Solve real-life problems. 

standard form, p. 56 ; 

minimum value, p. 58 Exploring Properties of Parabolas 
maximum value, p. 58 
intercept form, p. 59 


2.2 Lesson 


An axis of symmetry is a line that divides a parabola 
into mirror images and passes through the vertex. 
Previous Because the vertex of f(x) = a(x — h)? + kis (h, k), 
x-intercept the axis of symmetry is the vertical line x = h. 


Previously, you used transformations to graph quadratic 
functions in vertex form. You can also use the axis of 
symmetry and the vertex to graph quadratic functions 
written in vertex form. 


eo7\"iJtaai Using Symmetry to Graph Quadratic Functions 


Graph f(x) = —2(x + 3)? + 4. Label the vertex and axis of symmetry. 


SOLUTION 
Step 1 Identify the constants a = —2,h = —3, andk = 4. 


Step 2 Plot the vertex (h, k) = (—3, 4) and draw 
the axis of symmetry x = —3. 


Step 3 Evaluate the function for two values of x. 


x= — 2? f(—2) = =2(-2 ee 
x=-h f(-) = -2(-1+3% +4=-4 


Plot the points (—2, 2), (—1, —4), and 
their reflections in the axis of symmetry. 


Step 4 Draw a parabola through the plotted points. 


Quadratic functions can also be written in standard form, f(x) = ax? + bx + c, 
where a # 0. You can derive standard form by expanding vertex form. 


f(x) = atx —h)* +k Vertex form 
f(x) = a(x? — 2hx + h?) +k Expand (x — h)?. 
JG) = ax* — 2ahe a an Distributive Property 
f(x) = ax? + (—2ah)x + (ah? + k) Group like terms. 
F 
f(x) = ax? + bx +c Let b = —2ah and let c = ah? + k, 


This allows you to make the following observations. 


a =a: So, a has the same meaning in vertex form and standard form. 
b = —2ah: Solve for h to obtain h = 3. So, the axis of symmetry is x = -2. 


c = ah? + k: In vertex form f(x) = a(x — h)? + k, notice that f(0) = ah? + k. 
So, c is the y-intercept. 
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COMMON ERROR 


Be sure to include the 
negative sign when 
writing the expression 
for the x-coordinate of 
the vertex. 


G Core Concept 


Properties of the Graph of f(x) = ax? + bx + ¢ 
y = ax? + bx+c,a>0 y=axr*+bx+c,a<0 


e The parabola opens up when a > 0 and opens down when a < 0. 
e The graph is narrower than the graph of f(x) = x* when |a| > 1 and wider 
when |a| < 1. 


tm = Latte] 
e The axis of symmetry is x = a and the vertex is Aa Na Dal)" 


e The y-intercept is c. So, the point (0, c) is on the parabola. 


CO 


eeNuieweas Graphing a Quadratic Function in Standard Form 


Graph f(x) = 3x? — 6x + 1. Label the vertex and axis of symmetry. 


SOLUTION 


Step 1 Identify the coefficients a = 3, b = —6, and c = 1. Because a > 0, 
the parabola opens up. 


Step 2 Find the vertex. First calculate the x-coordinate. 
b = 
SG 7 = =e) = 
Then find the y-coordinate of the vertex. 
Ha) = 301)? 6G = 2 


So, the vertex is (1, —2). Plot this point. 


Step 3 Draw the axis of symmetry x = 1. 


Step 4 Identify the y-intercept c, which is 1. Plot the 
point (0, 1) and its reflection in the axis of 
symmetry, (2, 1). 


Step 5 Evaluate the function for another value of x, 
such as x = 3. 


fe) 3G = 6G) 10 
Plot the point (3, 10) and its reflection in the axis of symmetry, (—1, 10). 


Step 6 Draw a parabola through the plotted points. 


Monitoring Progress ) Help in English and Spanish at BigideasMath.com 
Graph the function. Label the vertex and axis of symmetry. 


1 fe) =—30+ 1)2 2 eo 206 — 2)? +5 
Si) = x7 + 2x — 1 Ae) — te 0 tal 
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Finding Maximum and Minimum Values 


Because the vertex is the highest or lowest point on a parabola, its y-coordinate is 
the maximum value or minimum value of the function. The vertex lies on the axis of 
symmetry, so the function is increasing on one side of the axis of symmetry and 
decreasing on the other side. 


G Core Concept 


Minimum and Maximum Values 


For the quadratic function f(x) = ax? + bx + c, the y-coordinate of the vertex 
is the minimum value of the function when a > 0 and the maximum value 


when a < 0. 


a<0 


see 
x= 3a 


maximum 


STUDY TIP 


When a function f is 
written in vertex form, 


a 0 
you can use h = 55 and 


Maximum value: f | a) 
k= |-2) to state the 


e Minimum value: f ( a2 2a 


2a 


e Domain: All real numbers e Domain: All real numbers 


properties shown. 


e 
“) 
is) 
iS} 
GQ 
lo} 
Se 
IA 
= 
a 
| 
N| 
a 
——_ 


e Range: y Sila 


e Decreasing to the left of x = -?. e Increasing to the left of x = 2. 


e Increasing to the right of x = 2 e Decreasing to the right of x = -?. 


PRONTO 


EXAMPLE 3 


Finding a Minimum or a Maximum Value 


Find the minimum value or maximum value of f(x) = $x? — iol Deschibethe 
domain and range of the function, and where the function is increasing and decreasing. 


SOLUTION 


Check ; Identify the coefficients a = = b = —2, and c = —1. Because a > 0, the parabola 
opens up and the function has a minimum value. To find the minimum value, calculate 
the coordinates of the vertex. 


2... Uae Ia ees 
ae , =2 »> f(2) = 52P (2) --1=-3 


> The minimum value is —3. So, the domain is all real numbers and the range is 
y 2 —3. The function is decreasing to the left of x = 2 and increasing to the 
right of x = 2. 


Monitoring Progress ) Help in English and Spanish at BigldeasMath.com 


5. Find the minimum value or maximum value of (a) f(x) = 4x2 + 16x — 3 and 
(b) h(x) = —x? + 5x + 9. Describe the domain and range of each function, 
and where each function is increasing and decreasing. 


58 Chapter 2 Quadratic Functions 


Graphing Quadratic Functions Using x-Intercepts 


When the graph of a quadratic function has at least one x-intercept, the function can be 
written in intercept form, f(x) = a(x — p)(x — q), where a # 0. 


©) Core Concept 


Properties of the Graph of f(x) = a(x — p)(x — q) 


e Because f(p) = 0 and f(q) = 0, p and x=Po4 
q are the x-intercepts of the graph of 
the function. 


REMEMBER 


An x-intercept of a graph 
is the x-coordinate of a 
point where the graph 
intersects the x-axis. It 
occurs where f(x) = 0. 


e The axis of symmetry is halfway between 
(p, 0) and (q, 0). So, the axis of symmetry 


es ae | 
18S XxX 2 ‘ 


y = a(x - p){x - q) 


e The parabola opens up when a > 0 and 
opens down when a < 0. 


COMMON ERROR 


Remember that the 


Graphing a Quadratic Function in Intercept Form 


x-intercepts of the graph Graph f(x) = —2(x + 3)(x — 1). Label the x-intercepts, vertex, and axis of symmetry. 


of f(x) = a(x — p)(x — q) are 
p and q, not —p and —q. 


SOLUTION 


Step 1 Identify the x-intercepts. The x-intercepts are 
p = —3 and q = 1, so the parabola passes 
through the points (—3, 0) and (1, 0). 


Step 2 Find the coordinates of the vertex. 


= ff =—~__ = —] 
aoe? 2 
A) ——2(—1 + 3)-1-— )—=8 
So, the axis of symmetry is x = —1 and 


the vertex is (—1, 8). 


Step 3 Draw a parabola through the vertex and 
the points where the x-intercepts occur. 


Monitoring Progress @) Help in English and Spanish at BigldeasMath.com 


Graph the function. Label the x-intercepts, vertex, and axis of symmetry. 


6. f(x) = —(x + D+ 5) 7. g(x) = (x — 6)(x — 2) 
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Solving Real-Life Problems 


Modeling with Mathematics 


The parabola shows the path of your first golf shot, where x is the horizontal distance 
(in yards) and y is the corresponding height (in yards). The path of your second shot 
can be modeled by the function f(x) = —0.02x(x — 80). Which shot travels farther 
before hitting the ground? Which travels higher? 


SOLUTION 


1. Understand the Problem You are given a graph and a function that represent 
the paths of two golf shots. You are asked to determine which shot travels farther 
before hitting the ground and which shot travels higher. 


2. Make a Plan Determine how far each shot travels by interpreting the x-intercepts. 
Determine how high each shot travels by finding the maximum value of each 
function. Then compare the values. 


3. Solve the Problem 


First shot: The graph shows that the x-intercepts are 0 and 100. So, the ball 
travels 100 yards before hitting the ground. 


25 yd 


——-—— 100 yi —————4 


Because the axis of symmetry is halfway between (0, 0) and 
0 + 100 
2D 
is (50, 25) and the maximum height is 25 yards. 


(100, 0), the axis of symmetry is x = = 50. So, the vertex 


Second shot: By rewriting the function in intercept form as 
f(x) = —0.02(x — 0)(x« — 80), you can see that p = 0 and q = 80. 
So, the ball travels 80 yards before hitting the ground. 


To find the maximum height, find the coordinates of the vertex. 


f(40) = —0.02(40)(40 — 80) = 32 
The maximum height of the second shot is 32 yards. 


> Because 100 yards > 80 yards, the first shot travels farther. 
Because 32 yards > 25 yards, the second shot travels higher. 


4. Look Back To check that the second shot travels higher, graph the function 
representing the path of the second shot and the line y = 25, which represents the 
maximum height of the first shot. 


The graph rises above y = 25, so the second shot travels higher. wy 


Monitoring Progress @)) Help in English and Spanish at BigideasMath.com 


8. WHAT IF? The graph of your third shot is a parabola through the origin that 
reaches a maximum height of 28 yards when x = 45. Compare the distance it 
travels before it hits the ground with the distances of the first two shots. 
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2.2 Exercises Dynamic Solutions avatiable at BigideasiWall com 


Vocabulary and Core Concept Check 


1. WRITING Explain how to determine whether a quadratic function will have a minimum value | 
or a maximum value. 


2. WHICH ONE DOESN'T BELONG? The graph of which function does not belong with the 


other three? Explain. 
f(®) = 3x? + 6x — 24 | W(x) = 3x26 24x — 6 
f@®) = 3% — 2) + 4) | foO= Bed)? — 27 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-14, graph the function. Label the vertex REASONING In Exercises 19 and 20, use the axis of 
and axis of symmetry. (See Example 1.) symmetry to plot the reflection of each point and 
| : 
Ax) = = 3) A. Koen: complete the parabola 
19. 

5. ex) = G+3r +5 6. y=G-7/-1 

fey — —4(x — 2)? + 4 8. e(x) = 2x + 1)? -3 

Be) = 201) — 5.10. h(x) =4@ + 4)? + 6 
W. y= —fxt22+1 12. y=ta-3P +2 
13. f(x) = 0.4 — 1) 14. 2(x) = 0.75x2 — 5 In Exercises 21-30, graph the function. Label the vertex 


and axis of symmetry. (See Example 2.) 


ANALYZING RELATIONSHIPS In Exercises 15-18, use the 21. yar +2 tl 22. y=3x°— 6x +4 


axis of symmetry to match the equation with its graph. 
23. y= —497 + 84 +2 24. fx) =—x?—6x + 3 
fey — 2x — 3)* + 1 16. y=@+4)7—-—2 


25. 2)— —x* — 1 26. f(x) = 6x7 -—5 
ey -oe ties 3s | 18. y= - 27-1 


27 —15x + oye 
A. 


28. fix) = 05x? + x—3 


29. y=3x2-3x+6 30. y=—3x?-4x-1 


31. WRITING Two quadratic functions have graphs with 
vertices (2, 4) and (2, —3). Explain why you can not 
use the axes of symmetry to distinguish between the 
two functions. 


32. WRITING A quadratic function is increasing to the left 
of x = 2 and decreasing to the right of x = 2. Will the 
vertex be the highest or lowest point on the graph of 
the parabola? Explain. 


Section 2.2 Characteristics of Quadratic Functions 61 


ERROR ANALYSIS In Exercises 33 and 34, describe 
and correct the error in analyzing the graph of 
y = 4x? + 24x — 7. 


The x-coordinate of the vertex is 


34. 


The y-intercept of the graph is the 
value of c, which is 7. 


MODELING WITH MATHEMATICS In Exercises 35 and 36, 
x is the horizontal distance (in feet) and y is the vertical 
distance (in feet). Find and interpret the coordinates of 
the vertex. 


35. The path of a basketball thrown at an angle of 45° can 
be modeled by y = —0.02x? + x + 6. 


36. The path of a shot put released at an angle of 35° can 
be modeled by y = —0.01x? + 0.7x + 6. 


37. ANALYZING EQUATIONS The graph of which 
function has the same axis of symmetry as the graph 
of y = x2 + 2x + 2? 
A) y=2x27+2x+2 
Var — Ort 2 
© y=x?-2x+2 
OM) y= —S5x2 + 10x +2 


38. USING STRUCTURE Which function represents the 
widest parabola? Explain your reasoning. 


@ y=2 + 3) 
yHx*-5 

© y=05(«—- 1)? +1 
@M y=—-x?+6 
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In Exercises 39—48, find the minimum or maximum 
value of the function. Describe the domain and range of 
the function, and where the function is increasing and 
decreasing. (See Example 3.) 


39. y= 6x? - 1 40. y=9x7+7 

Aran — 4x 2 42. ea) — —32- — Ox + 5 
43. 7G) = —22 +'8ee7 

44. o(x) = 3x? + 18% —5 

45. h(x) = 2x* — 12x 46. h(x) = x? — 4x 


AT. y= 4x2 —3x+2 48. f(x) =3x2 + 6x +4 


49. PROBLEM SOLVING The path of a diver is modeled 
by the function f(x) = —9x? + 9x + 1, where f(x) is 
the height of the diver (in meters) above the water and 
x is the horizontal distance (in meters) from the end of 
the diving board. 


a. What is the height of the diving board? 
b. What is the maximum height of the diver? 


c. Describe where the diver is ascending and where 
the diver is descending. 


50. PROBLEM SOLVING The engine torque 
y (in foot-pounds) of one model of car is given by 
y = —3.75x? + 23.2x + 38.8, where x is the speed 
(in thousands of revolutions per minute) of the engine. 


a. Find the engine speed that maximizes torque. 
What is the maximum torque? 


b. Explain what happens to the engine torque as the 
speed of the engine increases. 


MATHEMATICAL CONNECTIONS In Exercises 51 and 
52, write an equation for the area of the figure. Then 
determine the maximum possible area of the figure. 


St: 52. 


In Exercises 53-60, graph the function. Label the 
x-intercept(s), vertex, and axis of symmetry. 
(See Example 4.) 


53 


5D: 


57. 


59 


ax) = —2@ — 3) 


y= + 3)@ — 3) 54. y=@+ Da —3) 


y=3a0+2)@+6) 56. fx) =20—-—5)x-1) 
g(x) = —x(x + 6) 58. y = —4x(x + 7) 


60. y = 4(x — 7/ 


USING TOOLS In Exercises 61-64, identify the 
x-intercepts of the function and describe where the 
graph is increasing and decreasing. Use a graphing 
calculator to verify your answer. 


61. f(x) = 3x — 2) + 6) 


62 


63. 


64. 


65. 


66. 


67. 


= 2a + Ia — 3) 
eo) = —40— 4a 52) 
h(x) = —S(x + 5)(x + 1) 
MODELING WITH MATHEMATICS A soccer player 


kicks a ball downfield. The height of the ball increases 
until it reaches a maximum r 


height of 8 yards, 20 yards 
away from the player. A 

second kick is modeled by | 
y = x(0.4 — 0.008x). Which | 
kick travels farther before 
hitting the ground? Which 
kick travels higher? (See Example 5.) 


MODELING WITH MATHEMATICS Although a football 
field appears to be flat, some are actually shaped 

like a parabola so that rain runs off to both sides. 

The cross section of a field can be modeled by 

y = —0.000234x(x — 160), where x and y are 
measured in feet. What is the width of the field? What 
is the maximum height of the surface of the field? 


surface of 
football field 


Not drawn to scale 


REASONING The points (2, 3) and (—4, 2) lie on the 
graph of a quadratic function. Determine whether you 
can use these points to find the axis of symmetry. If 
not, explain. If so, write the equation of the axis 

of symmetry. 


68. 


70. 


71. 


72. 


73. 


Section 2.2 


OPEN-ENDED Write two different quadratic functions 
in intercept form whose graphs have the axis of 
symmetry x = 3. 


PROBLEM SOLVING An online music store sells about 
4000 songs each day when it charges $1 per song. For 
each $0.05 increase in price, about 80 fewer songs 

per day are sold. Use the verbal model and quadratic 
function to determine how much the store should 
charge per song to maximize daily revenue. 


Revenue _ Price 
(dollars) — (dollars/song) 


Sales 
(songs) 
R@®) = (1+0.05x) + (4000 — 80x) 
PROBLEM SOLVING An electronics store sells 
70 digital cameras per month at a price of 
$320 each. For each $20 decrease in price, about 
5 more cameras per month are sold. Use the verbal 
model and quadratic function to determine how much 
the store should charge per camera to maximize 
monthly revenue. 


Revenue _ Price Sales 
(dollars) —  (dollars/camera) (cameras) 
R@) = (320 — 20x) ° (70 + 5x) 


DRAWING CONCLUSIONS Compare the graphs of 
the three quadratic functions. What do you notice? 
Rewrite the functions f and g in standard form to 
justify your answer. 


Wie — (x + 3) + 1) 
g(x) = (+2 —-1 
h(x) = x2 +4x+4+3 


USING STRUCTURE Write the quadratic function 
f(x) = x? + x — 12 in intercept form. Graph the 
function. Label the x-intercepts, y-intercept, vertex, 
and axis of symmetry. 


PROBLEM SOLVING A woodland jumping 

mouse hops along a parabolic path given by 

y = —0.2x? + 1.3x, where x is the mouse’s horizontal 
distance traveled (in feet) and y is the corresponding 
height (in feet). Can the mouse jump over a fence that 
is 3 feet high? Justify your answer. 


Not drawn to scale 
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74. HOW DO YOU SEE IT? Consider the graph of the 77. MAKING AN ARGUMENT The point (1, 5) lies on the 


function f(x) = a(x — p)(x — q). “a graph of a quadratic function with axis of symmetry 
x = —1. Your friend says the vertex could be the point 
< f (0, 5). Is your friend correct? Explain. 


78. CRITICAL THINKING Find the y-intercept in 
terms of a, p, and q for the quadratic function 


[ay —anr— px aig 


79. MODELING WITH MATHEMATICS A kernel of 
x popcorn contains water that expands when the 
kernel is heated, causing it to pop. The equations 
below represent the “popping volume” y (in cubic 
centimeters per gram) of popcorn with moisture 
content x (as a percent of the popcorn’s weight). 


a. What does f (? ; 2) represent in the graph? 


b. If a < 0, how does your answer in part (a) P : 
: Hot-air popping: y = —0.761(% — 5.52)(x — 22.6) 
change? Explain. 
: : Hot-oil popping: y = —0.652(% — 5.35)(x — 21.8) 


75. MODELING WITH MATHEMATICS The Gateshead 
Millennium Bridge spans the River Tyne. The arch 
of the bridge can be modeled by a parabola. The arch 
reaches a maximum height of 50 meters at a point 
roughly 63 meters across the river. Graph the curve 
of the arch. What are the domain and range? What do 
they represent in this situation? 


aaa. <cacaammaamesamaaiaa i a. For hot-air popping, what moisture content 
| maximizes popping volume? What is the 
maximum volume? 


b. For hot-oil popping, what moisture content 
maximizes popping volume? What is the 
maximum volume? 


| 
/ 
| 
| 


teres ———! c. Use a graphing calculator to graph both functions 
in the same coordinate plane. What are the domain 


and range of each function in this situation? 
76. THOUGHT PROVOKING You have 100 feet of 


; Explain. 
fencing to enclose a rectangular garden. Draw three 
possible designs for the garden. Of these, which 80. ABSTRACT REASONING A function is written in 
has the greatest area? Make a conjecture about the intercept form with a > 0. What happens to the vertex 


dimensions of the rectangular garden with the greatest 


: ; : of the graph as a increases? as a approaches 0? 
possible area. Explain your reasoning. 


Solve the equation. Check for extraneous solutions. (Skills Review Handbook) 


81. 3Vx —6=0 82. 2Vx-—4-2=2 
83. V5x +5=0 ) 84. V3x+8=Vx+4 


Solve the proportion. (Skills Review Handbook) 
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2.1-2.2 What Did You Learn? 


Core Vocabulary 


quadratic function, p. 48 standard form, p. 56 
parabola, p. 48 minimum value, p. 58 
vertex of a parabola, p. 50 maximum value, p. 58 
vertex form, p. 50 intercept form, p. 59 


axis of symmetry, p. 56 


Core Concepts 

Section 2.1 

Horizontal Translations, p. 48 - Reflections in the y-Axis, p. 49 

Vertical Translations, p. 48 \ Horizontal Stretches and Shrinks, p. 49 

Reflections in the x-Axis, p. 49 Vertical Stretches and Shrinks, p. 49 

Section 2.2 

Properties of the Graph of f(x) = ax? + bx + c, Properties of the Graph of f(x) = a(x — p)(x — q), 
peo / : p. 59 


Minimum and Maximum Values, p. 58 


Mathematical Practices 


1. Why does the height you found in Exercise 44 on page 53 make sense in the context 
of the situation? 


2. How can you effectively communicate your preference in methods to others in 
Exercise 47 on page 54? 


3. How can you use technology to deepen your understanding of the concepts in 
Exercise 79 on page 64? 


pocccee -------- Study Skills 
Using the Features of 

Your Textbook to Prepare 

for Quizzes and Tests 


e Read and understand the core vocabulary and the contents 
of the Core Concept boxes. 


e Review the Examples and the Monitoring Progress questions. 
Use the tutorials at BigideasMath.com for additional help. 


° Review previously completed homework assignments. 


—— = lO 
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1-2.2 Quiz 


Describe the transformation of f(x) = x? represented by g. (Section 2.1) 


Write a rule for g and identify the vertex. (Section 2.1) 


4. Let g be a translation 2 units up followed by a reflection in the x-axis and a vertical stretch 
by a factor of 6 of the graph of f(x) = x?. 


5. Let g be a translation 1 unit left and 6 units down, followed by a vertical shrink by a factor 
of 5 of the graph of f(x) = 3(x + 2). 


6. Let g be a horizontal shrink by a factor of i followed by a translation 1 unit up and 3 units 
right of the graph of f(x) = (2x + 1)? — 11. 


Graph the function. Label the vertex and axis of symmetry. (Section 2.2) 
wie = 260 =e 5 8. h(x) = 3x2 + 6x —2 oi) — 7 oe 


Find the x-intercepts of the graph of the function. Then describe where the function is increasing 
and decreasing. (Section 2.2) 


10. 2(x) = —3(x + 2)(x + 4) 11. 9(x) = Hx — 5)(x + 1) 12. f(x) = 0.4x(x — 6) 


13. A grasshopper can jump incredible distances, up to 20 times its length. The height 
(in inches) of the jump above the ground of a 1-inch-long grasshopper is given 
by A(x) = x? + x, where x is the horizontal distance (in inches) of the jump. When 
the grasshopper jumps off a rock, it lands on the ground 2 inches farther. Write a function 
that models the new path of the jump. (Section 2.1) 


(0,0) ~ (20,0) x 


Not drawn to scale 


14. A passenger on a stranded lifeboat shoots a distress flare into the air. The 
height (in feet) of the flare above the water is given by f(t) = —16r(t — 8), 
where ¢ is time (in seconds) since the flare was shot. The passenger shoots a 
second flare, whose path is modeled in the graph. Which flare travels higher? 
Which remains in the air longer? Justify your answer. (Section 2.2) 
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Focus of a Parabola 


Essential Question What is the focus of a parabola? 


“EXPLORATION 1 Analyzing Satellite Dishes 


Work with a partner. Vertical rays enter a satellite dish whose cross section is a 
parabola. When the rays hit the parabola, they reflect at the same angle at which they 
entered. (See Ray 1 in the figure.) 


a. Draw the reflected rays so that they intersect the y-axis. 
b. What do the reflected rays have in common? 


c. The optimal location for the receiver of the satellite dish is at a point called the 
focus of the parabola. Determine the location of the focus. Explain why this makes 
sense in this situation. 


Ray 


CONSTRUCTING 
VIABLE 
ARGUMENTS 


To be proficient in math, 
you need to make 
conjectures and build 
logical progressions of 
statements to explore the 
truth of your conjectures. 


EXPLORATION 2 


Analyzing Spotlights 


Work with a partner. Beams of light are coming from the bulb in a spotlight, located 
at the focus of the parabola. When the beams hit the parabola, they reflect at the same 
angle at which they hit. (See Beam 1 in the figure.) Draw the reflected beams. What do 
they have in common? Would you consider this to be the optimal result? Explain. 


outgoing 
angle 


Communicate Your Answer 


3. What is the focus of a parabola? 


4. Describe some of the properties of the focus of a parabola. 
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2.3 Lesson 


Core Vocabulary... 


focus, p. 68 
directrix, p. 68 


Previous 
perpendicular 

| Distance Formula 
congruent 


STUDY TIP 


The distance from a 
point to a line is defined 
as the length of the 
perpendicular segment 


from the point to the line. 


oo 
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What You Will Learn 


Explore the focus and the directrix of a parabola. 
PB Write equations of parabolas. 
» Solve real-life problems. 


Exploring the Focus and Directrix 


Previously, you learned that the graph of a quadratic function is a parabola that opens 
up or down. A parabola can also be defined as the set of all points (x, y) in a plane that 
are equidistant from a fixed point called the focus and a fixed line called the directrix. 


axis of 
symmetry 


The focus is in the interior 
of the parabola and lies on 
the axis of symmetry. 
The directrix is 
perpendicular to the 
The vertex lies halfway ———__*” {ve of symmetry. 
between the focus and 
the directrix. 


“EXAMPLE 1 Using the Distance Formula to Write an Equation 


Use the Distance Formula to write an equation of the 
parabola with focus F(0, 2) and directrix y = —2. 


SOLUTION 


Notice the line segments drawn from point F to point P 
and from point P to point D. By the definition of a 
parabola, these line segments must be congruent. 


PD = PF 
Va -— x4) + —yP = VO—«%)? + — y)? 


V@— 2? + & — (-2)P = Ve ~ OF + & — 2 


Definition of a parabola 


Distance Formula 


Substitute for x,, y;, X>, and y>. 


UG ay? roy Simplify. 
(Dae ye Square each side. 
y>+4y+4=x2+ y?-4y+4 Expand. 
8y = x? Combine like terms. 
y= ax? Divide each side by 8. 


Monitoring Progress )) Help in English and Spanish at BigldeasMath.com 


1. Use the Distance Formula to write an equation 
of the parabola with focus F(0, —3) and 
directrix y = 3. 


Quadratic Functions 


LOOKING FOR 
STRUCTURE 


Notice that y = Ae is 


of the form y = ax?. So, 
changing the value of 
p vertically stretches or 
shrinks the parabola. 


STUDY TIP 


Notice that parabolas 
opening left or right 


do not represent functions. 


You can derive the equation of a parabola that opens up or down with vertex (0, 0), 
focus (0, p), and directrix y = —p using the procedure in Example 1. 


VG@ = 2? + (y — (py? = Ve - 0 + (y= py 
Garp 224 (py 


y? + 2py + p? = x? + y? = dpy + p? 
Apy = x? 


=e 
y, 4p” 


The focus and directrix each lie |p| units from the vertex. Parabolas can also open left 


or right, in which case the equation has the form x = ay when the vertex is (0, 0). 
P 


G Core Concept 


Standard Equations of a Parabola with Vertex at the Origin 
Vertical axis of symmetry (x = 0) 


directrix: 
Yi='SPR 


Equation: y = ax 
P 


Focus: 0, vertex: (0, 0) 
iy (0, p) vertex: (0, 0) 
Directrix: y = —p directrix: 
y= —p 
p>o p<0 


Horizontal axis of symmetry (y = 0) 


Equation: x = zy? 
i directrix: 
Focus: (p, 0) ieee 


: 2 exe 
Ditectix: x= —p directrix ‘ie 


p<oO 


Graphing an Equation of a Parabola 


Identify the focus, directrix, and axis of symmetry of —4x = y?. Graph the equation. 


SOLUTION 
Step 1 Rewrite the equation in standard form. 
—4x = y? Write the original equation. 
x= 7 ' Divide each side by —4. 


Step 2 Identify the focus, directrix, and axis of symmetry. The equation has the form 
x= ay, where p = —1. The focus is (p, 0), or (—1, 0). The directrix is 
Dp 


x = —p, or x = 1. Because y is squared, the axis of symmetry is the x-axis. 


Step 3 Use a table of values to graph the 
equation. Notice that it is easier to 
substitute y-values and solve for x. 
Opposite y-values result in the 
same x-value. 
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STUDY TIP 


The standard form for a 
vertical axis of symmetry 
looks like vertex form. To 
remember the standard 
form for a horizontal axis 
of symmetry, switch x and 
y, and h and k. 


Writing Equations of Parabolas 


037.282 Writing an Equation of a Parabola 


Write an equation of the parabola shown. 


SOLUTION 

Because the vertex is at the origin and the axis of symmetry is vertical, the equation 

has the form y = a2. The directrix is y = —p = 3, so p = —3. Substitute —3 for p to 
p 


write an equation of the parabola. 


> So, an equation of the parabola is y = tx. 
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Identify the focus, directrix, and axis of symmetry of the parabola. Then graph 
the equation. 


2. y = 0.5x2 3. —y = x? A. y2 = 6x 


Write an equation of the parabola with vertex at (0, 0) and the given directrix 
or focus. 


5. directrix: x = —3 6. focus: (—2, 0) 7. focus: (0, 3) 


The vertex of a parabola is not always at the origin. As in previous transformations, 
adding a value to the input or output of a function translates its graph. 


G) Core Concept 


Standard Equations of a Parabola with Vertex at (A, k) 
Vertical axis of symmetry (x = A) 


Equation: y = ye —hjP+k 


Focus: (h, k + p) 
Directrix: y=k-—p 


(h, k + p) 
p<0 


Horizontal axis of symmetry (y = k) 
Equation: x = “du Slee) 


Focus: . (h+p,k) 


Directrix: x =h—p 
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Writing an Equation of a Translated Parabola 


Write an equation of the parabola shown. 


SOLUTION 
Because the vertex is not at the origin and the axis of symmetry is horizontal, the 
equation has the form x = a y — k)* + h. The vertex (h, k) is (6, 2) and the focus 


(h + p, k) is (10, 2), so h = 6, k = 2, and p = 4. Substitute these values to write an 
equation of the parabola. 


=e 


ges = ey oy 
4H Ze 6 160 2)? + 6 


x= 


> So, an equation of the parabola is x = ay — 2) + 6. 


Solving Real-Life Problems 


Parabolic reflectors have cross Eoaus Focus 
sections that are parabolas. 

Incoming sound, light, or other . ; 
energy that arrives at a parabolic 


reflector parallel to the axis of Diagram 1 Diagram 2 
symmetry is directed to the focus 

(Diagram 1). Similarly, energy that is emitted from the focus of a parabolic reflector 
and then strikes the reflector is directed parallel to the axis of symmetry (Diagram 2). 


Solving a Real-Life Problem 


An electricity-generating dish uses a parabolic reflector to concentrate sunlight onto a 
high-frequency engine located at the focus of the reflector. The sunlight heats helium 
to 650°C to power the engine. Write an equation that represents the cross section of the 
dish shown with its vertex at (0, 0). What is the depth of the dish? 


SOLUTION 
Because the vertex is at the origin, and the axis of symmetry is vertical, the equation 


has the form y = a, The engine is at the focus, which is 4.5 meters above the 
p 


vertex. So, p = 4.5. Substitute 4.5 for p to write the equation. 


seme — 15 
1 ie 13° 


The depth of the dish is the y-value at the dish’s outside edge. The dish extends 


** = 4.25 meters to either side of the vertex (0, 0), so find y when x = 4.25. 


1 
= — (4,25)? = 1 
io aaa 


> The depth of the dish is about 1 meter. 
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8. Write an equation of a parabola with vertex (—1, 4) and focus (—1, 2). 


9. A parabolic microwave antenna is 16 feet in diameter. Write an equation that 
represents the cross section of the antenna with its vertex at (0, 0) and its focus 
10 feet to the right of the vertex. What is the depth of the antenna? 
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Dyvaameic Solutions available at BirideasMath.com 


3 Exercises 


Vocabulary and Core Concept Check 


1. COMPLETE THE SENTENCE A parabola is the set of all points in a plane equidistant from a fixed point 
called the and a fixed line called the : 


WRITING Explain how to find the coordinates of the focus of a parabola with vertex (0, 0) and 
directrix y = 5. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-10, use the Distance Formula to write an 
equation of the parabola. (See Example I.) 


In Exercises 13-20, identify the focus, directrix, and 
axis of symmetry of the parabola. Graph the equation. 
(See Example 2.) 


: 13. y= ve 14. y= tx 
15. x= —py? 16. x= xy? 
17. y? = 16x 18. —x? = 48y 
19. 6x2 + 3y=0 20. 8x7-y=0 


by, orcs, (CO), = 2) 
directrix: y = 2 


7. vertex: (0) 0) 
directrix: y = —6 


9. vertex: (0, 0) 
focus: (0, —10) 


directrix: y = 7 
focus: (0, —7) 


vertex: (0, 0) 
focus: (0, 5) 


vertex: (0, 0) 
directrix: y = —9 


ERROR ANALYSIS In Exercises 21 and 22, describe and 
correct the error in graphing the parabola. 


-6x+ y?=0 


11. ANALYZING RELATIONSHIPS Which of the given 
characteristics describe parabolas that open down? 
Explain your reasoning. 


CA) focus: (0, —6) 
directrix: y = 6 


©) focus: (0, 6) 


directrix: y = —6 


focus: (0, —2) 


directrix: y = 2 


©) focus: (0, —1) 


directrix: y = 1 


12. REASONING Which 
of the following are 
possible coordinates of 
the point P in the graph 
shown? Explain. 


23. 


AvGe -) 
® (1.4) 


(3,-3) © (4-4) 
CE (6, -1) 
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ANALYZING EQUATIONS The cross section (with 
units in inches) of a parabolic satellite dish can be 
modeled by the equation y = ae. How far is the 
receiver from the vertex of the cross section? Explain. 


24. ANALYZING EQUATIONS The cross section (with In Exercises 37—40, write an equation of the parabola 
units in inches) of a parabolic spotlight can be shown. (See Example 4.) 
modeled by the equation x = ay". How far is the bulb 
from the vertex of the cross section? Explain. 


a7, 


In Exercises 25~—28, write an equation of the parabola 
shown. (See Example 3.) 


25. 


In Exercises 41-46, identify the vertex, focus, directrix, 


vertex and axis of symmetry of the parabola. Describe the 
transformations of the graph of the standard equation 
Ai CCERRE with p = 1 and vertex (0, 0). 
A. y=a4e-3 +2 42. y= Ge +2? +1 


43. x=i(y-3P +1 44. y=(x+3)P?2-5 
45. x=—-30y+424+2 46. x=4(9+52-1 


47. MODELING WITH MATHEMATICS Scientists studying 
dolphin echolocation simulate the projection of a 
bottlenose dolphin’s clicking sounds using computer 
models. The models originate the sounds at the focus 
of a parabolic reflector. The parabola in the graph 
shows the cross section of the reflector with focal 
length of 1.3 inches and aperture width of 8 inches. 
Write an equation to represent the cross section 

29. focus: (3, 0) 30. focus: (2, 0) of the reflector. What is the depth of the reflector? 

(See Example 5.) 


In Exercises 29-36, write an equation of the parabola 
with the given characteristics. 


: 5 7 : wy 
directrix: x = —3 direct ka sare 


31. directrix: x = —10 32. directrix: y =¢ 

vertex: (0, 0) vertex: (0, 0) aperture 
33. focus: (0, =") 34. focus: (0, 5) 

directrix: y = 2 directrix: y = _ 
35. focus: (0, S) 36. focus: (-<¢ 0) 

vertex: (0, 0) vertex: (0, 0) focal length 
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48. MODELING WITH MATHEMATICS Solar energy can be 
concentrated using long troughs that have a parabolic 
cross section as shown in the figure. Write an equation 
to represent the cross section of the trough. What are 
the domain and range in this situation? What do 
they represent? 


49. ABSTRACT REASONING As |p| increases, how does 
the width of the graph of the equation y = re 


change? Explain your reasoning. 


50. HOW DO YOU SEE IT? The graph shows the path ofa _ | 
volleyball served from an initial height of 6 feet as it 
travels over a net. 


a. Label the vertex, focus, and a point on 


| 
the directrix. ] 
- 


b. An underhand serve follows the same parabolic | 


path but is hit from a height of 3 feet. How does 
this affect the focus? the directrix? 


Write an equation of the line that passes through the points. 


3,2.) 58. 


Boe (1, —4),; —1) 56. 


Use a graphing calculator to find an equation for the line of best fit. 
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(=3, 12))(08G) 57. 


51. CRITICAL THINKING The distance from point P to the 
directrix is 2 units. Write an equation of the parabola. 


MY 


PZ 
VO, 0) x 


52. THOUGHT PROVOKING Two parabolas have the 
same focus (a, b) and focal length of 2 units. Write 
an equation of each parabola. Identify the directrix of 
each parabola. 


53. REPEATED REASONING Use the Distance Formula 
to derive the equation of a parabola that opens to 
the right with vertex (0, 0), focus (p, 0), and 
directrix x = —p. 


D(-p, y) 


54. PROBLEM SOLVING The /atus rectum of a parabola is 
the line segment that is parallel to the directrix, passes 
through the focus, and has endpoints that lie on the 
parabola. Find the length of the latus rectum of the 
parabola shown. 


latus y 
rectum | F(0, 2) 


(Section 1.3) 
Gy) 0.1) 


(Section 1.3) 


Modeling with Quadratic Functions 


MODELING WITH 
MATHEMATICS 


To be proficient in math, 
you need to routinely 
interpret your results in 
the context of the 


situation. 


Essential Question How can you use a quadratic function to model 


a real-life situation? 


EXPLORATION 1 


Modeling with a Quadratic Function 


Work with a partner. The graph shows a 
quadratic function of the form 


P(t) = at + bt+c 


which approximates the yearly profits for a 
company, where P(t) is the profit in year f. 


a. Is the value of a positive, negative, 
or zero? Explain. 


Yearly profit (dollars) 


b. Write an expression in terms of a and b that 
represents the year t when the company 
made the least profit. 


Year 


c. The company made the same yearly profits in 2004 and 2012. Estimate the year in 
which the company made the least profit. 


d. Assume that the model is still valid today. Are the yearly profits currently 
increasing, decreasing, or constant? Explain. 


_ 


Sscskey ieee Modeling with a Graphing Calculator 


Work with a partner. The table shows the heights h (in feet) of a wrench t seconds 
after it has been dropped from a building under construction. 


Time, t ae | ae 
i= 
Height, h | 400 384 336 | 256 144 


a. Use a graphing calculator to create a scatter 400 
plot of the data, as shown at the right. Explain 
why the data appear to fit a quadratic model. 


b. Use the quadratic regression feature to find 
a quadratic model for the data. 


c. Graph the quadratic function on the same screen 
as the scatter plot to verify that it fits the data. 


d. When does the wrench hit the ground? Explain. 


Communicate Your Answer 


3. How can you use a quadratic function to model a real-life situation? 


4. Use the Internet or some other reference to find examples of real-life situations 
that can be modeled by quadratic functions. 
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What You Will Learn 


& Write equations of quadratic functions using vertices, points, 
and x-intercepts. 


Core Vocabulary... > Write quadratic equations to model data sets. 


Previous ie : : 
average rate of change Writing Quadratic Equations 
system of three linear 


equations G Core Concept 


Writing Quadratic Equations 


Given a point and the vertex (h, k) Use vertex form: 


y=a(x—h)P +k 
Given a point and x-intercepts p and q Use intercept form: 
y = a(x — p(x — gq) 


Given three points Write and solve a system of three 
equations in three variables. 


EXAMPLE 1 


Writing an Equation Using a Vertex and a Point 


The graph shows the parabolic path of a performer who is shot out of a cannon, where 
y is the height (in feet) and x is the horizontal distance traveled (in feet). Write an 
equation of the parabola. The performer lands in a net 90 feet from the cannon. What 


Human Cannonball 


2 is the height of the net? 
Y 
~ SOLUTION 
2 From the graph, you can see that the vertex (h, k) is (50, 35) and the parabola passes 
= through the point (0, 15). Use the vertex and the point to solve for a in vertex form. 
y=aax—hyY +k Vertex form 
Horizontal distance 15 = a(O — 50) + 35 Substitute for h, k, x, and y. 
(feet) , 
—20 = 2500a Simplify. 
—0.008 =a Divide each side by 2500. 


Because a = —0.008, h = 50, and k = 35, the path can be modeled by the equation 
y = —0.008( — 50)? + 35, where 0 < x < 90. Find the height when x = 90. 


y = —0.008(90 — 50)? + 35 Substitute 90 for x. 
= —(,008(1600) + 35 Simplify. 
= 22.2 Simplify. 


> So, the height of the net is about 22 feet. 
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1. WHAT IF? The vertex of the parabola is (50, 37.5). What is the height of the net? 


2. Write an equation of the parabola that passes through the point (— 1, 2) and has 
vertex (4, —9). 
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wigs \Vriting an Equation Using a Point and x-Intercepts 
A meteorologist creates a parabola to predict the temperature tomorrow, where x 
is the number of hours after midnight and y is the temperature (in degrees Celsius). 


- Temperature Forecast 


a. Write a function f that models the temperature over time. What is the coldest 
temperature? 


b. What is the average rate of change in temperature over the interval in which the 
temperature is decreasing? increasing? Compare the average rates of change. 


Temperature (°C) 


SOLUTION 


Hoursesner midnight a. The x-intercepts are 4 and 24 and the parabola passes through (0, 9.6). Use the 
x-intercepts and the point to solve for a in intercept form. 


y = a(x — p\(x — q) Intercept form 
9.6 = a(0 — 4)(0 — 24) Substitute for p, q, x, and y. 
9.6 = 96a Simplify. 
Ol=a . Divide each side by 96. 
Because a = 0.1, p = 4, and q = 24, the temperature over time can be modeled 


by fix) = 0.1(x — 4)(x — 24), where 0 < x < 24. The coldest temperature is the 


E 9 
minimum value. So, find f(x) when x = aa 14. 
f(14) = 0.114 — 4)(14 — 24) Substitute 14 for x. 
REMEMBER = -10 Simplify. 
The average rate of 
change re Function t ~ So, the coldest temperature is — 10°C at 14 hours after midnight, or 2 P.M. 
from x, to x, is the slope b. The parabola opens up and the axis of symmetry is x = 14. So, the function is 
of the line connecting decreasing over the interval 0 < x < 14 and increasing over the interval 14 < x < 24. 
me t(x,)) and (x, f(x,)): 
Oe, Foe) (2, F0c)) Average rate of change Average rate of change 
(x2) - Foy) over 0 <x < 14: over 14 < x < 24: 
X>—-X 
ae iO SSS 96, ferefls) _ 0- (10) _, 
14—0 14 , 24 — 14 10 


P Because |—1.4| > |1|, the average rate at which the temperature decreases 
from midnight to 2 P.M. is greater than the average rate at which it increases 
from 2 P.M. to midnight. 
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3. WHAT IF? The y-intercept is 4.8. How does this change your answers in 
parts (a) and (b)? 


4. Write an equation of the parabola that passes through the point (2, 5) and has 
x-intercepts —2 and 4. 


~ 
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Writing Equations to Model Data 


When data have equally-spaced inputs, you can analyze patterns in the differences of 
the outputs to determine what type of function can be used to model the data. Linear 
data have constant first differences. Quadratic data have constant second differences. 

The first and second differences of f(x) = x are shown below. 


Equally-spaced x-values 


F(x) 


NAZMAASZ 
UA 


first differences: 
second differences: 


Writing a Quadratic Equation Using Three Points 


EXAMPLE 3 


Time, t | Height, h NASA can create a weightless environment by flying a plane in parabolic paths. The 
—_—— : table shows heights h/ (in feet) of a plane t seconds after starting the flight path. After 
. 26,900 | about 20.8 seconds, passengers begin to experience a weightless environment. Write 

15 29,025 and evaluate a function to approximate the height at which this occurs. 
a Cee SOLUTION 
25 3 la2e ; , 
Step 1 The input values are equally spaced. So, analyze the differences in the outputs 
30 32,100 to determine what type of function you can use to model the data. 
35 32025 h(10)  =—AC15) ~—A(20) h(25) =—h(30) ~~ h(35) ~—sA(40) 
40 31,400 26,900 29,025 30,600 31,625 32,100 32,025 31,400 
NY A a OS ee 
2125 1575 =: 1025 475 = 15 =625 
NAS a OV 
=so0 00) ~~ SSQMe 0 es 550 


Because the second differences are constant, you can model the data with a 
quadratic function. 


Step 2 Write a quadratic function of the form h(t) = at? + bt + c that models the 
data. Use any three points (t, h) from the table to write a system of equations. 


Use (10, 26,900): 100a + 10b + c = 26,900 Equation 1 
Use (20, 30,600): 400a + 20b + c = 30,600 Equation 2 
Use (30, 32,100): 900a + 30b + c = 32,100 Equation 3 


Use the elimination method to solve the system. 


(Sue Equation 1 from Equation 2. } > 300a + 10b = 3700 


New Equation 1 


New Equation 2 
Subtract 2 times new Equation 1 


a ee from new Equation 2. 
a=——|1 Solve for a. 
b = 700 Substitute into new Equation 1 to find b. 
c = 21,000 Substitute into Equation 1 to find c. 


The data can be modeled by the function A(t) = —117 + 700r + 21,000. 
Step 3 Evaluate the function when t = 20.8. 
h(20.8) = —11(20.8)* + 700(20.8) + 21,000 = 30,800.96 
> Passengers begin to experience a weightless environment at about 30,800 feet. 
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Miles per 


hour, x 


Miles per 
gallon, y 


STUDY TIP 


The coefficient of 
determination R? shows 
how well an equation fits 
a set of data. The closer R* 
is to 1, the better the fit. 


Real-life data that show a quadratic relationship usually do not have constant 
second differences because the data are not exactly quadratic. Relationships that are 
approximately quadratic have second differences that are relatively “close” in value. 
Many technology tools have a quadratic regression feature that you can use to find a 
quadratic function that best models a set of data. 


ue Using Quadratic Regression 


The table shows fuel efficiencies of a vehicle at different speeds. Write a function that 
models the data. Use the model to approximate the optimal driving speed. 


SOLUTION 


Because the x-values are not equally spaced, you cannot analyze the differences in the 
outputs. Use a graphing calculator to find a function that models the data. 


Step 1 Enter the data in a graphing Step 2 Use the quadratic regression 
calculator using two lists and feature. A quadratic model 
create a scatter plot. The data that represents the data is 
show a quadratic relationship. y = —0.014x? + 1.37x — 7.1. 

35 


QuadReg 
y=ax2+bx+c 
a=-.014097349 
b=1.366218867 


c=-7 . 144052413 
R2=.9992475882 


0 75 
0 


Step 3 Graph the regression equation with the scatter plot. 


35 


In this context, the “optimal” driving speed is 
the speed at which the mileage per gallon is 
maximized. Using the maximum feature, you 
can see that the maximum mileage per gallon is 
about 26.4 miles per gallon when driving about 


48.9 miles per hour. 0 LX=48.928565. 
0 


Y=26.4160714} 75 


> So, the optimal driving speed is about 49 miles per hour. 
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5. Write an equation of the parabola that passes through the points (—1, 4), (0, 1), 
and (2, 7). 


6. The table shows the estimated profits y (in dollars) for a concert when the 
charge is x dollars per ticket. Write and evaluate a function to determine what 
the charge per ticket should be to maximize the profit. 


Ticket price, x 


7. The table shows the results of an experiment testing the maximum weights 
y (in tons) supported by ice x inches thick. Write a function that models the data. 
How much weight can be supported by ice that is 22 inches thick? 


nN 
~i 


Ice thickness, x 2 14 15 18 20 24 


34 | 7.6 | 100 | 183 | 25.0 40.6 | 54.3 


Maximum weight, y 
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Dynamic Solutions available at BigideasMatii.com 


2.4 Exercises 


Vocabulary and Core Concept Check 


1. WRITING Explain when it is appropriate to use a quadratic model for a set of data. 


2. DIFFERENT WORDS, SAME QUESTION Which is different? Find “both” answers. 


What is the average rate of | 
change over 0 < x < 2? 


What is the slope of the | 
line segment? 


What is the distance 
from f(0) to f(2)? 


What is MOA 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-8, write an equation of the parabola in 
vertex form. (See Example 1.) 


5. passes through (13, 8) and has vertex (3, 2) 

6. passes through (—7, —15) and has vertex (—5, 9) 
7. passes through (0, —24) and has vertex (—6, —12) 
8. passes through (6, 35) and has vertex (—1, 14) 


In Exercises 9-14, write an equation of the parabola in 
intercept form. (See Example 2.) 


10. 


11. x-intercepts of 12 and —6; passes through (14, 4) 
12. x-intercepts of 9 and 1; passes through (0, —18) 
13. x-intercepts of —16 and —2; passes through (— 18, 72) 


14. x-intercepts of —7 and ~—3; passes through (—2, 0.05) 
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15. WRITING Explain when to use intercept form and 
when to use vertex form when writing an equation of 
a parabola. 


16. ANALYZING EQUATIONS Which of the following 
equations represent the parabola? 


@ y=2e-—2et 1) 

y = 2 + 0.5)? — 4.5 

© y=2@—05) 45 

OD) »=26 2G — 1) 
In Exercises 17-20, write an equation of the parabola in 
vertex form or intercept form. 
17. 18. 


flare Signal | 


Height (feet) 
Height (feet) 


Time (seconds) 


Time (seconds) 


79. 


21. 


22. 


23. 


Height (feet) 
Height (feet) 


Distance (feet) 


ERROR ANALYSIS Describe and correct the error in 
writing an equation of the parabola. 


y = a(x — p)(x — 9) 
4 = a(3 —1)(3 + 2) 
a=2 


y= 2(x— 1)(x + 2) 


MATHEMATICAL CONNECTIONS The area of a 
rectangle is modeled by the graph where y is the 
area (in square meters) and x is the width (if meters). 
Write an equation of the parabola. Find the 
dimensions and corresponding area of one possible 
rectangle. What dimensions result in the 

maximum area? 


—__ Rectangles 


(square meters) 


Width (meters) 


MODELING WITH MATHEMATICS Every rope has a 
safe working load. A rope should not be used to lift a 
weight greater than its safe working load. The table 
shows the safe working loads S (in pounds) for ropes 
with circumference C (in inches). Write an equation 
for the safe working load for a rope. Find the safe 
working load for a rope that has a circumference of 
10 inches. (See Example 3.) 


Section 2.4 


Distance (feet) 


24. 


25: 


26. 


27, 


28. 


MODELING WITH MATHEMATICS A baseball is 
thrown up in the air. The table shows the heights 

y (in feet) of the baseball after x seconds. Write an 
equation for the path of the baseball. Find the height 
of the baseball after 5 seconds. 


Baseball height, y 


COMPARING METHODS You use a system with three 

variables to find the equation of a parabola that passes 
through the points (—8, 0), (2, —20), and (1, 0). Your 

friend uses intercept form to find the equation. Whose 
method is easier? Justify your answer. 


MODELING WITH MATHEMATICS The table shows the 
distances y a motorcyclist is from home after x hours. 


Time (hours), x q 0 1 


?) 3 | 
Distance (miles), y | 0 45 


90 | 135. 


| 
| 


a. Determine what type of function you can use to 
model the data. Explain your reasoning. 


b. Write and evaluate a function to determine the 
distance the motorcyclist is from home after 
6 hours. 


USING TOOLS The table shows the heights 

h (in feet) of a sponge ¢ seconds after it was dropped 
by a window cleaner on top of a skyscraper. 

(See Example 4.) 


a. Use a graphing calculator to create a scatter 
plot. Which better represents the data, a line or a 
parabola? Explain. 


b. Use the regression feature of your calculator to 
find the model that best fits the data. 


c. Use the model in part (b) to predict when the 
sponge will hit the ground. 


d. Identify and interpret the domain and range in 
this situation. 


MAKING AN ARGUMENT Your friend states that 
quadratic functions with the same x-intercepts have 
the same equations, vertex, and axis of symmetry. Is 
your friend correct? Explain your reasoning. 
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In Exercises 29-32, analyze the differences in the 
outputs to determine whether the data are linear, 
quadratic, or neither. Explain. If linear or quadratic, 
write an equation that fits the data. 


29. ' Price decrease 0 | 5 
(dollars), 54 | 
. Revenue 


| ($1000s), y 
22: | Time (hourenne | 0 I 1 


\ 


} -e er a —— 
i 
( 


470 
| 


Height (feet), y 40 42 


ci Time (hours), x 
‘Population Pes, Fr | 8 
(hundreds), y =” 3 
32. 


Prin’ (days), x | 0 1 
Height (feet), 4 320 | 303 


33. PROBLEM SOLVING The graph shows the number y of 
students absent from school due to the flu each day x. 


Flu Epidemic 


Number of students 


O27 PS 8 WO 1x 
Days 


a. Interpret the meaning of the vertex in this 
situation. 


b. Write an equation for the parabola to predict the 
number of students absent on day 10. 


c. Compare the average rates of change in the 
students with the flu from 0 to 6 days and 
6 to 11 days. 


34. THOUGHT PROVOKING Describe a real-life situation 
that can be modeled by a quadratic equation. Justify 
your answer. 


fo A ern te 


35. PROBLEM SOLVING The table shows the heights y of 
a competitive water-skier x seconds after jumping off 
aramp. Write a function that models the height of the 
water-skier over time. When is the water-skier 5 feet 
above the water? How long is the skier in the air? 


et | 
9 129 
22 22.5 175 12 9.24— 


Time (seconds), x 0 0.25 OT Salooul 


1y 


36. HOW DO YOU SEE IT? Use the graph to determine 
whether the average rate of change over each interval 
is positive, negative, or zero. 


i) 
N =) 
IA 
~ 
IA 


IA 
Pd 
IA 
& N 
o. 


37. REPEATED REASONING The table shows the number 
of tiles in each figure. Verify that the data show a 
quadratic relationship. Predict the number of tiles in 
the 12th figure. 


,_ 8 & 


Figure 1 ~~ Figure 2 Figure 3 Figure 4 


Figure rene 4 
a. | | 5 ie) 19 | 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Factor the trinomial. 


38. 2+4x4+3 


(Skills Review Handbook) 


39. x -—3x+2 


82 Chapter 2 Quadratic Functions 


AO. 3x7 — 15x + 12 41. 


5x7 + 5x — 30 


2.3-2.4 What Did You Learn? 


Core Vocabulary 


focus, p. 68 
directrix, p. 68 


Core Concepts 


Section 2.3 


Standard Equations of a Parabola with Vertex at the Origin, p. 69 
Standard Equations of a Parabola with Vertex at (h, k), p. 70 


Section 2.4 


Writing Quadratic Equations, p. 76 
Writing Quadratic Equations to Model Data, p. 78 


Mathematical Practices 


1. Explain the solution pathway you used to solve Exercise 47 on page 73. 

2. Explain how you used definitions to derive the equation in Exercise 53 on page 74. 
3. Explain the shortcut you found to write the equation in Exercise 25 on page 81. 
4 


Describe how you were able to construct a viable argument in Exercise 28 on page 81. 


SS 2 = SS -- Performance Task - - - - - - 


Accident 
Reconstruction 


Was the driver of a car speeding when the brakes 
were applied? What do skid marks at the scene of 
an accident reveal about the moments before 

the collision? 


To explore the answers to these questions and more, Po, 
go to BigldeasMath.com. me 
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7x4 Transformations of Quadratic Functions (pp. 47-54) 


Let the graph of g be a translation 1 unit left and 2 units up of the graph of f(x) = x7 +1. 


Write a rule for g. 
Bax (1) +2 Subtract —1 from the input. Add 2 to the output. 
= ye i 2 Replace x with x + 1 in f(x). 
=x2+2x+4 Simplify. 


> The transformed function is g(x) = x2 + 2x + 4. 


Describe the transformation of f(x) = x? represented by g. Then graph each function. 


1. g(x) = (x +4) 2. 2%) = Ga) Se) = 30 | 


Write a rule for g. 


4. Let the graph of g be a horizontal shrink by a factor of é, followed by a translation 5 
units left and 2 units down of the graph of f(x) = x?. 


5. Let the graph of g be a translation 2 units left and 3 units up, followed by a reflection in the y-axis 
of the graph of f(x) = x? — 2x. 


Characteristics of Quadratic Functions (pp. 55-64) 


Graph f(x) = 2x? — 8x + 1. Label the vertex and axis of symmetry. 
Step 1 Identify the coefficients a = 2, b = —8, and c = 1. Because a > 0, the parabola opens up. 


Step 2 Find the vertex. First calculate 
the x-coordinate. 


BE 
2a ——-2(2) 


Then find the y-coordinate of the vertex. 
f(2) = 222% — 82) +1 = —-7 
So, the vertex is (2, —7). Plot this point. 


x= 


Step 3 Draw the axis of symmetry x = 2. 


Step 4 Identify the y-intercept c, which is 1. Plot the point (0, 1) and its reflection 
in the axis of symmetry, (4, 1). 


Step 5 Evaluate the function for another value of x, such as x = 1. 
fC) = 201% — 80) + P= =5 
Plot the point (1, —5) and its reflection in the axis of symmetry, (3, —5). 


Step 6 Draw a parabola through the plotted points. 
Graph the function. Label the vertex and axis of symmetry. Find the minimum or 


maximum value of /. Describe where the function is increasing and decreasing. 


Gey) 3x — 1)? = 4 7. 80) = 2 16S 8. h(x) = @& — 3)(x + 7) 
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Focus of aParabola (pp. 67-74) 


a. Identify the focus, directrix, and axis of symmetry of 8x = y?. Graph the equation. 


Step 1 Rewrite the equation in standard form. 


8x = y? Write the original equation. 
x= aa Divide each side by 8. 


Step 2 Identify the focus, directrix, and axis of symmetry. The equation has the 
form x = = where p = 2. The focus is (p, 0), or (2, 0). The directrix is 
x = —p, or x = —2. Because y is squared, the axis of symmetry is the x-axis. 


Step 3 Use a table of values to graph the equation. Notice that it is easier to substitute 
y-values and solve for x. 


b. Write an equation of the parabola shown. 


Because the vertex is not at the origin and the axis 

of symmetry is vertical, the equation has the form 

y= rr = hye + etnewerntex (h, Eis ©. 3) and 

the focus (h, k + p) is (2, 4), soh = 2, k = 3, and p = 1. 
Substitute these values to write an equation of the parabola. 

1 1 
= ——(x — 2)? +3 == - 27 + 
) aD" ) 4% Ne ae: 


> An equation of the parabola is y = ia SSeS, 


9. You can make a solar hot-dog cooker by shaping foil-lined ee TZ in. —— 
cardboard into a parabolic trough and passing a wire through 
the focus of each end piece. For the trough shown, how far 
from the bottom should the wire be placed? 


10. Graph the equation 36y = x”. Identify the focus, 
directrix, and axis of symmetry. 


Write an equation of the parabola with the given characteristics, 8 8 8 = ~~~ ~~~~----- if 
11. vertex: (0, 0) 12. focus: (2, 2) 
directrix: x = 2 vertex: (2, 6) 
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2.4 | Modeling with Quadratic Functions (pp. 75-82) 


The graph shows the parabolic path of a stunt motorcyclist jumping off a 
ramp, where y is the height (in feet) and x is the horizontal distance traveled 
(in feet). Write an equation of the parabola. The motorcyclist lands on another 
ramp 160 feet from the first ramp. What is the height of the second ramp? 


Height (feet) 


Horizontal distance (feet) 


Step 1 First write an equation of the parabola. 


From the graph, you can see that the vertex (h, k) is (80, 30) and the parabola passes 
through the point (0, 20). Use the vertex and the point to solve for a in vertex form. 


y=ax—h*t+k Vertex form 
20 = a(O — 80)? + 30 Substitute for h, k, x, and y. 
—10 = 6400a Simplify. 
1 a : 
Fags o Divide each side by 6400. 
Because a = - ay h = 80, and k = 30, the path can be modeled by 
I 0) 
SS SS oa = < < 
y 640 80) + 30, where 0 < x < 160. 


Step 2 Then find the height of the second ramp. 


mee 
y~ 640 


= 20 


(160 — 80)? + 30 Substitute 160 for x. 


Simplify. 


> So, the height of the second ramp is 20 feet. 


Write an equation for the parabola with the given characteristics. 


13. 
14. 
15. 


16. 


Chapter 2 


passes through (1, 12) and has vertex (10, —4) 
passes through (4, 3) and has x-intercepts of —1 and 5 


passes through (—2, 7), (1, 


The table shows the heights y of a dropped object after x seconds. Verify 
that the data show a quadratic relationship. Write a function that models 


10), and (2, 27) 


the data. How long is the object in the air? 


Time (seconds), x 
Height (feet), y 


Quadratic Functions 


0 0.5 1 


10. 


an: 


A parabola has an axis of symmetry y = 3 and passes through the point (2, 1). Find 
another point that lies on the graph of the parabola. Explain your reasoning. 


Let the graph of g be a translation 2 units left and 1 unit down, followed by a reflection in 
the y-axis of the graph of f(x) = (2x + 1)? — 4. Write a rule for g. 


Identify the focus, directrix, and axis of symmetry of x = 2y?. Graph the equation. 


Explain why a quadratic function models the data. Then use a linear system to 
find the model. 


—8 


=4 
1 focuse _ 


A surfboard shop sells 40 surfboards per month when it charges $500 per surfboard. Each 
time the shop decreases the price by $10, it sells 1 additional surfboard per month. How 
much should the shop charge per surfboard to maximize the amount of money earned? 
What is the maximum amount the shop can earn per month? Explain. 


Graph f(x) = 8x? — 4x + 3. Label the vertex and axis of symmetry. Describe where the 
function is increasing and decreasing. 


Sunfire is a machine with a parabolic cross section used to boilers 
collect solar energy. The Sun’s rays are reflected from the 
mirrors toward two boilers located at the focus of the 
parabola. The boilers produce steam that powers an ~ 
alternator to produce electricity. 


a. Write an equation that represents the cross section of 
the dish shown with its vertex at (0, 0). 


b. What is the depth of Sunfire? Justify your answer. 


In 2011, the price of gold reached an all-time high. The table shows the prices (in dollars 
per troy ounce) of gold each year since 2006 (¢ = 0 represents 2006). Find a quadratic 
function that best models the data. Use the model to predict the price of gold in the 

year 2016. 


at Ei eee 
; is : 
$603.46 | $695.39 $871.96 | $972.35 | $1224.53 | $1571.52. 


ne eereeee 
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Cumulative Assessment 


You and your friend are throwing a football. The parabola shows the path of your 
friend’s throw, where x is the horizontal distance (in feet) and y is the corresponding 
height (in feet). The path of your throw can be modeled by h(x) = —16x? + 65x + 5. 
Choose the correct inequality symbol to indicate whose throw travels higher. Explain 
your reasoning. 


y height of your throw _ height of your friend’s throw 


0 2 4 x 


The function g(x) = |x — 4| + 4 is a combination of transformations of f(x) = ||. 
Which combinations describe the transformation from the graph of f to the graph 
of g? 


CA) translation 4 units right and vertical shrink by a factor of x, followed by a translation 4 units up 
translation 4 units right and 4 units up, followed by a vertical shrink by a factor of 5 
©) vertical shrink by a factor of x followed by a translation 4 units up and 4 units right 


(CD) translation 4 units right and 8 units up, followed by a vertical shrink by a factor of ; 


Your school decides to sell tickets to a dance in the school cafeteria to raise money. There 
is no fee to use the cafeteria, but the DJ charges a fee of $750. The table shows the profits 
(in dollars) when x students attend the dance. 


eee x | Profit, y 
100 


=250 


200 250 
300 750 
400 1250 


500 1750 


a. What is the cost of a ticket? 


b. Your school expects 400 students to attend and finds another DJ who only charges $650. 
How much should your school charge per ticket to still make the same profit? 


c. Your school decides to charge the amount in part (a) and use the less expensive DJ. How much more 
money will the school raise? 


Order the following parabolas from widest to narrowest. 
A. focus: (0,.—3); directrix: y = 3 B. y= ax? + 4 
1 
C. x= 2? D. y=Ha-2P +3 
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5. Your friend claims that for g(x) = b, where b is a real number, there is a 


8. 


oF 


transformation in the graph that is impossible to notice. Is your friend correct? 
Explain your reasoning. 


Let the graph of g represent a vertical stretch and a reflection in the x-axis, followed by a 
translation left and down of the graph of f(x) = x?. Use the tiles to write a rule for g. 


ioi— 
— 
1S) 


-3 -1 4 0 | 


f 


| on a ae Se Se el 


. Two balls are thrown in the air. The path of the first ball is represented in the graph. The 


second ball is released 1.5 feet higher than the first ball and after 3 seconds reaches its 
maximum height 5 feet lower than the first ball. 


 BallToss _| 


6or” (3, 56.5) 


20 


Height (feet) _ 


0 2 & Ge 
Time (seconds) 


a. Write an equation for the path of the second ball. 


b. Do the balls hit the ground at the same time? If so, how long are the balls in the air? 
If not, which ball hits the ground first? Explain your reasoning. 


Let the graph of g be a translation 3 units right of the graph of f. The points (—1, 6), (3, 14), 
and (6, 41) lie on the graph of f. Which points lie on the graph of g? 


@ (2,6) (2, 11) © , 14) 
©) (6, 19) CE) (9, 41) <>) (9, 46) 


Gym A charges $10 per month plus an initiation fee of $100. Gym B charges 
$30 per month, but due to a special promotion, is not currently charging an 
initiation fee. 


a. Write an equation for each gym modeling the total cost y for a membership 
lasting x months. 


b. When is it more economical for a person to choose Gym A over Gym B? 


c. Gym A lowers its initiation fee to $25. Describe the transformation this change 
represents and how it affects your decision in part (b). 
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___Robiot'Building Competition (p. 145) 


Electrical Circuits (p. 106) 


sp pln se seeps) 


Feeding Gannet ip. 125) 


Baseball (p. 175) 


Maintaining Mathematical Proficiency 


Simplifying Square Roots 
Example 1 Simplify V8. 


Lf Vap a «Vb, wherea,b > 0_ 


—o 


Va wherea >Oandb>0 | 
Vb 


Simplify the expression. 
1. V27 


;, 8 


" \49 


Factoring Special Products 


xample 3 Factor (a) x? — 4 and (b) x? — 14x + 49. 
Stave 4 = Xe eee 
=) Cine) 


So, x7 — 4 = (x + 2) — 2). 


b. x2 — 14x + 49 = x2 — 2(x)(7) + 7 
=(x— 7) 
So, x2 — 14x + 49 = & — 7). 
Factor the polynomial. 


oa — 36 10 11, R25 
fener — 22x + 121 econ + 196 Taq” + 210% + 225 


. ABSTRACT REASONING Determine the possible integer values of a and c for which the trinomial 
ax? + 8x + c is factorable using the Perfect Square Trinomial Pattern. Explain your reasoning. 


a 


Dynamic Solutions available at BigideasMath.com 


Mathematical Mathematically proficient students recognize the limitations 
Pra cti Ce? | of technology. 


Recognizing the Limitations of Technology 


@) Core Concept 


Graphing Calculator Limitations 


Graphing calculators have a limited number of pixels to display the graph of a function. 
The result may be an inaccurate or misleading graph. 


To correct this issue, use a viewing window setting based on the dimensions of the screen 
(in pixels). 


eiaeaee Recognizing an Incorrect Graph 
Use a graphing calculator to draw the circle given by the equation x? + y* = 6.25. 


SOLUTION 
Begin by solving the equation for y. 


y = V6.25 — x? Equation of upper semicircle 
y= —-VG2a— Equation of lower semicircle 


The graphs of these two equations are shown in the first 
viewing window. Notice that there are two issues. First, 

the graph resembles an oval rather than a circle. Second, 

the two parts of the graph appear to have gaps between them. 


You can correct the first issue by using a square viewing 
window, as shown in the second viewing window. 


To correct the second issue, you need to know the dimensions 
of the graphing calculator screen in terms of the number of 
pixels. For instance, for a screen that is 63 pixels high and 

95 pixels wide, use a viewing window setting as shown at 

the right. 


Monitoring Progress 


1. Explain why the second viewing window in Example 1 shows gaps between the 
upper and lower semicircles, but the third viewing window does not show gaps. 


Use a graphing calculator to draw an accurate graph of the equation. Explain your 
choice of viewing window. 


2. y=Ve2—- 1.5 RB y=Vx-25 4. 2+ y2 = 12.25 
5. x2 + y2 = 20.25 6. x2 + 4y? = 12.25 7. 4x2 + y? = 20.25 
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MAKING SENSE 
OF PROBLEMS 


To be proficient in math, 
you need to make 
conjectures about the 
form and meaning of 
solutions. 


Solving Quadratic Equations 


Essential Question How can you use the graph of a quadratic 


equation to determine the number of real solutions of the equation? 
EXPLORATION 1 


Work with a partner. Match each quadratic function with its graph. Explain your 
reasoning. Determine the number of x-intercepts of the graph. 

aoa) = x* — 2x Det) = x — 2x Cap ot 2 
Cofi 5 Cai x + 2) f. (GQ) = —x 2x — 2 


A. 4 B. 4 
-6 6 ~6 6 

i = 

Cc * D. 4 
6 6 -6 6 

aa 4 

E 4 F 4 
re, 6 6 6 

=a —4 


EXPLORATION 2 


Solving Quadratic Equations 

Work with a partner. Use the results of Exploration 1 to find the real solutions 
(if any) of each quadratic equation. 

a. x*—-2x=0 bo See 0 
do -e a =) Cla eae 1 = 0 


c. x27 -—2x+2=0 
f. —x2+2x-—2=0 


Communicate Your Answer 


3. How can you use the graph of a quadratic equation to determine the number of 
real solutions of the equation? 


4. How many real solutions does the quadratic equation x* + 3x + 2 = 0 have? 
How do you know? What are the solutions? 
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Matching a Quadratic Function with Its Graph 


93 


quadratic equation in 
one variable, p. 94 


root of an equation, p. 94 
zero of a function, p. 96 


Previous 

properties of square roots 
factoring 

rationalizing the denominator 


STUDY TIP 


Quadratic equations 
can have zero, one, or 
two real solutions. 


Check 
x =e— 6 =0 
9 
(—2)? — (-2) -6=0 
» 
4+2-6=0 
o-0oN 
r—-x—-6=0 
Gi 
37-3-6=0 
mi 
9-3-6=0 


o-0d | 


What You Will Learn 


PB Solve quadratic equations by graphing. 
Pm Solve quadratic equations algebraically. 
> Solve real-life problems. 


Solving Quadratic Equations by Graphing 


A quadratic equation in one variable is an equation that can be written in the 
standard form ax* + bx + c = 0, where a, b, and c are real numbers and a # 0. 
A root of an equation is a solution of the equation. You can use various methods 
to solve quadratic equations. 


| Core Concept 
Solving Quadratic Equations 
By graphing Find the x-intercepts of the related function 
y=axr+bxt+e. 
Using square roots Write the equation in the form u? = d, where u is an 


algebraic expression, and solve by taking the square root 
of each side. 


By factoring Write the polynomial equation ax? + bx + c = Oin 
factored form and solve using the Zero-Product Property. 


“EXAMPLE 1 


Solving Quadratic Equations by Graphing 


Solve each equation by graphing. 


a. x2-x-6=0 b. —2x? - 2 = 4x 

SOLUTION 

a. The equation is in standard form. b. Add —4x to each side to obtain 
Graph the related function —2x? — 4x — 2 = 0. Graph the 
y= =o related function y = —2x? — 4x — 2. 


The x-intercepts are —2 and 3. The x-intercept is —1. 
> The solutions, or roots, > The solution, or root, is 
are x = —2 and x =3. ce —'l, 
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Solve the equation by graphing. 


1. x2 -— 8x + 12=0 2. 4x2 — 12x + 9=0 3. ok — Greed 
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LOOKING FOR 
STRUCTURE a 


Notice that (x + 3)2 = cr is 


of the form u2 = d, where 
) = ee 


STUDY TIP 
v2 
Because —— = 1, the value 
V2 
of V25 does not change 
V2 


when you multiply by ug 
V2 


Solving Quadratic Equations Algebraically 


When solving quadratic equations using square roots, you can use properties of square 
roots to write your solutions in different forms. 


When a radicand in the denominator of a fraction is not a perfect square, you can 
multiply the fraction by an appropriate form of 1 to eliminate the radical from the 
denominator. This process is called rationalizing the denominator. 


Solving Quadratic Equations Using Square Roots 


Solve each equation using square roots. 


a. 4x2 — 31 = 49 b. 3x2+9=0 e 20+ 3% =5 
SOLUTION 
a. 4x? — 31 = 49 Write the equation. 
4x? = 80 Add 31 to each side. 
x? = 20 Divide each side by 4. 
oe 20 Take square root of each side. 
x=+V4-V5 Product Property of Square Roots 
x= +2V5 Simplify. 
> The solutions are x = 2V5 andx = —2V5S. 
b. 3x7 + 9= 0 , Write the equation. 
3x2 = —9 ) Subtract 9 from each side. 
w= —3 Divide each side by 3. 


> The square of a real number cannot be negative. So, the equation has no 
real solution. 


c. Z(x + 3)? =5 Write the equation. 
(x + 3)? = = Multiply each side by 3. 
Cn es 
x+3= ae Take square root of each side. 

x=-3+ 2 Subtract 3 from each side. 

6 == 35 V25 Quotient Property of Square Roots 
v2 
n5 V2 [7 

x32 ue, e Multiply by Mea 
vo V2 V2 

= eee Simplify. 


2 
5V2 5V2 


P The solutions are x = —3 + a and x = —3\— 
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Solve the equation using square roots. 


4. 2x? + 14 = 20 el 6 , 6. Ax—4P = —5 
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Wher the left side of ax? + bx + c = O is factorable, you can solve the equation using 
the Zero-Product Property. 


G) Core Concept 


Zero-Product Property 


Words If the product of two expressions is zero, then one or both of the 
expressions equal zero. 


Algebra If A and B are expressions and AB = 0, then A = 0 or B = 0. 


2" i26aea8 Solving a Quadratic Equation by Factoring 


Solve x? — 4x = 45 by factoring. 


SOLUTION 
WRC a Aric, i G x? — 4x = 45 Write the equation. 
TERMS x? —4%—45=0 Write in standard form. 
1 IMB hr ar (x — 9)x + 5)=0 Factor the polynomial. 
of the function x-9=0 or x+5=0 Zero-Product Property 
f(x) = ax? + bx + ¢, then x — Oaor x=-5 Solve for x. 
k is an x-intercept of the 
graph of the function, > The solutions are x = —5 and x = 9. 


and k is also a root of the 
equation ax? + bx + c=0. 


You know the x-intercepts of the graph of f(x) = a(x — p)(x — q) are p and q. 
Because the value of the function is zero when x = p and when x = q, the numbers 
—> p and q are also called zeros of the function. A zero of a function / is an x-value for 
which f(x) = 0. 


S2¢N\ i282 Finding the Zeros of a Quadratic Function 


Find the zeros of f(x) = 2x? — 11x + 12. 


SOLUTION 
Check To find the zeros of the function, find the x-values for which f(x) = 0. 
2 — lin le = 0 Set f(x) equal to 0. 
On=— 3G — 4) =0 Factor the polynomial. 
24 == 0 or x-4=0 Zero-Product Property 


ce = IS) (ore fe = al Solve for x. 


> The zeros of the function are x = 1.5 and x = 4. You can check this by graphing 
the function. The x-intercepts are 1.5 and 4. 
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Solve the equation by factoring. 


To A235 —10) 8. 3x2 — 5x =2 


Find the zero(s) of the function. 


9. f(x) = x2 — &x 10. f(x) = 4x2 + 28x + 49 
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Solving Real-Life Problems 


To find the maximum value or minimum value of a quadratic function, you can first 
use factoring to write the function in intercept form f(x) = a(x — p)(x — q). Because 


: : ‘ ate F 
the vertex of the function lies on the axis of symmetry, x = Pod. the maximum value 


a 


or minimum value occurs at the average of the zeros p and q. 


Solving a Multi-Step Problem 


A monthly teen magazine has 48,000 subscribers 
when it charges $20 per annual subscription. 

For each $1 increase in price, the magazine 

loses about 2000 subscribers. How much 

should the magazine charge to maximize 

annual revenue? What is the maximum 

annual revenue? 


SOLUTION 


Step 1 Define the variables. Let x represent the price 
increase and R(x) represent the annual revenue. 


Step 2 Write a verbal model. Then write and simplify a quadratic function. 


Annual Number of Subscription 

revenue — subscribers . price 

(dollars) (people) (dollars/person) 
R(x) = (48,000 — 2000x) «+ (2a) 
R(x) = (—2000x + 48,000)(x + 20) 


R(x) 


—2000(x — 24)(x + 20) 


Step 3 Identify the zeros and find their average. Then find how much each 
subscription should cost to maximize annual revenue. 


The zeros of the revenue function are 24 and —20. The average of the zeros 
—2 
te ae a 


To maximize revenue, each subscription should cost $20 + $2 = $22. 
Step 4 Find the maximum annual revenue. 


R(2) = —2000(2 — 24)(2 + 20) = $968,000 


> So, the magazine should charge $22 per subscription to maximize annual 
revenue. The maximum annual revenue is $968,000. 
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11. WHAT IF? The magazine initially charges $21 per annual subscription. How much 
should the magazine charge to maximize annual revenue? What is the maximum 
annual revenue? 
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5 ——— 
Height of Dropped Object 


eae 
Sm 
eE 
= 
ct 
; = 


Height (feet) 


ooooog 
tooo 


123 4t 
Time (seconds) 


INTERPRETING 
EXPRESSIONS 


In the model for the 
height of a dropped 
object, the term —16t2 
| indicates that an object 
has fallen 16t2 feet after 


| t seconds. 


When an object is dropped, its height / (in feet) above the ground after t seconds can 
be modeled by the function h = —16t? + ho, where hg is the initial height (in feet) 
of the object. The graph of h = —16r? + 200, representing the height of an object 
dropped from an initial height of 200 feet, is shown at the left. 


The model h = —16t? + hy assumes that the force of air resistance on the object is 
negligible. Also, this model applies only to objects dropped on Earth. For planets with 
stronger or weaker gravitational forces, different models are used. 


Modeling a Dropped Object 
For a science competition, students must design a container that prevents an egg from 
breaking when dropped from a height of 50 feet. 


a. Write a function that gives the height h (in feet) of the container after t seconds. 
How long does the container take to hit the ground? 


b. Find and interpret h(1) — A(1.5). 
SOLUTION 


a. The initial height is 50, so the model is h = —16f? + 50. Find the zeros of 
the function. 


PS See se a Write the function. 
O=— 167-50 Substitute 0 for A. 
—50 = —16#2 Subtract 50 from each side. 
=) =f Divide each side by —16. 
ae =f Take square root of each side. 
+1.8=tf Use a calculator. 


Reject the negative solution, — 1.8, because time must be positive. The 
container will fall for about 1.8 seconds before it hits the ground. 


b. Find A(1) and A(1.5). These represent the heights after 1 and 1.5 seconds. 
nO) = 1601)? + 50 = 16-50 aq 
h(1.5) = —16(1.5) + 50 = —16(2.25) + 50 = —36 + 50 = 14 
h(i) — h(1.5) = 34 — 14 = 20 
P So, the container fell 20 feet 
between | and 1.5 seconds. You 
can check this by graphing the 
function. The points appear to 


be about 20 feet apart. So, the 
answer is reasonable. 
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12. WHAT IF? The egg container is dropped from a height of 80 feet. How does this 
change your answers in parts (a) and (b)? 
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s 
3.1 Exercises Dynamic Solutions avallabia at Bédidcasaticam 


Vocabulary and Core Concept Check | 


1. WRITING Explain how to use graphing to find the roots of the equation ax? + bx + c = 0. 


2. DIFFERENT WORDS, SAME QUESTION Which is different? Find “both” answers. 


) 
What are the zeros of f(x) = x2 + 3x — 10? | What are the solutions of x2 + 3x — 10 = 0? | 
What are the roots of 10 — x? = 3x? | What is the y-intercept of the graph of y = (x + 5)(x — 2)? 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-12, solve the equation by graphing. 22. ANALYZING RELATIONSHIPS Which graph has 
(See Example 1.) | x-intercepts that are equivalent to the roots of the 
Be? + 3x 4+2=0 / eater, Pet | equation (x = 3)? = =? Explain your reasoning. 
; 4,0 
5. 0=x7-9 6. —3 = —x* 4 @ 
7. 8x = —4 — 4x? 8. 3x2 = 6x — 3 
oe — —x- — 45 10. 2x=x7+2 
2 = = ee 
11. ox° +6 = 2x 12. 3x = 7x +5 
In Exercises 13-20, solve the equation using square © 
roots. (See Example 2.) 
13. s*= 144 14. a*=81 
iseece — 6)’ = 25 16. (p — 4)? = 49 


feet — 1)?+2—10 18. 24+2)?-5=8 


ae Lae ie eo ERROR ANALYSIS In Exercises 23 and 24, describe and 
aa |= «(10 =r 0 sa aed ’ correct the error in solving the equation. 
21. ANALYZING RELATIONSHIPS Which equations have 23. 3 > 
roots that are equivalent to the x-intercepts of the x a) tone 
graph shown? 2(x+ 1)2=18 
2= 
pix? — 6x = §) = 0 (ab 1)" = 2 
x+1=3 
O= (x + 2)@ + 4) x=2 
(0 =-G +2" +4 a 
—2x2 -8=0 
ot 4G) x 
@® -22=8 
© 4@+3"-4=0 2a 
x=+2 
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25. OPEN-ENDED Write an equation of the form x* = d 
that has (a) two real solutions, (b) one real solution, 
and (c) no real solution. 


26. ANALYZING EQUATIONS Which equation has one real 
solution? Explain. 


CA) 3x7 4+ 4 = 2G a 
5x —4—x° 4 
© 24+ 3 =18 

@® = 


In Exercises 27—34, solve the equation by factoring. 
(See Example 3.) 


27. O=x*+6x+9 28. 0= 22 — 10z + 25 


29. x2 -— 8x = -12 30. x2 -— 1llx = —30 
31. n2-—6n=0 32. a27-—49=0 
33. 2w* — l6w = 12w — 48 


34.. —y + 28 ty = 2y 4 2y- 


MATHEMATICAL CONNECTIONS In Exercises 35-38, find 
the value of x. 


Area of rectangle = 36 36. Area of circle = 257 


oe 


37. Area of triangle = 42 38. Area of trapezoid = 32 


x+6 
Bese 72 
2x+8 


In Exercises 39-46, solve the equation using any 
method. Explain your reasoning. 


39. u2= —9u 40. —+8=15 


41. —(x+ 9)* = 64 42. —2(x + 2)*=5 
43. 7(x—4)?-18=10 44 2+ 8+ 16=0 


AS. P+ 3r4+3=0 Ae) 2 = 15ers 
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In Exercises 47-54, find the zero(s) of the function. 
(See Example 4.) 


47, oi — x + On eo 48. f@y—= x — or + 16 


49. h(x) =x + 7x — 30 50. g(x) = x2 + 1llx 


51. fC) = 202 = 26 — 1 a ee x 9 


53. g(x) = x7 + 22x 4+ 121 
54. h(x) = x* + 19x + 84 


55. REASONING Write a quadratic function in the form 
f(x) = x? + bx + c that has zeros 8 and 11. 


56. NUMBER SENSE Write a quadratic equation in 
standard form that has roots equidistant from 10 on 
the number line. 


57. PROBLEM SOLVING A restaurant sells 330 sandwiches 
each day. For each $0.25 decrease in price, the 
restaurant sells about 15 more sandwiches. How 
much should the restaurant charge to maximize daily 
revenue? What is the maximum daily revenue? 

(See Example 5.) 


(ibe. 


f 


' i , 
wh 3 ye Ain) Lf hia! 


58. PROBLEM SOLVING An athletic store sells about 
200 pairs of basketball shoes per month when it 
charges $120 per pair. For each $2 increase in 
price, the store sells two fewer pairs of shoes. How 
much should the store charge to maximize monthly 
revenue? What is the maximum monthly revenue? 


59. MODELING WITH MATHEMATICS Niagara Falls 
is made up of three waterfalls. The height of the 
Canadian Horseshoe Falls is about 188 feet above _ 
the lower Niagara River. A log falls from the top of 
Horseshoe Falls. (See Example 6.) 


a. Write a function that gives the height h (in feet) of 
the log after t seconds. How long does the log take 
to reach the river? 


b. Find and interpret h(2) — h(3). 


Quadratic Equations and Complex Numbers 


60. 


61. 


62. 


63. 


MODELING WITH MATHEMATICS According to 64. CRITICAL THINKING Write and solve an equation 
legend, in 1589, the Italian scientist Galileo Galilei to find two consecutive odd integers whose product 
dropped rocks of different weights from the top of is 143. 
the Leaning Tower of Pisa to prove his conjecture 
that the rocks would hit the ground at the same time. 65. MATHEMATICAL CONNECTIONS A quadrilateral is 
The height h (in feet) of a rock after t seconds can be divided into two right triangles as shown in the figure. 
modeled by A(t) = 196 — 16?. What is the length of each side of the quadrilateral? 
ay 8x 
pe 300 ft 
66. ABSTRACT REASONING Suppose the equation 
ax? + bx + c = O has no real solution and a graph 
of the related function has a vertex that lies in the 
f : ; second quadrant. 
a. Find and interpret the zeros of the function. Then 
use the zeros to sketch the graph. a. Is the value of a positive or negative? Explain 
; ; your reasoning. 
b. What do the domain and range of the function 
represent in this situation? b. Suppose the graph is translated so the vertex is 
in the fourth quadrant. Does the graph have any 
PROBLEM SOLVING You make a rectangular-quilt that x-intercepts? Explain. 
.is 5 feet by 4 feet. You use the remaining 10 square 
feet of fabric to add a border of uniform width to the 67. REASONING When an object is dropped on any 
quilt. What is the width of the border? planet, its height h (in feet) after t seconds can be 
modeled by the function h = Se +. ho, where hy 
is the object’s initial height and g is the planet’s 
acceleration due to gravity. Suppose a rock is dropped 
from the same initial height on the three planets 
shown. Make a conjecture about which rock will hit 
the ground first. Justify your answer. 
MODELING WITH MATHEMATICS You drop a seashell “gh tle Op le 
into the ocean from a height of 40 feet. Write an ee User: 
equation that models the height h (in feet) of the 68. PROBLEM SOLVING A café has an outdoor, 
seashell above the water after t seconds. How long is rectangular patio. The owner wants to add 329 square 
the seashell in the air? feet to the area of the patio by expanding the existing 
. patio as shown. Write and solve an equation to find 
WRITING The equation h = 0.019s* models the 


the value of x. By what distance should the patio 


height # (in feet) of the largest ocean waves when he Carerded? 


the wind speed is s knots. Compare the wind speeds 


required to generate 5-foot waves and 20-foot waves. —— —— © After 
1.2 
© 


. = K-15 ft ett x 
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69. PROBLEM SOLVING A flea can jump very long 
distances. The path of the jump of a flea can 
be modeled by the graph of the function 
y = —0.189x? + 2.462x, where x is the horizontal 
distance (in inches) and y is the vertical distance 
(in inches). Graph the function. Identify the 
vertex and zeros and interpret their meanings in 
this situation. 


70. HOW DO YOU SEE IT? An artist is painting a mural 
and drops a paintbrush. The graph represents the 
height h (in feet) of the paintbrush after ¢ seconds. 


_ 
Height of Dropped 
Paintbrush a 
ay th 
e Nl 
@ 40 /\ | 
= 30 i | 
S 20 | | 
Sap 


0 i 


a. What is the initial height of the paintbrush? 


b. How long does it take the paintbrush to reach the 
ground? Explain. 


71. MAKING AN ARGUMENT Your friend claims the 
equation x* + 7x = —49 can be solved by factoring 
and has a solution of x = 7. You solve the equation 
by graphing the related function and claim there is no 
solution. Who is correct? Explain. 


72. ABSTRACT REASONING Factor the expressions 
x* — 4 and x? — 9, Recall that an expression in this 
form is called a difference of two squares. Use your 
answers to factor the expression x? — a?. Graph 
the related function y = x? — a. Label the vertex, 
x-intercepts, and axis of symmetry. 


73. DRAWING CONCLUSIONS Consider the expression 
x? + a*, where a > 0. 


a. You want to rewrite the expression as 
(x + m)(x + n). Write two equations that 
m and n must satisfy. 


b. Use the equations you wrote in part (a) to solve 
for m and n. What can you conclude? 


74. THOUGHT PROVOKING You are redesigning a 
rectangular raft. The raft is 6 feet long and 4 feet 
wide. You want to double the area of the raft by 
adding to the existing design. Draw a diagram of the 
new raft. Write and solve an equation you can use to 
find the dimensions of the new raft. 


75. MODELING WITH MATHEMATICS A high school 
wants to double the size of its parking lot by 
expanding the existing lot as shown. By what 
distance x should the lot be expanded? 


expanded part of lot 


school 


+300 ft —+—+x4 
75 ft 


cee TESTED petponetenesaere se Re att e+ tear nee ati eter 


Mainta in ing Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Find the sum or difference. (Ski//s Review Handbook) 
77. (8 + x2 — 4) + (3x2 + 10) 


76. (x? + 2) + (2x7 —x) 
Tee ae (= 3x2) 


Find the product. (Skills Review Handbook) 


80. (@ + 2)tae 2) 81. 


82. G=aG =) 83. 
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PO er ee — 15) (eo 


2x(3 — Xe 


11x(—4x? + 3x + 8) 


Quadratic Equations and Complex Numbers 


ee ee ee 


re rer 


Complex Numbers 


ATTENDING 
TO PRECISION 


To be proficient in math, 
you need to use clear 
definitions in your 
reasoning and discussions 
with others. 


Essential Question What are the subsets of the set of 


complex numbers? 


In your study of mathematics, you have probably worked with only real numbers, 
which can be represented graphically on the real number line. In this lesson, the 
system of numbers is expanded to include imaginary numbers. The real numbers 
and imaginary numbers compose the set of complex numbers. 


Complex Numbers | 
| Rational Numbers | | Irrational Numbers | 
| integers | 


| Whole Numbers 
| Natural Numbers | 


Imaginary Numbers 


The imaginary unit / 
is defined as 


i=V-1. 


EXPLORATION 


Classifying Numbers 


Work with a partner. Determine which subsets of the set of complex numbers 
contain each number. 


a. V9 b. VO 


ae e. V2 fo 


‘EXPLORATION 2 


Complex Solutions of Quadratic Equations 


Work with a partner. Use the definition of the imaginary unit i to match each 
quadratic equation with its complex solution. Justify your answers. 


a. x27-4=0 b. x2+1=0 ec x7-1=0 
d.x7+4=0 e. x7-9=0 f. x27 +9=0 
A. i B. 3i €. 3 

D. 2i E. 1 


Communicate Your Answer 


3. What are the subsets of the set of complex numbers? Give an example of a 
number in each subset. 


4. Is it possible for a number to be both whole and natural? natural and rational? 
rational and irrational? real and imaginary? Explain your reasoning. 
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32 Lesson What You Will Learn 


& Define and use the imaginary unit /. 


b> Add, subtract, and multiply complex numbers. 


Core Vocabulary . » Find complex solutions and zeros. 


imaginary unit /, p. 104 
complex number, p. 704 The Imaginary Unit / 
imaginary number, p. 704 

( 


auch : ¥ ; a 
| pure imaginary number, p. 104 Not all quadratic equations have real-number solutions. For example, x 3 


has no real-number solutions because the square of any real number is never a 
negative number. 


To overcome this problem, mathematicians created an expanded system of numbers 
using the imaginary unit i, defined as i = V—1. Note that i2 = —1. The imaginary 
unit i can be used to write the square root of any negative number. 


G) Core Concept 


The Square Root of a Negative Number 

Property Example 

1. If ris a positive real number, then V—r = ivr. V-3 =ivV3 

2. By the first property, it follows that (ivr)? = —r. (V3)? = i2-3 = -3 


S24" iJea008 Finding Square Roots of Negative Numbers 


Find the square root of each number. 


—25 b. V—72 c. —5V—9 
SOLUTION 
a. V—25 = V25 -V—-1 = 5i 


b. V—72 = V72 - V—1 = V36 V2 ei = 6V2i = 61V2 
ec. —5V—9 = —5V9 e V1 = —5 +30 = —15i 
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Find the square root of the number. 


qe 2. V2 9 eG A. 2V—54 


0 number written in standard form Complex Numbers (a + bi) 
isa pomeer a + bi where a and b are real numbers. 


Real Imagina 

The number a is the real part, and the number bi Nunaee airmen 
is the imaginary part. (a + 0/) (a + bi, b # 0) 

a+ bi ma AO” Mee 
If b # 0, then a + bi is an imaginary Pure 
number. If a = 0 and b # 0, thena + bi Imaginary | 
is a pure imaginary number. The diagram Numbers 
shows how different types of complex numbers (0 + bi, b # 0) 


are related. ~4i 6) 
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Two complex numbers a + bi and c + di are equal if and only if a = c and b = d. 


ae iseaees Equality of Two Complex Numbers 
Find the values of x and y that satisfy the equation 2x — 7i = 10 + yi. 


SOLUTION 


Set the real parts equal to each other and the imaginary parts equal to each other. 
2x = 10 Equate the real parts. —Ti = yi Equate the imaginary parts. 


x=5 Solve for x. —-J=y Solve for y. 


P So,x=Sandy=—7. 
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Find the values of x and y that satisfy the equation. 


5. eta =—9— yy 6. 9+ 4yi = —2x + 3i 


Operations with Complex Numbers 


G) Core Concept 


Sums and Differences of Complex Numbers 


To add (or subtract) two complex numbers, add (or subtract) their real parts and 
their imaginary parts separately. 


Sum of complex numbers: (a+ bi)+(c+di=at+ot+(b+da)i 
Difference of complex numbers: ta + bi) —(C + di) = (a —c) + (— dy 


Adding and Subtracting Complex Numbers 


Add or subtract. Write the answer in standard form. 
a. 8 =r O 4a) 
bo G SGprat — 61) 
c 13 Se ie or 


SOLUTION 
a. (8 —1) + ©6 + 41) = (8 + 5) + (14 4) Definition of complex addition 
= 13+ 3i Write in standard form. 
boG@ eo 6) — (7 = 3) + (64 Oo) Definition of complex subtraction 
=4+0; Simplify. 
= 4 Write in standard form. 
6.13 = 2 tie ol = [ele 2) — Fi] + Si Definition of complex subtraction 
=i) + Si Simplify. 
=11+(-7+5)i Definition of complex addition 
= 11 —-2i Write in standard form. 
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STUDY TIP 


106 


When simplifying an 
expression that involves 
complex numbers, be sure 
to simplify i2 as 


Chapter.3 


~1. 


‘EXAMPLE 4 Solving a Real-Life Problem 


Electrical circuit components, such as resistors, inductors, and capacitors, all oppose 
the flow of current. This opposition is called resistance for resistors and reactance for 
inductors and capacitors. Each of these quantities is measured in ohms. The symbol 
used for ohms is ©, the uppercase Greek letter omega. 


ico ponent and a P Resistor nena Capacitor 50 
symbol lL — le 
a = 4 
j 30 40, 
Resistance or R L C 
reactance (in ohms) | 
Impedance (in ohms) R Li —Ci Aleratinaicurent source 
U i i 


The table shows the relationship between a component’s resistance or reactance and 
its contribution to impedance. A series circuit is also shown with the resistance or 
reactance of each component labeled. The impedance for a series circuit is the sum 
of the impedances for the individual components. Find the impedance of the circuit. 


SOLUTION 


The resistor has a resistance of 5 ohms, so its impedance is 5 ohms. The inductor has 
a reactance of 3 ohms, so its impedance is 37 ohms. The capacitor has a reactance of 
4 ohms, so its impedance is —4i ohms. 


Impedance of circuit = 5 + 3i + (—4i) =5 -i 


> The impedance of the circuit is (5 — i) ohms. 


To multiply two complex numbers, use the Distributive Property, or the FOIL method, 
just as you do when multiplying real numbers or algebraic expressions. 


aes ie aem Multiplying Complex Numbers 


Multiply. Write the answer in standard form. 


a. 4i(—6 47) ano = 21)(—4 + 72) 
SOLUTION 
a. 4i(—6 + i) = —24i + 472 Distributive Property 
= —24i + 4(-1) Use j2 = —1. 
= —4- 24i Write in standard form. 
b. 0 = 21)(—4 + 7) = 36 638+ 81 — a Multiply using FOIL. 
= —36 + 71li — 14(-1) Simplify and use i? = —1. 
= SG le le Simplify. 
= -22+7li Write in standard form. 
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7. WHAT IF? In Example 4, what is the impedance of the circuit when the capacitor 
is replaced with one having a reactance of 7 ohms? 


Perform the operation. Write the answer in standard form. 
8. 9-1) +C6+7) 93. @7)—(S — 21) Mi0s 4 ae eee 
11. (—3)d0n) 12. 18 =a) 13mGebd)S— 1) 


Quadratic Equations and Complex Numbers 


LOOKING FOR 
STRUCTURE 


Notice that you can use 
the solutions in Example 
6(a) to factor x* + 4 as 
(ar ari — 2/). 


FINDING AN 
ENTRY POINT 


The graph of f does not 
intersect the x-axis, which 


So, f must have complex 
zeros, which you can find 
algebraically. 


means f has no real zeros. 


Complex Solutions and Zeros 


EXAMPLE 6 


Solving Quadratic Equations 


Solve (a) x* + 4 = 0 and (b) 2x2 — 11 = —47. 


SOLUTION 
ax7+4=0 Write original equation. 
x= —4 Subtract 4 from each side. 
c= tV—4 Take square root of each side. 
x= £27 Write in terms of i. 


> The solutions are 2i and —2i. 


b. 2x2 — 11 = —47 Write original equation. 
2x*.= —36 Add 11 to each side. 
x7 = —18 Divide each side by 2. 
x= +V-18 Take square root of each side. 
a 1 Write in terms of i. 
x Es. Simplify radical. 


> The solutions are 3iV2 and —3iV2. 


EXAMPLE 7 


Finding Zeros of a Quadratic Function 


Find the zeros of f(x) = 4x? + 20. 


SOLUTION 
4x? + 20 =0 Set f(x) equal to 0. 
Ax = —20 Subtract 20 from each side. 
= an) Divide each side by 4. 
a = Take square root of each side. 
ea 5 Write in terms of i. 


P So, the zeros of fare iV5 and —iV5. 


Check 
f(iVS) = 4(iV5)° + 20 = 4 - 5i2 + 20 = 4(-5) + 20 = 0 J/ 
pious) = 4(-iV5)° + 20 = 4 - 5i2 + 20 = 4(-5) + 20 =0 / 
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Solve the equation. 

16. x7+11=3 

19. 5x2 + 33 =3 


15. x2 = —38 
18. 3x7 -—7= —31 


14. x2 = -13 
17. x2 —8 = —36 


Find the zeros of the function. 


20. f(x) =x2 +7 21. f(x) = —2-—4 22. f(x) = 9x2 +1 
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@ 
3.2 Exercises Dynarnic Solutions available ut BigideasMath.com 


Vocabulary and Core Concept Check 
1. VOCABULARY What is the imaginary unit i defined as and how can you use i? 


2. COMPLETE THE SENTENCE For the complex number 5 + 21, the imaginary part is and the 
real part is 


WRITING Describe how to add complex numbers. 


WHICH ONE DOESN'T BELONG? Which number does not belong with the other three? Explain 
your reasoning. 


3+0i 7 245i. V3.6 O— % 
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In Exercises 5-12, find the square root of the number. 723}, (2 se 4b) = (22 (= MNS) = (4 ae Sn) 
(See Example 1.) 
(45), 2 (CLA = Bi) Se ap SID) eA Ol = Oi) = (Se) 


5. V—36 6. V—64 
— a 7 (34.4)) + 6 = ae 
7 Vn18 8. Vo04 27. 1 =F 41) OF 26. 16 —=(2 31) —% 
ae 29. —10 44651) = 9! 30. . = oes 2h) 71 
9. 2V—16 10. —3V—49 ape ee 
= . USING CTURE Wri ion as 
41. —4\—32 12. 6V~63 31. USING STRU R Write each expression as a 
complex number in standard form. 
In Exercises 13-20, find the values of x and y that a. V-9 + V—4 — V16 
satisfy the equation. (See Example 2.) b. V—16 + V8 + V—36 


13. 4x + 2i=8+ yi 
32. REASONING The additive inverse of a complex 


14. 3x+ 6i = 27 + yi number z is a complex number z, such that 
z + z, = 0. Find the additive inverse of each 
15. —10x + 12i = 20 + 3yi complex number. 


sek lag tee IS: Seal = 2489 
16. 9x ~ 18i = —36 + 6yi 2 i Zz ek i 


In Exercises 33-36, find the impedance of the series 


BTR hi 1 circuit. (See Example 4.) 


18. —12x + yi = 60 — 13i 33. 120 34. 40 
19. 54 — fyi = 9x — 4i 90 70 60 90 


20. 15 — 3yi=5x + 2i 
35. 80 36. 
In Exercises 21-30, add or subtract. Write the answer ee 
in standard form. (See Example 3.) ° é 30 ° e 70 
21 (an) 22: (9 + 51) (ieee) - 290 80 
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In Exercises 37-44, multiply. Write the answer in 
standard form. (See Example 5.) 


ea 3-5 + 1) 38. 247 — 1) 


got) — 21)(4 + i) 40. (7 + 5i)(8 — 6) 
ai 4 — 21)(4 + 27) 42. G25) 0— 32) 


aa (3 — 61)? 44. (8 + 3i)? 


JUSTIFYING STEPS In Exercises 45 and 46, justify each 
step in performing the operation. 


aa — (4 + 31) + Si 
= [((11 — 4) — 3i] + Si 
(7 — Sit Si 
a) + (—3--ayi 
=7+ 2i 

46. (3 + 2i)(7 — 41) 
=i 121 + 14) =96r- 
eo tae — 8(— 1) 


= 2] +e + 8 


= 29 + 2 
REASONING In Exercises 47 and 48, place the tiles in the 


expression to make a true statement. 


aoe (I HL 


48. i( n 7 i)= —-18-— 107 


In Exercises 49-54, solve the equation. Check your 
solution(s). (See Example 6.) 


49. x7 +9=0 50. x7 + 49=0 
Si x —4=—i1 
pees — 9 = —15 
Sa 2x + 6 = —34 


ae? 47 = —A7 


In Exercises 55-62, find the zeros of the function. 
(See Example 7.) 


55. f(x) = 3x2 + 6 56. g(x) = 7x2 +21 
57. h(x) = 2x2 + 72 58. k(x) = —5x2 — 125 
59. m(x) = —x? — 27 60. p(x) = x* + 98 

61. r@)=-3?-24 62. f(x) = —? — 10 
ERROR ANALYSIS In Exercises 63 and 64, describe 


and correct the error in performing the operation and 
writing the answer in standard form. 


6d. 
x (3 + 2i)(5 — 1) = 15 — 3i+ 10/- 2/2 
= 15+ 7i- 2:2 
= —2/2+ Ti+ 15 


(4 + Gi)? = (4)? + (Gi)? 
= 16 + 36/2 
= 16 + (36)(—1) 
= —20 


“ y 


65. NUMBER SENSE Simplify each expression. Then 
classify your results in the table below. 


aon 4 tgs) (—4 = 71) 
Desde 08). (= 10+. 43) 
eo(Zree 151) — (25 = 67) 
a6 + 7)(8 — 1) 
Ct) = 37) + (— 17 — 67) 
fee ee (113) 
g. (7+ 5i) + (7 — Si) 
hie (Jr) — (—3 — 87) 
Real Imaginary A Pure imaginary | 
numbers numbers | numbers 


66. MAKING AN ARGUMENT The Product Property of 
Square Roots states Va « Vb = Vab. Your friend 
concludes V—4 + V-9 = V36 = 6. Is your friend 
correct? Explain. 
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67. FINDING A PATTERN Make a table that shows the 
powers of i from i! to i® in the first row and the 
simplified forms of these powers in the second row. 
Describe the pattern you observe in the table. Verify 
the pattern continues by evaluating the next four 
powers of i. 


68. HOW DO YOU SEE IT? The graphs of three functions 
are shown. Which function(s) has real zeros? 
imaginary zeros? Explain your reasoning. 


In Exercises 69-74, write the expression as a complex 
number in standard form. 


69. (3 + 4i) — (7 — 5i) + 2i9 + 123) 
70. 3i(2 + 5i) + (6 — 7i) -( + i) 

71. (3 + Si)(2 — 7i4) 

72. 2i3(5 — 12i) 

73. (2+ 415) + (1 — 916) — (3 + i7) 


aS — OF eee — Jie) 


110 Chapter 3 


Ma inta ining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Determine whether the given value of x is a solution to the equation. — (Skills Review Handbook) 


75. OPEN-ENDED Find two imaginary numbers whose 
sum and product are real numbers. How are the 
imaginary numbers related? 


76. COMPARING METHODS Describe the two different 
methods shown for writing the complex expression in 
standard form. Which method do you prefer? Explain. 


Method 1 
4i(2 — 3i) + 4i(1 — 2i) = Bi— 12/2 + 4i—- Bi? 


= 8i— 12(-1) + 4i- 8(—1) 
= 20+ 12i 


Method 2 
4i(2 — 3i) + 4i(1 — 2i) = 4i[(2 — 3i) + (1 - 2/)) 


= 4i[3 — 5] 
= 12i— 20i? 
= 12i— 20(-1) 
= 20+ 12i 


77. CRITICAL THINKING Determine whether each 
statement is true or false. If it is true, give an 
example. If it is false, give a counterexample. 


a. The sum of two imaginary numbers is an 
imaginary number. 


b. The product of two pure imaginary numbers is a 
real number. 


c. A pure imaginary number is an imaginary number. 
d. A complex number is a real number. 


78. THOUGHT PROVOKING Create a circuit that has an 
impedance of 14 — 33. 


19°95 


79. 3a@—2)+4x-l1=x-1;x=1 80. © -—6=274+9-—3x;x=—-5 81. —x2 4 4x = 22,7 = —3 


3 


Write a quadratic function in vertex form whose graph is shown. (Section 2.4) 


Quadratic Equations and Complex Numbers 


Completing the Square 


Essential Question How can you complete the square for a 


quadratic expression? 


EXPLORATION 1 Using Algebra Tiles to Complete the Square 


Work with a partner. Use algebra tiles to complete the square for the expression 
x? + 6x. 


a. You can model x? + 6x using one x?-tile and be 
six x-tiles. Arrange the tiles in a square. Your 


arrangement will be incomplete in one of 4 3 2) 
the corners. a 


b. How many 1-tiles do you need to complete 
the square? 


c. Find the value of c so that the expression 


x2 +6x+¢ ay 
is a perfect square trinomial. = 
d. Write the expression in part (c) as the square Cee 


of a binomial. 


Aer eee §=Drawing Conclusions 


Work with a partner. 


a. Use the method outlined in Exploration 1 to complete the table. 


: Value of cneeded to | Expression written as a | 
Expression ; : 
_ complete the square binomial squared 


a a 
LOOKING FOR |* | 
STRUCTURE eM ae | 
To be proficient in math, i 8x 1c | 
you need to look closely Oe 


to discern a pattern 
or structure. 


b. Look for patterns in the last column of the table. Consider the general statement 
x2 + bx +c = (x + d). How are d and b related in each case? How are c and d 
related in each case? 


c. How can you obtain the values in the second column directly from the coefficients 
of x in the first column? 


Communicate Your Answer 


3. How can you complete the square for a quadratic expression? 


4. Describe how you can solve the quadratic equation x? + 6x = 1 by completing 
the square. 
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Core Vocabulary... 


completing the square, p. 772 


Previous 
perfect square trinomial 
vertex form 


| et a ne 


ANOTHER WAY 
You can also solve the 
equation by writing it 
in standard form as 
x2 — 16x — 36 =0 


and factoring. 


What You Will Learn 


& Solve quadratic equations using square roots. 
Pm Solve quadratic equations by completing the square. 
> Write quadratic functions in vertex form. 


Solving Quadratic Equations Using Square Roots 


Previously, you have solved equations of the form u? = d by taking the square root of 
each side. This method also works when one side of an equation is a perfect square 
trinomial and the other side is a constant. 


Solving a Quadratic Equation Using Square Roots 


Solve x2 — 16x + 64 = 100 using square roots. 


SOLUTION 
x* — 16x + 64 = 100 Write the equation. 
(x — 8)? = 100 Write the left side as a binomial squared. 
Ys = 10 Take square root of each side. 


eon () Add 8 to each side. 


> So, the solutions are x = 8 + 10 = 18 andx = 8 — 10 = —2. 
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Solve the equation using square roots. Check your solution(s). 


ip ee eer 2. x2 -6x+9=1 3. x2 — 22x + 121 = 81 


arene! 


In Example 1, the expression x? — 16x + 64 is a perfect square trinomial because it 
equals (x — 8)*. Sometimes you need to add a term to an OL x? + bx to make it 
a perfect square trinomial. This process is called completing the square 


G Core Concept 


Completing the Square 
2 
Words To complete the square for the expression x? + bx, add (2) : 


Diagrams In each diagram, the combined area of the shaded regions is x? + bx. 


Adding (2) completes the square in the second diagram. 


as) am 
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LOOKING FOR 
STRUCTURE 


Notice you cannot solve 

the equation by factoring 
because x2 — 10x + 7 
is not factorable as a 
product of binomials. 


Solving Quadratic Equations by 
Completing the Square 


Peewee §=6Making a Perfect Square Trinomial 


Find the value of c that makes x? + 14x + ¢ a perfect square trinomial. Then write 
the expression as the square of a binomial. 


SOLUTION 
Step 1 Find half the coefficient of x. o=7 
Step 2 Square the result of Step 1. 7? = 49 


Step 3 Replace c with the result of Step 2. x* + 14x + 49 


> The expression x2 + 14x + c is a perfect square trinomial 
when c = 49, Then x2 + 14x + 49 = (x + 7)%+7) =(+ 7). 
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Find the value of c that makes the expression a perfect square trinomial. Then 
write the expression as the square of a binomial. 


4.x7°+8x+t+e¢ 5. x7 -2x+c 6. x7 -—9x+¢ 


The method of completing the square can be used to solve any quadratic equation. 
When you complete the square as part of solving an equation, you must add the same 
number to both sides of the equation. 


EXAMPLE 3 


Solving ax? + bx + c=0Owhena=1 


Solve x* — 10x + 7 = 0 by completing the square. 


SOLUTION 
x7— 10x +7=0 Write the equation. 
Oy —'] Write left side in the form x? + bx. 
i esa + 25 Add (by ~ el = 25 to each side. 
(x — 5)? = 18 ; Write left side as a binomial squared. 
x—5=+V18 Take square root of each side. 
54 (6 Add 5 to each side. 
x= 5 + 3V2 Simplify radical. 
P The solutions are x = 5 + 3V2 and Check 


x = 5 — 3V2. You can check this by 
graphing y=x*—10x+7.The  _ 
x-intercepts are about 9.24 ~ 5 + 3V2 
and 0.76 ~ 5 — 3V2. 
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Chapter 3 


EXAMPLE 4 Solving ax? + bx + c= 0 whena # 1 


Solve 3x? + 12x + 15 = 0 by completing the square. 


SOLUTION 
The coefficient a is not 1, so you must first divide each side of the equation by a. 
3x2 + 12x + 15=0 Write the equation. 
x2>+4x+5=0 Divide each side by 3. 
to et = 5 Write left side in the form x2 + bx. 
by _ [4 
v?+4y+4=-54+4 Add (| = (4) = 4 to each side. 
(x + 2)? =—-1 Write left side as a binomial squared. 
xt+2=4V-1 Take square root of each side. 


x=—-2+V-1 Subtract 2 from each side. 


x=—24i Write in terms of /. 


The solutions are x = —2 + iandx = —2 —i. 
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Solve the equation by completing the square. 

To 4 8 1) Sax + 8x 0 oo ok loc 0 
10. 4x? + 32x = —68 AS Gx(x 4 2) =e? 12. 2x(x — 2) = 200 


Writing Quadratic Functions in Vertex Form 

Recall that the vertex form of a quadratic function is y = a(x — h)* + k, where (h, k) 
is the vertex of the graph of the function. You can write a quadratic function in vertex 
form by completing the square. 


“EXAMPLE 5 Writing a Quadratic Function in Vertex Form 


Write y = x? — 12x + 18 in vertex form. Then identify the vertex. 


SOLUTION 
y =a ey ie Write the function. 
ye? = Ss 2) 4 18 Prepare to complete the square. 


do Cisse aie 

y + 36 = (x? — 12x + 36) + 18 Add (| = (= = 36 to each side. 

y+ 36=( 6)" 18 Write x? — 12x + 36 as a binomial squared. 
y=(x— 6)* — 18 Solve for y. 


> The vertex form of the function is y = (x — 6) — 18. The vertex is (6, —18). 
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Write the quadratic function in vertex form. Then identify the vertex. 


13. y= x? — 8x + 18 14. y=x2+6x+4 15 oy = ea 


Quadratic Equations and Complex Numbers 


ANOTHER WAY 


You can use the 
coefficients of the original 
function y = f(x) to find 
the maximum height. 


(-2al = ae 


= f(3) 


= 147 


LOOKING FOR 
STRUCTURE 


You could write the zeros 


ass + AG, but it is 


easier to recognize that 

3 — V9.1875 is negative 
because V9.1875 is greater 
than 3. 


“\igeaeem Modeling with Mathematics 


The height y (in feet) of a baseball t seconds 
after it is hit can be modeled by the function ; 


y = —16t? + 96r + 3. | 


Find the maximum height of the baseball. 
How long does the ball take to hit the ground? 


SOLUTION 


1. Understand the Problem You are given 
a quadratic function that represents the 
height of a ball. You are asked to determine 
the maximum height of the ball and how 
long it is in the air. 


2. Make a Plan Write the function in vertex 
form to identify the maximum height. Then 
find and interpret the zeros to determine how 
long the ball takes to hit the ground. 


3. Solve the Problem Write the function in vertex form by completing the square. 


y = — 162 + 96r + 3 Write the function. 
y = —16(t? — 62) + 3 Factor —16 from first two terms. 
oa 16(f- — 6f + 7?) +3 Prepare to complete the square. 
y + (—16)9) = —16(t? — 6 + 9) + 3 Add (—16)(9) to each side. 
ye 14 16 - 3)? + 3 Write t? — 6t + 9 as a binomial squared. 
y = —16(t — 3)* + 147 Solve for y. 
The vertex is (3, 147). Find the zeros of the function. 
O—— 16 — 3) 4 147 Substitute 0 for y. 
ity = 16(7 —_5)- Subtract 147 from each side. 
9.1875 = (t — 3) Divide each side by —16. 
+V9.1875 =t—3 Take square root of each side. 
5 90875 =1 Add 3 to each side. 
Reject the negative solution, 3 — V9.1875 ~ —0.03, because time must be positive. 


P So, the maximum height of the ball is 147 feet, and it takes 
3 + V9.1875 ~ 6 seconds for the ball to hit the ground. 


4. Look Back The vertex indicates that the maximum 180 


height of 147 feet occurs when t = 3. This makes 
sense because the graph of the function is parabolic 
with zeros near t = 0 and ¢ = 6. You can use a graph 
‘to check the maximum height. 


0 
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16. WHAT IF? The height of the baseball can be modeled by y = —16t? + 801 + 2. 
Find the maximum height of the baseball. How long does the ball take to hit 
the ground? 
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3.3 Exercises Dynamic Solutions available at SigideasMatri_com 


Vocabulary and Core Concept Check 


1. VOCABULARY What must you add to the expression x? + bx to complete the square? 


2. COMPLETE THE SENTENCE The trinomial x? — 6x + 9isa because it equals : 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-10, solve the equation using square roots. In Exercises 25-36, solve the equation by completing the 
Check your solution(s). (See Example I.) square. (See Examples 3 and 4.) 
seen oer 28 Aer? — 1074 25)—1 252-27 6x + 3 = 0 20.75 12s 6 —0 
5. x7-— 18x + 81 =5 6. m* + 8m+ 16 = 45 27. x7+4x-2=0 28. 7? —8—5=0 
7. y?—24y + 144 = —100 29. e¢z+9)=1 30. x(x + 8) = —20 
8. x? — 26x + 169 = —13 31. 712+ 281+56=0 32. 6r?+6r+12=0 
9. 4w+4wt+1=75 10. 4x27-—8x+4=1 33. 5x(x + 6) = —50 34. 4w(w — 3) = 24 
In Exercises 11-20, find the value of c that makes the 35. 4x? — 30x = 12 + 10x 
expression a perfect square trinomial. Then write the 
expression as the square of a binomial. (See Example 2.) 36. 352+ 8s =2s—9 
11. x*+ 10x +c 12. x2+20x+c¢ 


37. ERROR ANALYSIS Describe and correct the error in 
solving the equation. 


13. y?-1l2y+ec 14. 127—22t+c¢ 
15. x7-6xt+c 16. 7+24x+ c x Ax’ + 24x — Ve : 
A(x? + 6x) = 11 
Py yeePe a, ti. 2 : 
17. re 5z+c 18. x +9Ox+c A(x? + 6x+9)=114+9 
19. w*+ l3wt+e 20. s?-—26s+c A(x + 3)? = 20 
: (x+ 3)? =5 i 
In Exercises 21-24, find the value of c. Then write an V5 . 
expression represented by the diagram. 1155 fi 
21. 22. = _x=—32V5 | 
38. ERROR ANALYSIS Describe and correct the error 
in finding the value of c that makes the expression a 
perfect square trinomial. 
23. 24. 


x x? + 3Ox +c 
x2 + 30x + 2 
x2 + 3Ox+15 


39. WRITING Can you solve an equation by completing 
the square when the equation has two imaginary 
solutions? Explain. 


116 Chapter 3 Quadratic Equations and Complex Numbers 


40. ABSTRACT REASONING Which of the following are 
solutions of the equation x? — 2ax + a* = b?? Justify 
your answers. 


CA) ab B®) -a-b 
© b ®M) a 
@ra-b @® a+b 


USING STRUCTURE In Exercises 41-50, determine 
whether you would use factoring, square roots, or 
completing the square to solve the equation. Explain 
your reasoning. Then solve the equation. 


M1. x2-4x-21=0 42. x24+13x+22=0 
43. (x + 4)? = 16 44. (x-—7=9 

45. x2+ 12x + 36=0 

46. x2— 16x +64=0 

AT. 2x2 + 4x-3=0 

AS. 3x2+ 12x+1=0 

49. x2— 100 =0 50. 4x2—20=0 


MATHEMATICAL CONNECTIONS In Exercises 51-54, find 
the value of x. 


51. Area of 52. Area of 
rectangle = 50 parallelogram = 48 
== A 
x+ 10 mw 


XO) 


53. Area of triangle = 40 54. Area of trapezoid = 20 
3x — 1 
xe 
x+4 


In Exercises 55-62, write the quadratic function in 
vertex form. Then identify the vertex. (See Example 5.) 


55. fix) = x2 — 8x + 19 
amex) — x2— 4x — 1 
By e(x) — x2 + 12x. + 37 
58. h(x) = x? + 20x + 90 


Bo. h(x) = x2 + 2x — 48 


60. 


61. 


62. 


63. 


64. 


fix) =x? + 6x — 16 
a) => — 3x + 4 
e(x) =x2+ 7x4+2 


MODELING WITH MATHEMATICS While marching, 
a drum major tosses a baton into the air and catches 
it. The height / (in feet) of the baton t seconds 

after it is thrown can be modeled ‘vy the function 

h = —16t? + 32t+ 6. (See Example 6.) 


a. Find the maximum height of the baton. 


b. The drum major catches the baton when it is 
4 feet above the ground. How long is the baton 
in the air? 


MODELING WITH MATHEMATICS A firework 
explodes when it reaches its maximum height. The 
height h (in feet) of the firework tf seconds after it is 
launched can be modeled by h = ep + wr 10; 
What is the maximum height of the firework? How 
long is the firework in the air before it explodes? 


65. COMPARING METHODS A skateboard shop sells 


about 50 skateboards per week when the advertised 
price is charged. For each $1 decrease in price, one 
additional skateboard per week is sold. The shop’s 
revenue can be modeled by y = (70 — x)(50 + x). 


SKATEBOARDS 
Quality 

Skateboards 

for $70 


a. Use the intercept form of the function to find the 
maximum weekly revenue. 


b. Write the function in vertex form to find the 
maximum weekly revenue. 


c. Which way do you prefer? Explain your 
reasoning. 
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66. HOW DO YOU SEE IT? The graph of the function 
f(x) = (x — h)? is shown. What is the x-intercept? 
Explain your reasoning. 


69. MAKING AN ARGUMENT Your friend says the 
equation x? + 10x = —20 can be solved by either 
completing the square or factoring. Is your friend 
correct? Explain. 


ery eer 


| 70. THOUGHT PROVOKING Write a function g in standard | 
form whose graph has the same x-intercepts as the 
graph of f(x) = 2x? + 8x + 2. Find the zeros of 
each function by completing the square. Graph each 


function. 


71, CRITICAL THINKING Solve x? + bx + c = 0 by 
completing the square. Your answer will be an 
expression for x in terms of b and c. 


67. WRITING At Buckingham Fountain in Chicago, the 
height / (in feet) of the water above the main nozzle 
can be modeled by h = —16t? + 89.6t, where t is the 


72. DRAWING CONCLUSIONS In this exercise, you 
will investigate the graphical effect of completing 


: : : the square. 
time (in seconds) since the water has left the nozzle. 
Describe three different ways you could find the a. Graph each pair of functions in the same 
maximum height the water reaches. Then choose a coordinate plane. 
method and find the maximum height of the water. Wer on eae 


= + 1 2 — == 3 2 
68. PROBLEM SOLVING A farmer is building a een 1) y=(@—3) 


rectangular pen along the side of a barn for animals. b. Compare the graphs of y = x? + bx and 

The barn will serve as one side of the pen. The S a : 

farmer has 120 feet of fence to enclose an area of ‘ae (x ka ie Describe What ha pe ee ay 
1512 square feet and wants each side of the pen to be of y = x2 + bx when you complete the square. 


at least 20 feet long. 


a. Write an equation that represents the area of 73. MODELING WITH MATHEMATICS In your pottery 


the pen. class, you are given a lump of clay with a volume 
a of 200 cubic centimeters and are asked to make a 

b. Solve the equation in part (a) to find the cylindrical pencil holder. The pencil holder should 
dimensions of the pen. be 9 centimeters high and have an inner radius of 


3 centimeters. What thickness x should your pencil 
holder have if you want to use all of the clay? 


3 cmy va cm 


xcm 
Top view Side view 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Solve the inequality. Graph the solution. (Skills Review Handbook) 
74. 2x-3<5 75. 4—8y>12 76. nae | 77. 


Graph the function. Label the vertex, axis of symmetry, and x-intercepts. (Section 2.2) 


78. g(x) = 6(x — 4)? 719. he) = 23) 


80. fQ@ja= x= 225 81. f(x) = 2@ + 10) — 12) 
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3.1-3.3 What Did You Learn? 


Core Vocabulary 


quadratic equation in one variable, p. 94 
root of an equation, p. 94 

zero of a function, p. 96 

imaginary unit 7, p. 104 


Core Concepts 


Section 3.1 


Solving Quadratic Equations Graphically, p. 94 
Solving Quadratic Equations Algebraically, p. 95 


Section 3.2 
The Square Root of a Negative Number, p. /04 


Section 3.3 


Solving Quadratic Equations by Completing 
the Square, p. 113 


Mathematical Practices 


complex number, p. 104 
imaginary number, p. 104 
pure imaginary number, p. 104 
completing the square, p. 112 


Zero-Product Property, p. 96 


Operations with Complex Numbers, p. 105 


Writing Quadratic Functions in Vertex Form, p. 1/4 


1. Analyze the givens, constraints, relationships, and goals in Exercise 61 on page 101. 


2. Determine whether it would be easier to find the zeros of the function in Exercise 63 on 


page 117 or Exercise 67 on page 118. 


prc ccttettt - Study Skills - - --+=----------------- 


completing homework. 


from all potential distractions. 


encourage positive attitudes. 


Creating a Positive 
Study Environment 


e Set aside an appropriate amount of time for reviewing 
your notes and the textbook, reworking your notes, and 


e Set up a place for studying at home that is comfortable, 
but not too comfortable. The place needs to be away 


© Form a study group. Choose students who study well 
together, help out when someone misses school, and 


3.1-3.3 Quiz 


Solve the equation by using the graph. Check your solution(s). (Section 3.1) 


1. = 10g 2, 22 alo — 12x 3. 


oe 
; 4 | | 12x 


(A(x) = x2 — 10x + 25) (900 = 2x2 - 12x + 16} 


Solve the equation using square roots or by factoring. Explain the reason for your choice. (Section 3.1) 


4. 2x7 - 15=0 5. 3x*-x-2=0 6. «+ 3) =8 
7. Find the values of x and y that satisfy the equation 7x — 6i = 14 + yi. (Section 3.2) 


Perform the operation. Write your answer in standard form. (Section 3.2) 
8. 2-51) + (4+ 3) Osh Op) =P) 10, 2-4) 


11. Find the zeros of the function f(x) = 9x” + 2. Does the graph of the function intersect the 
x-axis? Explain your reasoning. (Section 3.2) 


Solve the equation by completing the square. (Section 3.3) 
12. x*-6x+10=0 13, <4 — 14. 4x(x + 6) = —40 


15. Write y = x* — 10x + 4 in vertex form. Then identify the vertex. (Section 3.3) 


16. A museum has a café with a rectangular patio. The museum wants 
to add 464 square feet to the area of the patio by expanding the 
existing patio as shown. (Section 3.1) 


a. Find the area of the existing patio. 
b. Write an equation to model the area of the new patio. 


c. By what distance x should the length of the patio be expanded? 


17. Find the impedance of the series circuit. (Section 3.2) 


70, 
50 20 


18. The height h (in feet) of a badminton birdie t seconds after it is hit can be modeled by the 
function h = —16t? + 32t + 4. (Section 3.3) 


a. Find the maximum height of the birdie. 


b. How long is the birdie in the air? 
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Using the Quadratic Formula 


Essential Question How can you derive a general formula for 


solving a quadratic equation? 


“EXPLORATION 1 


Deriving the Quadratic Formula 


Work with a partner. Analyze and describe what is done in each step in the 
development of the Quadratic Formula. 


Step Justification 


ax? +bx+c=0 


REASONING 


ax? + bx = —c 
ABSTRACTLY : 
To be proficient in math, xe oe 
you need to create a 
coherent representation \ ee b\? z b \2 
of the problem at hand. xe + = aE fal Boe (2) 
bY __Aac , b 
24—x%+ (2) eau ee ew 
‘ a. 2a 4a 4q2 
[2 ee 
2a 4a? 
te b _ ,4/b? — 4ac 
pa 4a’ 
(aa Vb? — 4ac 
2a 2\a| 


The result is the a —b+ Vb? — 4ac 
Quadratic Formula. | 2a 


‘EXPLORATION 2 


Using the Quadratic Formula 


Work with a partner. Use the Quadratic Formula to solve each equation. 


a. x2 -—4x+3=0 b. x2 -—2x+2=0 
c x27 +2x-3=0 d.x7+4x+4=0 
e. x27 - 6x +10 =0 f. x7 +4x+6=0 


Communicate Your Anewer 


3. How can you derive a general formula for solving a quadratic equation? 


4. Summarize the following methods you have learned for solving quadratic 
equations: graphing, using square roots, factoring, completing the square, 
and using the Quadratic Formula. 
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3A tLesson What You Will Learn 


® Solve quadratic equations using the Quadratic Formula. 
RB Analyze the discriminant to determine the number and type of solutions. 


Core Vocabulary. PR Solve real-life problems. 


| Quadratic Formula, p. 7122 


| discriminant, p. 124 Solving Equations Using the Quadratic Formula 
| | eee 


Previously, you solved quadratic equations by completing the square. In the 
Exploration, you developed a formula that gives the solutions of any quadratic 
equation by completing the square once for the general equation ax? + bx + c = 0. 


The formula for the solutions is called the Quadratic Formula. 
© Core Concept 


The Quadratic Formula 
Let a, b, and c be real numbers such that a # 0. The solutions of the quadratic 


fay Vy ty ey 
equation ax? + bx + ¢ = Oare x = —2 = V™ — Aae 
a 


Solving an Equation with Two Real Solutions 


COMMON ERROR 


Remember to write the Solve x? + 3x = 5 using the Quadratic Formula. 
quadratic equation in 
| standard form before SOLUTION 
applying the Quadratic a? 3x = 5 Write original equation. 
Formula. 
om x?+3x-5=0 Write in standard form. 
_ —b+Vb* - 4ac 
. = Quadratic Formula 
2a 
— 2+ \/ = nee a 
x= SS Substitute 1 for a, 3 for b, and —5 for c. 
— 32+ 
x= =3 = V29 Simplify. 
2 
So, the solutions are x = =e = 1.19 andx = sw = —4.19, 
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Solve the equation using the Quadratic Formula. 


1. x? -6x+4=0 2. 2x27+4=—7x 3. 5x27=x+8 
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EXAMI 2 | Solving an Equation with One Real Solution 
ANOTHER WAY 
You can also use factoring 


to solve 25x2 — 20x +4=0 SOLUTION 
because the left side 


Solve 25x? — 8x = 12x — 4 using the Quadratic Formula. 


Peiors as (Sx — 2)2. 25x" — 8% =a 4 Write original equation. 
25x? = 20x 4 = Write in standard form. 
p= SS Ne et) au =e) a=25,b=—20,c=4 
x= Best Simplify. 
x= : Simplify. 


> So, the solution is x = z, You can check this by graphing y = 25x? — 20x + 4. 


: aay) 
The only x-intercept is =. 


Solving an Equation with Imaginary Solutions 


Solve —x? + 4x = 13 using the Quadratic Formula. 


SOLUTION 
=x + 4y = 13 Write original equation. 
= Ax ls — 0 Write in standard form. 
—4 + 42 — 4(-1)(-13) 
So =I, = 4, — — 13 
i” Xa1) a 1,b6=4,¢ 
COMMON ERROR | =. ae 
Remember to divide en —2 a 
the real part and the See 
imaginary part by —2 x= 5 : Write in terms of i. 
when simplifying. s 
x=2+3i Simplify. 


P The solutions are x = 2 + 3iandx = 2 — 3i. 
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Solve the equation using the Quadratic Formula. 


AGx* + 41 = —8x Bae 9x? = 300 25 6Sk— Tat 
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Chapter 3 


Analyzing the Discriminant 


In the Quadratic Formula, the expression b? — 4ac is called the diseriminant of the 
associated equation ax* + bx + c = 0. 


ee b? — 4ac discriminant 
2a 


You can analyze the discriminant of a quadratic equation to determine the number and 
type of solutions of the equation. 


G) Core Concept 


Analyzing the Discriminant of ax? + bx +c =0 


Value of discriminant | a wae > ON b2 — 4ac = 0 b? — 4dac < 0 


Number and type Two real One real Two imaginary 
of solutions solutions solution solutions 
| 
VW Me Ve 
Graph of 5 2 , 
y=ax2+ bx +c 
| Two x-intercepts | One x-intercept | No x-intercept 


= = =n ee 


Se iaeaem Analyzing the Discriminant 


Find the discriminant of the quadratic equation and describe the number and type of 
solutions of the equation. 


a. x27 -—6x+ 10=0 b. x2? -6x+9=0 c. x27 -6x+8=0 
SOLUTION 
Equation Discriminant Solution(s) 
= Saar ee, 
rs een et i? = dae pe 
2a 
a. x?—6x+ 10=0 (—6)? — 4(1)(10) = —4 Two imaginary: 3 + i 
b. x7 — 6x +9 =0 (—6)2 — 4(1)(9) = 0 One real: 3 
c. x7—- 64 +8 =0 (—6)2 — 4(1)(8) = 4 Two real: 2, 4 
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Find the discriminant of the quadratic equation and describe the number and 
type of solutions of the equation. 


7. 4x2 + 8x+4=0 8. 3x2 +x-1=0 
9. Sx? = 8x — 13 10. 7x? — 3x = 6 
11, 4x2 + 6x = —9 12. —5x +6 0% 


Quadratic Equations and Complex Numbers 


ANOTHER WAY 


Another possible 
equation in Example 5 is 
4x? — 4x + 1= 0. You can 
obtain this equation by 
letting a = 4andc = 1. 


Writing an Equation 


Find a possible pair of integer values for a and c so that the equation ax? — 4x + c = 0 
has one real solution. Then write the equation. 


SOLUTION 
In order for the equation to have one real solution, the discriminant must equal 0. 
b? — 4ac = 0 Write the discriminant. 
(—4)? — 4ac =0 Substitute —4 for b. 
16 — 4ac = 0 Evaluate the power. 
—4ac = —16 Subtract 16 from each side. 
ac=4 Divide each side by —4. 


Because ac = 4, choose two integers whose product is 4, such as a = 1 and c = 4. 


P So, one possible equation is x2 — 4x + 4 = 0. 
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13. Find a possible pair of integer values for a and c so that the equation 
ax? + 3x + c = 0 has two real solutions. Then write the equation. 


The table shows five methods for solving quadratic equations. For a given equation, it 
may be more efficient to use one method instead of another. Suggestions about when 
to use each method are shown below. 


Concept Summary 


Methods for Solving Quadratic Equations 


aU T we 
od — _ When to Use 


i | 


Graphing | Use when approximate solutions are adequate. 


_—_- 
Use when solving an equation that can be written in the | 
form u? = d, where u is an algebraic expression. + 


Using square roots 


Factoring Use when a quadratic equation can be factored easily. 


| Can be used for any quadratic equation 
ax? + bx + c = 0 but is simplest to apply when 
a = 1 and bis an even number. ) 


Completing 
the square 


| Quadratic Formula | Can be used for any quadratic equation. | 
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Solving Real-Life Problems 


The function h = —16t? + ho is used to model the height of a dropped object. For 
an object that is launched or thrown, an extra term vot must be added to the model 
to account for the object’s initial vertical velocity vg (in feet per second). Recall that 
his the height (in feet), ¢ is the time in motion (in seconds), and hg is the initial 
height (in feet). 


h = —16t2 + hy Object is dropped. 
h = —16t? + vot + ho Object is launched or thrown. 


As shown below, the value of vg can be positive, negative, or zero depending on 
whether the object is launched upward, downward, or parallel to the ground. 


Vo > 0 


Modeling a Launched Object 


A juggler tosses a ball into the air. The ball leaves the juggler’s hand 4 feet above the 
ground and has an initial vertical velocity of 30 feet per second. The juggler catches 
the ball when it falls back to a height of 3 feet. How long is the ball in the air? 


SOLUTION 


Because the ball is thrown, use the model h = —16t? + vot + Ao. To find how long the 
ball is in the air, solve for t when h = 3. 


h=—16P + vol sen Write the height model. 
3 = —16f + 30t + 4 Substitute 3 for h, 30 for vo, and 4 for ho. 
eter aes 0 tal Write in standard form. 


This equation is not factorable, and completing the square would result in fractions. 
So, use the Quadratic Formula to solve the equation. 


—30 + 1/302 — 4(—16)(1) 


— a= —16,b = 30,c=1 


2 (Gallo) 
—30 + V964 oe 
i Se Fi 
=r) Simplify 
t ~ —0.033 or t= 1.9 Use a calculator. 


> Reject the negative solution, —0.033, because the ball’s time in the air cannot be 
negative. So, the ball is in the air for about 1.9 seconds. 
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14. WHAT IF? The ball leaves the juggler’s hand with an initial vertical velocity of 
40 feet per second. How long is the ball in the air? 
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= 
3.4 Exercises Dynamic Sciutions available at B/tiicashath.com 


Vocabulary and Core Concept Check 


1. COMPLETE THE SENTENCE When a, b, and c are real numbers such that a # 0, the solutions of the 
quadratic equation ax* + bx + c = Oarex = 


2. COMPLETE THE SENTENCE You can use the of a quadratic equation to determine the 
number and type of solutions of the equation. 


4. WRITING Which two methods can you use to solve any quadratic equation? Explain when you might 
prefer to use one method over the other. 


3. WRITING Describe the number and type of solutions when the value of the discriminant is negative. 
| 


Monitoring Progress and Modeling with Mathematics 


In Exercises 5-18, solve the equation using the 28. USING EQUATIONS Determine the number and type 
Quadratic Formula. Use a graphing calculator to check of solutions to the equation x? + 7x = —11. 


your solution(s). (See Examples 1, 2, and 3.) Oe ee 


a = 2 = 
ae 4x + 3 = 0 6. 3x° + 6x + 3 = 0 Pear ea Gren 
7. 224+ 6x+ 15=0 8. 6x? — 2471-0 - €©) two imaginary solutions 
Bee — 14x = —49 10. 2x2 + 4x = 30 2 solution 
11. 3x2+5=—-2x 12. —3x =2x*-4 ANALYZING EQUATIONS In Exercises 29-32, use the 
discriminant to match each quadratic equation with 
se Ox = —25 — x7 a 5 G6 = 4x the correct graph of the related function. Explain 


your reasoning. 
An? Se 2 i 
— Oo eae ee 29. x2—6x+25=0 30. 2x2-20x+50=0 


a 7 — } =— 2 
ee (12z + 6 eR RY BAe 0 0 estes — 10x = 35 = 0 


In Exercises 19-26, find the discriminant of the 


quadratic equation and describe the number and type a 
of solutions of the equation. (See Example 4.) 

foes + 12x + 36=0 20; <—x+6—0 

21. 4n*-—4n-24=0 22. —x*+2x+12=0 

23, 4x7 = 5x — 10 24. —18p=p*+ 81 

25. 24x=—48—3x2 26. -2x27-6=x s 


27. USING EQUATIONS What are the complex solutions 
of the equation 2x? — 16x + 50 = 0? 


@® 4+ 31,4 -3i 4+ 12i,4 — 12i 
© 16+3i,16-3i @ 16+ 12i, 16 — 12i 
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ERROR ANALYSIS In Exercises 33 and 34, describe and 
correct the error in solving the equation. 


33. 
x x2 + 10x+74=0 


Ses —10 + 102 — 4(1)(74) 
2(1) 
-10+V-196 
2 
~10+14 
2 


=—12 one 


34. 
x x2 +6x+B=2 


~6 + 62 — 4(1)(8) | 


2) 
_~6+ V4 


x= 


Il 
| 
NY 
9 
os 
| 
db 


OPEN-ENDED In Exercises 35-40, find a possible pair of 
integer values for a and c so that the quadratic equation 
has the given solution(s). Then write the equation. 

(See Example 5.) 


35. ax? + 4x + c = 0; two imaginary solutions 
36. ax* + 6x + c = 0; two real solutions 

37. ax? — 8x +c = 0; two real solutions 

38. - ax? — 6x + c = 0; one real solution 

39. ax* + 10x = c; one real solution 


40. —4x + c = —ax’; two imaginary solutions 


USING STRUCTURE In Exercises 41-46, use the 
Quadratic Formula to write a quadratic equation that 
has the given solutions. 


—§ sae 70 15: 2 5 
4. x = ——_—_—— 72 aE 
x = 42, x oS) 
— ea =) availa? 
43. x= _ x= 
x a 44. x 4 
=i Se Dasa 
45. = - = Sse 
x G 46. x a; 


COMPARING METHODS In Exercises 47-58, solve the 
quadratic equation using the Quadratic Formula. Then 
solve the equation using another method. Which method 
do you prefer? Explain. 


47. 3° i 48. 5x*+ 38 =3 
49. 2x* — 54 = 12x 50s — 35 7-15 
Six ia + 12 B27 ea + Ox — 1S = 0 
53) oe oly — 15 54. 8x7 +4x+5=0 
Boe a 56. —31x -56— —x- 


57. *=1-x 58. 9x2 + 36x +72=0 


MATHEMATICAL CONNECTIONS In Exercises 59 and 60, 
find the value for x. 


59. Area of the rectangle = 24 m? 


(2x — 9)m 
(x + 2)m 
60. Area of the triangle = 8 ft? 
| 
(x + 1) ft 


61. MODELING WITH MATHEMATICS A lacrosse player 
throws a ball in the air from an initial height of 7 feet. 
The ball has an initial vertical velocity of 90 feet per 
second. Another player catches the ball when it is 
3 feet above the ground. How long is the ball in 
the air? (See Example 6.) 


62. NUMBER SENSE Suppose the quadratic equation 
ax? + 5x + c = Ohas one real solution. Is it possible 
for a and c to be integers? rational numbers? Explain 
your reasoning. Then describe the possible values of 
a and c. 
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63. 


64. 


65. 


66. 


MODELING WITH MATHEMATICS In a volleyball 
game, a player on one team spikes the ball over the 
net when the ball is 10 feet above the court. The 
spike drives the ball downward with an initial vertical 
velocity of 55 feet per second. How much time does 
the opposing team have to return the ball before it 
touches the court? 


MODELING WITH MATHEMATICS An archer is 
shooting at targets. The height of the arrow is 5 feet 
above the ground. Due to safety rules, the archer must 
aim the arrow parallel to the ground. 


a. How long does it take for the arrow to hit a target 
that is 3 feet above the ground? 


b. What method did you use to solve the quadratic 
equation? Explain. 


PROBLEM SOLVING A rocketry club is launching 
model rockets. The launching pad is 30 feet above 
the ground. Your model rocket has an initial vertical 
velocity of 105 feet per second. Your friend’s model 
rocket has an initial vertical velocity of 100 feet 
per second. 


a. Use a graphing calculator to graph the equations 
of both model rockets. Compare the paths. 


b. After how many seconds is your rocket 119 feet 
above the ground? Explain the reasonableness of 
your answer(s). 


PROBLEM SOLVING The number A of tablet 
computers sold (in millions) can be modeled by the 
function A = 4.5t? + 43.5t + 17, where t represents 
the year after 2010. 


a. In what year did the tablet computer sales reach 
65 million? 


b. Find the average rate of change from 2010 to 
2012 and interpret the meaning in the context of 
the situation. 


c. Do you think this model will be accurate after a 
new, innovative computer is developed? Explain. 


67. MODELING WITH MATHEMATICS A gannet is a bird 


68. 


69. 


Section 3.4 


that feeds on fish by diving into the water. A gannet 
spots a fish on the surface of the water and dives 
100 feet to catch it. The bird plunges toward the 
water with an initial vertical velocity of —88 feet 
per second. 


a. How much time does the fish have to swim away? 


b. Another gannet spots the same fish, and it is only 
84 feet above the water and has an initial vertical 
velocity of —70 feet per second. Which bird will 
reach the fish first? Justify your answer. 


USING TOOLS You are asked to find a possible pair 
of integer values for a and c so that the equation 

ax* — 3x + c = Ohas two real solutions. When you 
solve the inequality for the discriminant, you obtain 
ac < 2.25. So, you choose the values a = 2 and 

c = 1. Your graphing calculator displays the graph of 
your equation in a standard viewing window. Is your 
solution correct? Explain. 


PROBLEM SOLVING Your family has a rectangular 
pool that measures 18 feet by 9 feet. Your family 
wants to put a deck around the pool but is not sure 
how wide to make the deck. Determine how wide 
the deck should be when the total area of the pool 
and deck is 400 square feet. What is the width of 
the deck? 


2G 
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70. HOW DO YOU SEE IT? The graph of a quadratic 


71. 


WZ, 


73. 
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function y = ax? + bx + c is shown. Determine 
whether each discriminant of ax? + bx + c = Ois 
positive, negative, or zero. Then state the number and 


type of solutions for each graph. Explain your reasoning. | 


a. y b. y 


CRITICAL THINKING Solve each absolute value 
equation. 


a. |x2—3x-14| =4 b. x? = |x| + 6 

MAKING AN ARGUMENT The class is asked to solve 
the equation 4x2 + 14x + 11 = 0. You decide to solve 
the equation by completing the square. Your friend 
decides to use the Quadratic Formula. Whose method 
is more efficient? Explain your reasoning. 


ABSTRACT REASONING For a quadratic equation 
ax? + bx + c = 0 with two real solutions, show 


that the mean of the solutions is -< How is this 
fact related to the symmetry of the graph of 


y=axrr+bx+c? 


Ma intaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Solve the system of linear equations by graphing. (Ski//s Review Handbook) 
78. y=2x-1 
y=xtl 


Vio Dy — 6 


x + 4y = 24 


3x +y=4 
6x + 2y = —4 


81. y= —-x2?+2x+1 


83. y= 05x? + 2x +5 


— Sw 


80. y= -x+2 
—5x + 5y = 10 


Graph the quadratic equation. Label the vertex and axis of symmetry. (Section 2.2) 


82. y= 2x7 -x+3 


84. y= —3x*-2 


74. THOUGHT PROVOKING Describe a real-life story that 


could be modeled by h = —16t? + vot + ho. Write 
the height model for your story and determine how 
long your object is in the air. 


75. REASONING Show there is no quadratic equation 


ax? + bx + c = Osuch that a, b, and c are real 
numbers and 3 and —2i are solutions. 


76. MODELING WITH MATHEMATICS The Stratosphere 


Tower in Las Vegas is 921 feet tall and has a “needle” 

at its top that extends even higher into the air. A thrill 
ride called Big Shot catapults riders 160 feet up the 
needle and then lets them fall back to the launching pad. 


rc 


| 
| 
| 
| 


a. The height h (in feet) of a rider on the Big Shot 
can be modeled by h = —!6r + vot + 921, 
where ¢ is the elapsed time (in seconds) after 
launch and yo is the initial vertical velocity 
(in feet per second). Find vy using the fact that the 
maximum value of h is 921 + 160 = 1081 feet. 


b. A brochure for the Big Shot states that the 
ride up the needle takes 2 seconds. Compare 
this time to the time given by the model 
h = —16f + vot + 921, where vy is the value you 
found in part (a). Discuss the accuracy 
of the model. 
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Solving Nonlinear Systems 


MAKING SENSE 
OF PROBLEMS 


To be proficient in math, 
you need to plana 
solution pathway rather 
than simply jumping into 
a solution attempt. 


Essential Question How can you solve a nonlinear system 


of equations? 


“EXPLORATION 1 Solving Nonlinear Systems of Equations 


Work with a partner. Match each system with its graph. Explain your reasoning. 
Then solve each system using the graph. 


a. y= x2 Doyo a 2 e y=a— 2x —5 
y=xt+2 y=xt2 y=-xt+1 
dy—-7 +. Cay =x = ea fyear Pict | 
y= —-x = et G y= =x + 2a Viaee tx a2 

A. 6 B. 8 
-12 12 
—6 beh | 
=) =o 
Cc 4 D. 4 
-6 6 -6 6 
=f —4 
E 5 F 5 
9 9 
cs) 6 
a5} 7 


“EXPLORATION 2 Solving Nonlinear Systems of Equations 


Work with a partner. Look back at the nonlinear system in Exploration 1(f). Suppose 
you want a more accurate way to solve the system than using a graphical approach. 


a. Show how you could use a numerical approach by creating a table. For instance, 
you might use a spreadsheet to solve the system. 


b. Show how you could use an analytical approach. For instance, you might try 
solving the system by substitution or elimination. 


Communicate Your Anewer 


3. How can you solve a nonlinear system of equations? 


4. Would you prefer to use a graphical, numerical, or analytical approach to solve 
the given nonlinear system of equations? Explain your reasoning. 


Va 2k So 
yo — Deed 
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What You Will Learn 


Rh Solve systems of nonlinear equations. 
Bm Solve quadratic equations by graphing. 


3.5 Lesson 


Core Vocabulary... 


system of nonlinear equations, § Systems of Nonlinear Equations 


dee Previously, you solved systems of linear equations by graphing, substitution, and 
Previous elimination. You can also use these methods to solve a system of nonlinear equations. 
system of linear equations In a system of nonlinear equations, at least one of the equations is nonlinear. For 
circle instance, the nonlinear system shown has a quadratic equation and a linear equation. 
Yee oe Equation 1 is nonlinear. 
y=2x+5 Equation 2 is linear. 


When the graphs of the equations in a system are a line and a parabola, the graphs 
can intersect in zero, one, or two points. So, the system can have zero, one, or two 
solutions, as shown. 


YU ML Ww 


No solution One solution Two solutions 


When the graphs of the equations in a system are a parabola that opens up and a 
parabola that opens down, the graphs can intersect in zero, one, or two points. So, the 
system can have zero, one, or two solutions, as shown. 


so 


No solution One solution Two solutions 


Solving a Nonlinear System by Graphing 


Solve the system by graphing. 


ya a — Jee Equation 1 
ysozr=1 Equation 2 
SOLUTION 


Graph each equation. Then estimate the point of 
intersection. The parabola and the line appear to intersect 
at the point (0, — 1). Check the point by substituting the 
coordinates into each of the original equations. 


Equation 1 Equation 2 
y=x7-2x-1 y=-2x-1 
9 D) 
== (0)? — 20)1 == 20-4 


eZ Sas 


The solution is (0, —1). 
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Intersection 


| EXAMPLE 2 | Solving a Nonlinear System by Substitution 


Solve the system by substitution. fo y= —| Equation 1 
xt+y=4 Equation 2 


SOLUTION 
Begin by solving for y in Equation 2. 
y=—-x+4 Solve for y in Equation 2. 


Next, substitute —x + 4 for y in Equation 1 and solve for x. 


ee | Write Equation 1. 
x+x—-—(-x+4)=-1 Substitute —x + 4 for y. 
Hoe 4 = =] Simplify. 
oe os) Write in standard form. 
Gains =i 0 Factor. 
x+3=0 or x-—1=0 Zero-Product Property 
= = 3 OF x=1 Solve for x. 
To solve for y, substitute x = —3 and x = 1 into the equation y = —x + 4. 
y= See 4= —(-3) + 4=7 Substitute —3 for x. 
y=—-x4+4=-14+4=3 Substitute 1 for x. 


> The solutions are (—3, 7) and (1, 3). Check the solutions by graphing the system. 


Solving a Nonlinear System by Elimination 


Solve the system by elimination. 2 = 5x4 2 Eqneuenn 
xv+2x+y=0 Equation 2 


SOLUTION 
Add the equations to eliminate the y-term and obtain a quadratic equation in x. 
2 ey 
x*+2x+y= O 


Bes A =—-2- Add the equations. 
3x7 -3x+2= 0 Write in standard form. 
ate Wf 
x= See Use the Quadratic Formula. 


6 


> Because the discriminant is negative, the equation 3x* — 3x + 2 = Ohas no 
real solution. So, the original system has no real solution. You can check this by 
graphing the system and seeing that the graphs do not appear to intersect. 


Monitoring Progress @)) Help in English and Spanish at BigideasMath.com 


Solve the system using any method. Explain your choice of method. 


ay 252° + 3x+y=0 3. 2x7 +4x-—y= -2 
y=—4aG 6 ax+y=5 - ye+y=2 
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x 


circle: 
(x, y) 


COMMON ERROR 


You can also substitute 

x = 3 in Equation 1 to find 
y. This yields two apparent 
solutions, (3, 1) and 

(3, —1). However, (3, —1) 

is not a solution because it 


does not satisfy Equation 2. 


You can also see (3, —1) 
is not a solution from 
the graph. 
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Point on 


Some nonlinear systems have equations of the form 
x2 + y2 = 72, 
This equation is the standard form of a circle with center (0, 0) and radius r. 


When the graphs of the equations in a system are a line and a circle, the graphs 
can intersect in zero, one, or two points. So, the system can have zero, one, or two 
solutions, as shown. 


yO § 


No solution One solution - Two solutions 


Solving a Nonlinear System by Substitution 


Solve the system by substitution. x2 + y* = 10 Equation 1 
y= —3x+ 10 Equation 2 

SOLUTION 

Substitute —3x + 10 for y in Equation 1 and solve for x. 


x + y= = 10 

x? + (—3x + 10)? = 10 

et Oe = Gx + 100 =a 
10x? — 60x + 90 = 0 
x2—-6x+9=0 
— ~ 32 =0 


Write Equation 1. 

Substitute —3x + 10 for y. 
Expand the power. 

Write in standard form. 

Divide each side by 10. 

Perfect Square Trinomial Pattern 


x=3 Zero-Product Property 


To find the y-coordinate of the solution, 
substitute x = 3 in Equation 2. 


y = -33) + 10=1 


> The solution is (3, 1). Check the 
solution by graphing the system. 
You can see that the line and the 
circle intersect only at the 
point (3, 1). 
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Solve the system. 
4, x7 +)? = 16 5. x+y=4 


y=xt+4 


G04 y? al 


y=-x+4 y=pxt5 


Quadratic Equations and Complex Numbers 


Solving Equations by Graphing 
You can solve an equation by rewriting it as a system of equations and then solving the 
system by graphing. 


G) Core Concept 


Solving Equations by Graphing 
Step 1 To solve the equation f(x) = g(x), write a system of two equations, 
y = f(x) and y = g(x). 


Step 2 Graph the system of equations y = f(x) and y = g(x). The x-value of each 
solution of the system is a solution of the equation f(x) = g(x). 


ANOTHER WAY 


In Example 5(a), you can 

also find the solutions by Solve (a) ox Wee x" Oy > 1 and (b) —G— 1.5)? + 2.25 = 2x(x + 1.5) 
writing the given equation by graphing. 

as 4x* + 3x - 2 =O and 

solving this equation using SOLUTION 


the Quadratic Formula. i 
oe a. Step 1 Write a system of equations using each side of the original equation. 


Equation System 
y = 3x2 + 5x — 1 
= eee 


Solving Quadratic Equations by Graphing 


3x2 + 5x-1=-x2+2r4+1 


Step 2 Use a graphing calculator to graph the system. Then use the intersect 
feature to find the x-value of each solution of the system. 


3 3 


Intersection 
X=-1.175391 lY=-2.732324 


a5 


The graphs intersect when x ~ —1.18 and x ~ 0.43. 


> The solutions of the equation are x ~ —1.18 and x ~ 0.43. 


b. Step 1 Write a system of equations using each side of the original equation. 
Equation System 
y = —(% — 1.5)? + 2.25 
eee 1:5) 225 2x + 15) 
y = 2x(x + 1.5) 


Step 2 Use a graphing calculator to graph the system, as shown at the left. Then 
use the intersect feature to find the x-value of each solution of the system. 
The graphs intersect when x = 0. 


Intersection 


> The solution of the equation is x = 0. 
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Solve the equation by graphing. 


7. x2 -6x+ 15 = -—(x — 3? +6 8. x + 4) -— 1) = -—x? + 3x+4 
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= 
3. 5 Exercises Dynamic Solutions available at BizgideasMath.com 


Vocabulary and Core Concept Check 


1. WRITING Describe the possible solutions of a system consisting of two quadratic equations. 


2. WHICH ONE DOESN'T BELONG? Which system does not belong with the other three? Explain 
your reasoning. 


-y=2x-1 y= axtt+4x+1 | eP+y=4 
y= —37 46mm y= — 5x2 37 ceaie | y Senet l 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-10, solve the system by graphing. Check In Exercises 15-24, solve the system by substitution. 
your solution(s). (See Example I.) (See Examples 2 and 4.) 
3, y=xt2 4. y=(G—3o) 15. y=x+5 16. x*+y* = 49 
y = 0.5(x + 2)? y=5 y=xr—xt2 y=7-x 
5. y=axt2 6. y = —3x2 — 30x — 71 17. 22+ y2 = 64 1829 
ee ee rt y= 3  y=-8 oe aaa 18 
7. Y=x + 8x + 18 8. y= —2x7-9 19. 2x? 4-4 3 20) 2k ee 
v= — 2h — 16 eaee y= —4x -1 —2x + y = —4 y= —3%—3 
= x2 — = = Jk? 
9. y=(x-2) 10. y= Liy +2)? ery = xo 22. y +1l6x — 22 = 4% 
F | —7=-x-y 4x2 — 24x + 26+ y=0 
yee ee Ae y= 5x 
23k ye 24, xe +y= 
In Exercises 11-14, solve the system of nonlinear x+ 3y= 21 —L- y= | 


equations using the graph. 
25. USING EQUATIONS Which ordered pairs are solutions 


11. of the nonlinear system? 
y= 5x2 — 5x+ 2 
= Se 
@ (1,6) (3, 0) 
COMES OS) @) (7,0) 
13. 


26. USING EQUATIONS How many solutions does the 
system have? Explain your reasoning. 


y=7x2—11x +9 
YS =e Ss 


@ 0 
(@) 2 


@ © 
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In Exercises 27~—34, solve the system by elimination. 
(See Example 3.) 


pee ex — 3x y = —5 
ea y— 5 


2G or — 5) y 
—x+2=-y 


29, —3x* + y = —18x + 29 
—3x2 — y = 18x — 25 
meme — —x- — 6x — 10 
y = 3x2 + 18x + 22 


31. yt+2x=-14 
ao y — 6x — 11 


32. y=2x27+4x4+7 
—y— ar + 7 


33. y = —3x2 — 30x — 76 
y = 2x2 + 20x + 44 


34. —10x? + y = —80x + 155 
5x2 + y = 40x — 85 


35. ERROR ANALYSIS Describe and correct the error in 


using elimination to solve a system. 


x y= —2x2 + 32x-—126 
—y=2x-14 


O=18x—- 126 
126 = 18x 
Spr Vf 


36. NUMBER SENSE The table shows the inputs and 
outputs of two quadratic equations. Identify the 
solution(s) of the system. Explain your reasoning. 


rie. ve 
= 3) 29 Sale = 
<9 
1 ie 3 - 21 
3 7 5} 
7 | 9. oad 
i =] 37 | =a 


In Exercises 37—42, solve the system using any method. 


Explain your choice of method. 
at, y =x" — 1 
ee Ox? + | 


39. —2x+ 10+ y=ix? 40. y=0.5x?— 10 
y= 10 y=-x +14 


38. y= —4x? — 16x — 13 
=3,2 + y + 12x = 17 


41. 


42. 


y= 30-4)? +6 
(e— 42 +2-y=0 


—x? + y? = 100 
p= =x 14. 


USING TOOLS In Exercises 43-48, solve the equation by 
graphing. (See Example S.) 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


Section 3.5 


x2 + Ix = —Zx? + 2x 

22 124 16 =o, our — 144 

(x + 2)(x — 2) = —x? + 6x -—7 

ee — 16% — 25a 484 1 95 

(x — 2)? -3 =(x + 3)(—x + 9) — 38 

(—x + 4)(x + 8) - 42 = +3)e+1)-1 
REASONING A nonlinear system contains the 
equations of a constant function and a quadratic 
function. The system has one solution. Describe the 
relationship between the graphs. 

PROBLEM SOLVING The range (in miles) of a 


broadcast signal from a radio tower is bounded by 
a circle given by the equation 


fey — 1620: 


ee ne ee 


A straight highway can be 
modeled by the equation 


y= —tx + 30; 


| 
i 
For what lengths of the | 
highway are cars able to | 
Le 


receive the broadcast signal? 


PROBLEM SOLVING A car passes a parked police 

car and continues at a constant speed r. The police 
car begins accelerating at a constant rate when 

it is passed. The diagram indicates the distance 

d (in miles) the police car travels as a function of 
time f (in minutes) after being passed. Write and solve 
a system of equations to find how long it takes the 
police car to catch up to the other car. 
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52. THOUGHT PROVOKING Write a nonlinear system 
that has two different solutions with the same 
y-coordinate. Sketch a graph of your system. Then 
solve the system. 


53. OPEN-ENDED Find three values for m so the system 
has no solution, one solution, and two solutions. 
Justify your answer using a graph. 


3) ——xX ae 7 
y=m+3 


54. MAKING AN ARGUMENT You and a friend solve 
the system shown and determine that x = 3 and 
x = —3. You use Equation | to obtain the solutions 
(3;.3),Gs=3); (= 3, 3), and:.(— 3; —3) veurinend 
uses Equation 2 to obtain the solutions (3, 3) and 
(—3, —3). Who is correct? Explain your reasoning. 


x2 + y? = 18 Equation 1 


x—-—y=0 Equation 2 

55. COMPARING METHODS Describe two different ways 
you could solve the quadratic equation. Which way do 
you prefer? Explain your reasoning. 


=20" + 128 — 1 2a 


56. ANALYZING RELATIONSHIPS Suppose the graph of a 
line that passes through the origin intersects the graph 
of a circle with its center at the origin. When you 
know one of the points of intersection, explain how 
you can find the other point of intersection without 
performing any calculations. 


57. WRITING Describe the possible solutions of a system 
that contains (a) one quadratic equation and one 
equation of a circle, and (b) two equations of circles. 
Sketch graphs to justify your answers. 


58. HOW DO YOU SEE IT? The graph of a nonlinear 
system is shown. Estimate the solution(s). Then 
describe the transformation of the graph of the linear 
function that results in a system with no solution. 


59. MODELING WITH MATHEMATICS To be eligible for a 
parking pass on a college campus, a student must live 
at least 1 mile from the campus center. 


uA 
campus center 
Oak Lane College 


Drive 


Main 5 mi 
Street 


a. Write equations that represent the circle and 
Oak Lane. 


b. Solve the system that consists of the equations 
in part (a). 


c. For what length of Oak Lane are students not 
eligible for a parking pass? 


60. CRITICAL THINKING Solve the system of three 
equations shown. 


pe ee oath 
oy = — 2k 
y= —x +2 


Ma intaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Solve the inequality. Graph the solution on a number line. 


61. 4x-4>8 62.5 =x 7 Ss Gee 


(Skills Review Handbook) 
635 —3(3—4) 224 


Write an inequality that represents the graph. (Skills Review Handbook) 


138 — Chapter 3 


Quadratic Equations and Complex Numbers 


USING TOOLS 
STRATEGICALLY 


To be proficient in 
math, you need to 
use technological 
tools to explore 
your understanding 
of concepts. 


Quadratic Inequalities 


Essential Question How can you solve a quadratic inequality? 


“EXPLORATION 1 Solving a Quadratic Inequality 


Work with a partner. The graphing 


3 
calculator screen shows the graph of 
Hie) — x gsi 6 
Explain how you can use the graph to 
solve the inequality 
—5 


x7>+2x-3<0. 


Then solve the inequality. 


EXPLORATION 2 Solving Quadratic Inequalities 


Work with a partner. Match each inequality with the graph of its related quadratic 


function. Then use the graph to solve the inequality. 


a. x27-—3x+2>0 b. x2 -—4x+3<0 c. x7 -2x-3<0 
d.x2+x-22>0 e. x27—-x-2<0 f. x7-4>0 
A. — B. 


Communicate Your Anewer 


3. How can you solve a quadratic inequality? 


4. Explain how you can use the graph in Exploration | to solve each inequality. 
Then solve each inequality. 


a. x7 +2x-—3>0 b. x7 + 2x-3 <0 ce. x7 +2x-320 
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3.6 Lesson What You Will Learn 


Bb Graph quadratic inequalities in two variables. 


& Solve quadratic inequalities in one variable. 


Core Vocabulary. 


| quadratic inequality in Graphing Quadiails eee taes | in Two Variables 


; two variables, p. 740 
quadratic inequality in 


one variable, p. 142 


A quadratic ineqt variables can be written in one of the following forms, 
where a, b, ance c are ni tates and a # 0. 


| : y<ar+bxt+e y>ar+bxt+e 
Previous 
linear inequality in ysaet+bxtce yraet+bxt+c 
two variables 


Se a Lose The graph of any such inequality consists of all solutions (x, y) of the inequality. 


Previously, you graphed linear inequalities in two variables. You can use a similar 
procedure to graph quadratic inequalities in two variables. 


G) Core Concept 


Graphing a Quadratic Inequality in Two Variables 


To graph a quadratic inequality in one of the forms above, follow these steps. 


Step 1 Graph the parabola with the equation y = ax? + bx + c. Make the 
parabola dashed for inequalities with < or > and solid for inequalities 
with < or 2. 


Step 2 Test a point (x, y) inside the parabola to determine whether the point is 
a solution of the inequality. 


Step 3 Shade the region inside the parabola if the point from Step 2 is a solution. 
Shade the region outside the parabola if it is not a solution. 


Graphing a Quadratic Inequality in Two Variables 
Grip < =x — 2 — |, 
SOLUTION 
Step 1 Graph y = —x? — 2x — 1. Because y 
=~ the inequality symbol is <, make the [ 
LOGKING FOR parabola dashed. 


STRUCTURE 


Notice that testing a point 
| is less complicated when 
the x-value is 0 (the point 
is on the y-axis). 


Step 2 Test a point inside the parabola, 
such as (0, —3). 


Ve ee 
9) 

3-0 (0) — 1 

—3<-1 / 


So, (0, —3) is a solution of the inequality. 


Step 3 Shade the region inside the parabola. 


140 .~ Chapter 3 Quadratic Equations and Complex Numbers 


iM a 6 Using a Quadratic Inequality in Real Life 


A manila rope used for rappelling down a cliff can safely support a 
weight W (in pounds) provided 
W < 1480d? 


where d is the diameter (in inches) of the rope. Graph the inequality and 
interpret the solution. 


SOLUTION 


Graph W = 1480d? for nonnegative values 
of d. Because the inequality symbol is <, 
make the parabola solid. Test a point inside 
the parabola, such as (1, 3000). 


W < 1480d? 


Manila Rope 


A 
3000 < 1480(1)? 
3000 ¢ 1480 
P Because (1, 3000) is not a solution, 
shade the region outside the parabola. 


The shaded region represents weights that 
can be supported by ropes with various diameters. 


Weight (pounds) 


OOS 1.0. 1.52% ¢ 
Diameter (inches) 


Graphing a’system of quadratic inequalities is similar to graphing a system of 
Jinear inequalities. First graph each inequality in the system. Then identify the 
region in the coordinate plane common to all of the graphs. This region is called 
the graph of the system. 


Graphing a System of Quadratic Inequalities 


Graph the system of quadratic inequalities. 


vias 3 Inequality 1 
y2x2+2x-3 Inequality 2 
SOLUTION 


Step 1 Graph y < —x? + 3. The graph is the red 
region inside (but not including) the parabola 
yor + 3: 


Step 2 Graph y = x? + 2x — 3. The graph is the 
blue region inside and including the parabola 
ye x b 223. 


Step 3 Identify the purple region where the two 
graphs overlap. This region is the graph of 
the system. 


[y= x2 + 2x = 3] 


Monitoring Progress ) Help in English and Spanish at BigideasMath.com 
Graph the inequality. 
te eee = 8 2 | Say tay + A 


4. Graph the system of inequalities consisting of y < —x* and y > x* — 3. 
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142 


[y = ‘3x2 = x= 5) 


oars Talal pemuarties | in One Variable 


adrati yu ariable can be written in one of the following forms, 
orev a, 9 ae c are Tee eee and a #0. 


ax? + bx+c<0 axe? + bx+c>0 ax2+bx+ec<0 ax? + bx +c20 


You can solve quadratic inequalities using algebraic methods or graphs. 


“EXAMPLE 4 Solving a Quadratic Inequality Algebraically 


Solve x? — 3x — 4 < 0 algebraically. 


SOLUTION 
First, write and solve the equation obtained by replacing < with =. 
x — 3x —4=0 Write the related equation. 
(x — 4)(x + 1) =0 Factor. 
x=4 or x=-!1 Zero-Product Property 


The numbers —1 and 4 are the critical values of the original inequality. Plot —1 and 4 
on a number line, using open dots because the values do not satisfy the inequality. The 
critical x-values partition the number line into three intervals. Test an x-value in each 
interval to determine whether it satisfies the inequality. 


ee) re 0 1 2 3 a 5 6 


| Test x = 0. Test x = 5. 


(<2? = 3(-2) =4 640 ade 40 / 235) 4 25 


> So, the solution is —1 < x < 4. 
Another way to solve ax? + bx + c < 0 is to first graph the related function 
y = ax’ + bx + c. Then, because the inequality symbol is <, identify the x-values 


for which the graph lies below the x-axis. You can use a similar procedure to solve 
quadratic inequalities that involve <, >, or 2. 


“EXAMPLE 5 Solving a Quadratic Inequality by Graphing 


Solve 3x? — x — 5 = 0 by graphing. 
SOLUTION 


The solution consists of the x-values for which the graph of y = 3x — x — 5 lies on 
or above the x-axis. Find the x-intercepts of the graph by letting y = 0 and using the 
Quadratic Formula to solve 0 = 3x2 — x — 5 for x. 


_ —(-1) = V(-1)? — 46-5) 5, 
3 eee 5 ai—34) ins 5 
col ea Simplify. 


The solutions are x ~ —1.14 and x ~ 1.47. Sketch a parabola that opens up and has 
— 1.14 and 1.47 as x-intercepts. The graph lies on or above the x-axis to the left of 
(and including) x = —1.14 and to the right of (and including) x = 1.47. 


> The solution of the inequality is approximately x < —1.14 or x = 1.47. 
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ANOTHER WAY 
You can graph each side 
of 2204 — £2 = 8000 
and use the intersection 
points to determine when 
2202 — £2 is greater than 


or equal to 8000. 


USING 
TECHNOLOGY 


Variables displayed when 
using technology may 
not match the variables 
used in applications. In 
the graphs shown, the 
length @ corresponds 

to the independent 

- variable x. 


Modeling with Mathematics 


A rectangular parking lot must have a perimeter of 440 feet and an area of at least 
8000 square feet. Describe the possible lengths of the parking lot. 


SOLUTION 
1. Understand the Problem You are given the perimeter and the minimum area of a 
parking lot. You are asked to determine the possible lengths of the parking lot. 


2. Make a Plan Use the perimeter and area formulas to write a quadratic inequality 
describing the possible lengths of the parking lot. Then solve the inequality. 


3. Solve the Problem Let @ represent the length (in feet) and let w represent the 
width (in feet) of the parking lot. 

Perimeter = 440 

2£ + 2w = 440 


Area = 8000 
Lw > 8000 
Solve the perimeter equation for w to obtain w = 220 — £. Substitute this into the 
area inequality to obtain a quadratic inequality in one variable. 
fw > 8000 
£(220 — £) = 8000 
220 £ — £2 > 8000 
—£2+4 2208 — 8000 = 0 


Write the area inequality. 

Substitute 220 — £ for w. 

Distributive Property 

Write in standard form. 

Use a graphing calculator to find the £-intercepts of y = — €2 + 220 — 8000. 


5000 5000 


Zero 
X=45.968758 Y=0 


—5000 


Zero 
X=174.03124 


—5000 


Y=0 


The £-intercepts are £ ~ 45.97 and £ ~ 174.03. The solution consists of the 
£-values for which the graph lies on or above the £-axis. The graph lies on or 
above the £-axis when 45.97 < £ < 174.03. 


> So, the approximate length of the parking lot is at least 46 feet and 
at most 174 feet. 


4. Look Back Choose a length in the solution region, such as # = 100, and find the 
width. Then check that the dimensions satisfy the original area inequality. 


2¢ + 2w = 440 fw > 8000 
bh 
2(100) + 2w = 440 100(120) = 8000 
w = 120 12,000 = 8000 i 


Monitoring Progress of) Help in English and Spanish at BigldeasMath.com 
Solve the inequality. 


5. 2x7 + 3x <2 6. —3x*?-4x+1<0 7. 2x7 +2 > —5x 


8. WHAT IF? In Example 6, the area must be at least 8500 square feet. Describe the 
possible lengths of the parking lot. 


ar: 
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3.6 Exercises 


Dynamic Solutions available at BigideasMeatizcom 


quadratic inequality in two variables. 


~Vocabulary and Core Concept Check 


1. WRITING Compare the graph of a quadratic inequality in one variable to the graph of a 


2. WRITING Explain how to solve x? + 6x — 8 < O using algebraic methods and using graphs. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3—6, match the inequality with its graph. 
Explain your reasoning. 


3. ysx2-+4x4+3 4. y> = +4x%—-3 
5. ya ve ey 6. Feet ae A 
A. 


In Exercises 7-14, graph the inequality. (See Example 1.) 


7. y< —x 8. y 2 4x? 
9. y>x-9 10. yer +5 
11. ys x? + 5x 12. y 2 Oe 


13. y > 2x + 3)? -—1 


ANALYZING RELATIONSHIPS In Exercises 15 and 16, use 
the graph to write an inequality in terms of f(x) so point 
P is a solution. 


1S: 
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ERROR ANALYSIS In Exercises 17 and 18, describe and 
correct the error in graphing y > x? + 2. 


a, 


18. 


19. MODELING WITH MATHEMATICS A hardwood shelf 
in a wooden bookcase can safely support a weight 
W (in pounds) provided W < 115x?, where x is the 
thickness (in inches) of the shelf. Graph the inequality 
and interpret the solution. (See Example 2.) 


20. MODELING WITH MATHEMATICS A wire rope can 
safely support a weight W (in pounds) provided 
W < 8000d2, where d is the diameter (in inches) 
of the rope. Graph the inequality and interpret 
the solution. 


In Exercises 21-26, graph the system of quadratic 
inequalities. (See Example 3.) 
Zia 22. ¥ > 5x 

y< —-xe +1 SE Be Say 


23.95 -< a 4 24, ye —_4 
y<ue+2x—8 ys —2x* + 7x +4 


25) YS ees 26. y2=x*— 3x -6 
yaaa ox fF 10 yor ira 6 


Quadratic Equations and Complex Numbers 


In Exercises 27-34, solve the inequality algebraically. 


(See Example 4.) 

27, 4x- < 25 28. x*+ 10x+9<0 
29. x* — 11x = —28 30. 3x? — 13x > -10 
memeex — Ox — 3 < 0 32. 4x*+ 8x— 2120 


83. 


1 


ie —x>4 34, —5x+ 4x <1 


In Exercises 35—42, solve the inequality by graphing. 
(See Example 5.) 


oJ. 


37. 


so. 


41. 


43. 


44. 


mex + 1 <0 36, xP 4) 
cet 8x > —7 38. x7 +6x < —3 
aa 3s — 2x AO. 3x | 
mor ox 2 2 42. 2x? + 4x 23 


DRAWING CONCLUSIONS Consider the graph of the 
function f(x) = ax? + bx +c. 


x4 Roe Eee 


a. What are the solutions of ax? + bx + c < 0? 
b. What are the solutions of ax? + bx + c > 0? 


c. The graph of g represents a reflection in the 
x-axis of the graph of f. For which values of x 
is g(x) positive? 


MODELING WITH MATHEMATICS A rectangular 
fountain display has a perimeter of 400 feet and an 
area of at least 9100 feet. Describe the possible widths 
of the fountain. (See Example 6.) 


45. 


46. 


47. 


MODELING WITH MATHEMATICS The arch of the 
Sydney Harbor Bridge in Sydney, Australia, can be 
modeled by y = —0.00211x? + 1.06x, where x is the 
distance (in meters) from the left pylons and y is the 
height (in meters) of the arch above the water. For 
what distances x is the arch above the road? 


PROBLEM SOLVING The number 7 of teams that 
have participated in a robot-building competition for 
high-school students over a recent period of time x 
(in years) can be modeled by 


T(x) = 17.155x2 + 193.68x + 235.81,0 <x < 6. 


After how many years is the number of teams greater 
than 1000? Justify your answer. 


PROBLEM SOLVING A study found that a driver’s 
reaction time A(x) to audio stimuli and his or 

her reaction time V(x) to visual stimuli (both in 
milliseconds) can be modeled by 


A(x) = 0.0051x2 — 0.319x + 15, 16 <x < 70 
Vix) = 0.005x2 — 0.23x + 22, 16 <x < 70 


where x is the age (in years) of the driver. 


a. Write an inequality that you can use to find the 
x-values for which A(x) is less than V(x). 


b. Use a graphing calculator to solve the inequality 
A(x) < V(x). Describe how you used the domain 
16 < x < 70 to determine a reasonable solution. 


c. Based on your results from parts (a) and (b), do 
you think a driver would react more quickly to a 
traffic light changing from green to yellow or to 
the siren of an approaching ambulance? Explain. 
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48. 


49. 


50. 


HOW DO YOU SEE IT? The graph shows a system of 51. MATHEMATICAL CONNECTIONS The area A of the 
quadratic inequalities. . region bounded by a parabola and a horizontal line 
can be modeled by A = =bh, where b and / are as 
defined in the diagram. Find the area of the region 
determined by each pair of inequalities. 


xs 


a. Identify two solutions of the system. 


b. Are the points (1, —2) and (5, 6) solutions of the a. y< —x2 + 4x b y2x2-4x—-5 
system? Explain. y>0 yea 

c. Is it possible to change the inequality symbol(s) so 
that one, but not both of the points in part (b), is a 52. THOUGHT PROVOKING Draw a company logo 
solution of the system? Explain. that is created by the intersection of two quadratic 


inequalities. Justify your answer. 


MODELING WITH MATHEMATICS The length L (in 
millimeters) of the larvae of the black porgy fish can 


53. REASONING A truck that is 11 feet tall and 7 feet 
wide is traveling under an arch. The arch can be 
acest lea modeled by y = —0.0625x2 + 1.25x + 5.75, where 
L(x) = 0.00170x? + 0.145x + 2.35,0 < x < 40 x and y are measured in feet. 


where x is the age (in days) of the larvae. Write and 
solve an inequality to find at what ages a larva’s 
length tends to be greater than 10 millimeters. 
Explain how the given domain affects the solution. 


a. Will the truck fit under the arch? Explain. 
MAKING AN ARGUMENT You claim the system of 
inequalities below, where a and b are real numbers, 
has no solution. Your friend claims the system will 


b. What is the maximum width that a truck 11 feet 
tall can have and still make it under the arch? 


always have at least one solution. Who is correct? c. What is the maximum height that a truck 7 feet 
Explain. wide can have and still make it under the arch? 
\ <= gees 
y<(x+ by 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Graph the function. Label the x-intercept(s) and the y-intercept. (Section 2.2) 
54. f(x) = (x + 7)\(x — 9) 55. g(x) =(a—2)-4 56. A(x) = —x2 + 5x — 6 


Find the minimum value or maximum value of the function. Then describe where the function is 


increasing and decreasing. (Section 2.2) 


STi) — sa 16x 10 58. h(x) =5(¢+ 2-1 


59 fae -— — 3) + 7) 60. A(x) = x? + 3x — 18 
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Core Vocabulary 


Quadratic Formula, p. 1/22 quadratic inequality in two variables, p. 140 
discriminant, p. 124 quadratic inequality in one variable, p. 142 
system of nonlinear equations, p. 132 


Core Concepts 


Section 3.4 


Solving Equations Using the Quadratic Formula, p. 122 
Analyzing the Discriminant of ax* + bx + c = 0, p. 124 
Methods for Solving Quadratic Equations, p. 125 
Modeling Launched Objects, p. 126 


Section 3.5 


Solving Systems of Nonlinear Equations, p. 132 
Solving Equations by Graphing, p. /35 


Section 3.6 


Graphing a Quadratic Inequality in Two Variables, p. 140 
Solving Quadratic Inequalities in One Variable, p. 142 


Mathematical Practices 


1. How can you use technology to determine whose rocket lands first in part (b) of Exercise 65 
on page 129? 


2. What question can you ask to help the person avoid making the error in Exercise 54 on page 138? 


Explain your plan to find the possible widths of the fountain in Exercise 44 on page 145. 


poor tc errr concen: Performance Task - - - - 
Algebra in Genetics: 
The Hardy-Weinberg Law 


Some people have attached earlobes, the recessive trait. Some 
people have free earlobes, the dominant trait. What percent of 
people carry both traits? 


To explore the answers to this question and more, go to 
BigldeasMath.com. 


—_— eee eee 
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3.4 | Solving Quadratic Equations (pp. 93-102) 


In a physics class, students must build a Rube Goldberg machine that drops a ball from a 
3-foot table. Write a function A (in feet) of the ball after t seconds. How long is the ball in the air? 


The initial height is 3, so the model is h = —16t? + 3. Find the zeros of the function. 


h = —16t2+ 3 Write the function. 
0 = —1612+ 3 Substitute 0 for h. 
—3 = —16f? Subtract 3 from each side. 
= = 1? Divide each side by —16. 
23 = Take square root of each side. 
+0.3=t Use a calculator. 


> Reject the negative solution, —0.3, because time must be positive. The ball will fall for 
about 0.3 second before it hits the ground. 
1. Solve x? — 2x — 8 = 0 by graphing. { 
Solve the equation using square roots or by factoring. 


2. 3x7-4=8 3. 2° tx — 160 Alea) 


5. A rectangular enclosure at the zoo is 35 feet long by 18 feet wide. The zoo wants to double 
the area of the enclosure by adding the same distance x to the length and width. Write and 
solve an equation to find the value of x. What are the dimensions of the enclosure? 


Complex Numbers (pp. 703-710) 


Perform each operation. Write the answer in standard form. 


a 3 — Gi) 90 +21) = Geo ee b. 5i(4 + 5i) = 201 + 25i2 
£54 ae = 20i + 25(—1) 
= —25 + 20i 


6. Find the values x and y that satisfy the equation 36 — yi = 4x + 3i. 


Perform the operation. Write the answer in standard form. 


2. Kee oti (7 — on) SiO 31) — Ge OF (a Ob) 4 a aL) 
10. Solve 7x? + 21 = 0. 


11. Find the zeros of f(x) = 2x2 + 32. 
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Completing the Square (pp. 117-178) 


Solve x? + 12x + 8 = 0 by completing the square. 


x?+12x+8=0 Write the equation. 
Baa IP a Write left side in the form x? + bx. 
Se ao PE ae 36 = —-8 + 36 Add (by = ey = 36 to each side. 
(x + 6)? = 28 Write left side as a binomial squared. 
x+6=+V28 Take square root of each side. 
x= —-6+ V28 Subtract 6 from each side. 
x=-6+2V7 Simplify radical. 


> The solutions are x = —6 + 2V7 and x = —6 — 2V7. 


12. An employee at a local stadium is launching T-shirts from a T-shirt cannon into the crowd 


during an intermission of,a football game. The height / (in feet) of the T-shirt after t seconds 


can be modeled by h = — 1612 + 961 + 4. Find the maximum height of the T-shirt. 
Solve the equation by completing the square. 
ise + 16éx4 17 =—0 14. 4x2 + 16x + 25=0 15. 9x(x — 6) = 81 
16. Write y = x* — 2x + 20 in vertex form. Then identify the vertex. 


Using the Quadratic Formula = (pp. 127-730) 


Solve —x? + 4x = 5 using the Quadratic Formula. 


—x* + 4x =5 Write the equation. 
—77+4x-5=0 Write in standard form. 
4 + 42- 4(-1)(-5 
x= v4 I) a id= ae = =i 
Be) 
—2 
x= “So Write in terms of /. 
x=2ti Simplify. 


The solutions are 2 + i and 2 — i. 


Solve the equation using the Quadratic Formula. 
17. —x?+5x=2 18. 2x7 + 5x =3 19. 3x? — 12x + 13 =0 


Find the discriminant of the quadratic equation and describe the number and type of 
solutions of the equation. 


20. —x? —6x-—-9=0 21. x*-2x-9=0 22. x7 +6x+5=0 
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Solving Nonlinear Systems (pp. 131-138) 


Solve the system by elimination. 2y2 — 8x ty = —5 Equation 1 
2x* = 16x — y = —31 Equation 2 
Add the equations to eliminate the y-term and obtain a quadratic equation in x. 
2 8x y= —5 
2x2 — 16x — y= —31 
ae = —36 Add the equations. 
4x* — 24x + 36 =0 Write in standard form. 
x27 -6x+9=0 Divide each side by 4. 
(x ~ 3)? =0 Perfect Square Trinomial Pattern 
x=3 Zero-Product Property 


To solve for y, substitute x = 3 in Equation 1| to obtain y = 1. 
P So, the solution is (3, 1). 


Solve the system by any method. Explain your choice of method. 


23.27 = 2 = 24. Ox = y 25.2 +y=4 
—2 oy —yi ae 3 15x43) = Sy 
26. Solve —3x* + 5x — 1 = 5x* =38x — 3 by graphing. 


3.6 Quadratic Inequalities (op. 139-746) 


Graph the system of quadratic inequalities. 
Nisa ee 2 Inequality 1 
y= ee Inequality 2 
Step 1 Graph y > x* — 2. The graph is the red region inside 
(but not including) the parabola y = x? — 2. 


Step 2 Graph y < —x? — 3x + 4. The graph is the blue region 
inside and including the parabola y = —x? — 3x + 4. 


Step 3 Identify the purple region where the two graphs overlap. 
This region is the graph of the system. 


Graph the inequality. 
27.. Yo x + $x+ 16 28.) 2 78 20 eee Xl 


Graph the system of quadratic inequalities. 


30: Ge ey Spee ey — 5 52 ee = y + 
ee oa. OS ie 2a mee eey = ey 

Solve the inequality. 

33; 35° + 3x — GOD 34. =? = 10% <2) 35pex tt 2S 5x. 
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Solve the equation using any method. Provide a reason for your choice. 

17, 0=x7 + 2x+3 265 7 

3. x7+49 = 85 4. «+4a~-1 = -x?4+3x4+4 
Explain how to use the graph to find the number and type of solutions of the quadratic equation. 


Justify your answer by using the discriminant. 


5. 5x2 +3x+3=0 6. 4x2 + 16x + 18 =0 7, 


Ly = 4x2 + 16x + 18} 


-5 4 -1 
9 


y =4x2 Meanie 


Solve the system of equations or inequalities. 
8. x + 66 = 1l6x-y 9, ee 10: 0 =77- 3 — 40 
2x —y= 18 y < —(x + 3)* +4 y=x+4 


11. Write (3 + 47)(4 — 6i) as a complex number in standard form. 


12. The aspect ratio of a widescreen TV is the ratio of the screen’s width 
to its height, or 16 : 9. What are the width and the height of a 32-inch 
widescreen TV? Justify your answer. (Hint: Use the Pythagorean 
Theorem and the fact that TV sizes refer to the diagonal length 
of the screen.) 


13. The shape of the Gateway Arch in St. Louis, Missouri, can be modeled by y = —0.0063x? + 4x, 
where x is the distance (in feet) from the left foot of the arch and y is the height (in feet) of the 
arch above the ground. For what distances x is the arch more than 200 feet above the ground? 
Justify your answer. 


14. You are playing a game of horseshoes. One of your tosses is modeled in the diagram, 
where x is the horseshoe’s horizontal position (in feet) and y is the corresponding height 
(in feet). Find the maximum height of the horseshoe. Then find the distance the horseshoe 
travels. Justify your answer. 


y [y= =0.01x2 + 0.3x + 2] 


\ I 
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3 Cumulative Assessment 


1. The graph of which inequality is shown? 
y ee ee ae 
Vie 


y > Xe a6 


908 ®e 


Vi a0 


2. Classify each function by its function family. Then describe the transformation of the 
parent function. 


a. g(x) =x+4 b. A(x) =5 
c. A(x) =x*-7 d. g(x) = —|x+3|-9 
e. g(x) =7(x-2P-1 f. h(x) = 6x+ 11 


3. Two baseball players hit back-to-back home runs. The path of each home run is modeled | 
by the parabolas below, where x is the horizontal distance (in feet) from home plate and y 
is the height (in feet) above the ground. Choose the correct symbol for each inequality to 
model the possible locations of the top of the outfield wall. 


y — Second 
a aa ie home 
¢ Sun 

90 / a. ee ; 

) ill es. || First home run: y @} —0.002x? + 0.82x + 3.1 
60)’ 7” First home : a 

4 \ 

i! ss fee oe ak Second home run: y ~ 0.003x? + 1.21x + 3.3 


4. You claim it is possible to make a function from the given values that has an axis of 
symmetry at x = 2. Your friend claims it is possible to make a function that has an axis 
of symmetry at x = —2. What values can you use to support your claim? What values 
support your friend’s claim? 


Your claim 


fx)= Rx + Wx +8 


Your friend's claim MA gah] F289 ps) 


f@)= GB + Wx + 8 
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5. Which of the following values are x-coordinates of the solutions of the system? 


y=x*—-6x+ 14 


y=2x+7 wend 


6. The table shows the altitudes of a hang glider that descends at a constant rate. How long 
will it take for the hang glider to descend to an altitude of 100 feet? Justify your answer. 


"Time (seconds), t | Altitude (feet), y @ 25 seconds 

[ 0 | 450 35 seconds 
10 350 

i—— ©) 45 seconds 
20 250 
30 om 15Q ie CD) 55 seconds 


7. Use the numbers and symbols to write the expression x* + 16 as the product of two 
binomials. Some may be used more than once. Justify your answer. 


8. Choose values for the constants A and k in the equation x = mn y — k)? + hso that each 
statement is true. 


a. The graph of x = Hy = am. i +” is a parabola with its vertex in the second quadrant. 
el iv. 2 ; pe , 
b. The graph of x = Hy = : er = is a parabola with its focus in the first quadrant. 


c. The graph of x = (y _ = y + © is a parabola with its focus in the third quadrant. 


9. Which of the following graphs represent a perfect square trinomial? Write each function 
in vertex form by completing the square. 
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Maintaining Mathematical Proficiency 


Simplifying Algebraic Expressions 
Example 1 Simplify the expression 9x + 4x. 
9x + 4x = (9 + 4)v 


13x 


Simplify the expression 2(x + 4) + 3(6 — x). 
tee 4) + 3(6' See Q(x) + 2(4) 4236) 3(—x) 
2h 8 ENS 3% 
¢— BPO Sr ts) aes! 
ect 
Simplify the expression. 


‘|, (pe = Gabe 7). Dita = A= ipa & 


ii, Oke = dose jI) Sy = sp) = AC Se) 


Finding Volume 


Find the volume of a rectangular prism with length 10 centimeters, 
width 4 centimeters, and height 5 centimeters. 


Volume = fwh 
\(4)S) 
200 


The volume is 200 cubic centimeters. 


Find the volume of the solid. 


7. cube with side length 4 inches 
. sphere with radius 2 feet 
. rectangular prism with length 4 feet, width 2 feet, and height 6 feet 
. right cylinder with radius 3 centimeters and height 5 centimeters 


. ABSTRACT REASONING Does doubling the volume of a cube have the same effect on the side 
length? Explain your reasoning. 


Dynamic Solutions available at BigldeasMath.com 


Mathematical Mathematically proficient students use technological tools to 
Pr 4 cti Ces | explore concepts. 


Using Technology to Explore Concepts 


G) Core Concept 
Graph of a Graph of a function 


Continuous Functions continuous function that is not continuous 


A function is continuous y y 
when its graph has no breaks, 
holes, or gaps. 
x x 


Determining Whether Functions Are Continuous 


Use a graphing calculator to compare the two functions. What can you conclude? Which function is 


not continuous? 
xe — x 


i= Il 


f(x) =x? g(x) = 


SOLUTION 


The graphs appear to be identical, 

but g is not defined when x = 1. 

There is a hole in the graph of g 

at the point (1, 1). Using the table ~-3} 
feature of a graphing calculator, 

you obtain an error for g(x) when 

x = 1. So, g is not continuous. 


S| BWNHOoO l 


Monitoring Progress 


Use a graphing calculator to determine whether the function is continuous. Explain your reasoning. 


1. Fo 2 2. f(x) = -3 3. fi) =Ve24+1 


x 


Vx2- 1 
7. fay==x 8. f(x) = 2x -3 9. fix) => 


4. fix) =|x4+2| a) = 6. f(x) = 


Chapter 4 Polynomial Functions 


Graphing Polynomial Functions 


CONSTRUCTING 
VIABLE ARGUMENTS 


To be proficient in math, 
you need to justify 

your conclusions and 
communicate them 


to others. 


Essential Question What are some common characteristics of the 


graphs of cubic and quartic polynomial functions? 
A polynomial function of the form 
f@ = a,x" +a@,_ x"! 4+---+a,x+ ay 


where a,, # 0, is cubic when n = 3 and quartic when n = 4. 


EXPLORATION 1 


Identifying Graphs of Polynomial Functions 


Work with a partner. Match each polynomial function with its graph. Explain your 
reasoning. Use a graphing calculator to verify your answers. 


Af) = xe Dope = — x + x G7) = —x*+4 |] 
d. f(x) = x4 e. f(x) = x3 f. f@) =x4- + 
A. 4 B. J 
= 6 6 6 
—4 = 
Cc 4 D. 4 
~6 6 -6 6 
a =4 
= . F. a 
6 6 6 6 
=A =f) 


EXPLORATION 2 


Identifying x-Intercepts of Polynomial Graphs 


Work with a partner. Each of the polynomial graphs in Exploration 1 has 
x-intercept(s) of —1, 0, or 1. Identify the x-intercept(s) of each graph. Explain how 
you can verify your answers. 


Communicate Your Answer 


3. What are some common characteristics of the graphs of cubic and quartic 
polynomial functions? 
4. Determine whether each statement is true or false. Justify your answer. 


a. When the graph of a cubic polynomial function rises to the left, it falls to 
the right. 


b. When the graph of a quartic polynomial function falls to the left, it rises to 
the right. 
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474 Lesson What You Will Learn 


PR Identify polynomial functions. 
b Graph polynomial functions using tables and end behavior. 


Core.Vocabulary.. 


polynomial, p. 158 Polynomial Functions 
polynomial function, p. 158 


end behavior, p. 759 


Recall that a monomial is a number, a variable, or the product of a number and one or 
more variables with whole number exponents. A polynomial is a monomial or a sum 
Previous of monomials. A polynomial function is a function of the form 

monomial 
linear function 


quadratic function 


f@Q) =a + ae a, 


where a, # 0, the exponents are all whole numbers, and the coefficients are all real 
numbers. For this function, a,, is the leading coefficient, n is the degree, and ag is the 
constant term. A polynomial function is in standard form when its terms are written in 
descending order of exponents from left to right. 


You are already familiar with some types of polynomial functions, such as linear and 
quadratic. Here is a summary of common types of polynomial functions. 


Common Polynomial Functions 


Standard Form 
f(x) = ag 
f@) = a,x + ay 


Example 
fe) = -14 
f(x) = 5x—-—7 

f(x) = 247 +x =2 
(oO — x ee 


f@) =4+2x-1 


Degree | Type 


Constant 


Linear 


Quadratic | f(x) = a,x? + a,x + ay 


s. 


{oar bax +ax +a, 


Quartic 


Identifying Polynomial Functions 


Decide whether each function is a polynomial function. If so, write it in standard form 
and state its degree, type, and leading coefficient. 


IO=2e tax fav tax +a, 


a. f(x) = —2x3 + 5x4 8 b. g(x) = —0.8x3 + V2x4 — 12 
c. h(x) = —x* + 7x7! + 4x d. k(x) = x2 + 3% 
SOLUTION 


a. The function is a polynomial function that is already written in standard form. It 
has degree 3 (cubic) and a leading coefficient of —2. 


b. The function is a polynomial function written as g(x) = V2x4 — 0.8x3 — 12 in 
standard form. It has degree 4 (quartic) and a leading coefficient of vo 


c. The function is not a polynomial function because the term 7x~! has an exponent 
that is not a whole number. 


d. The function is not a polynomial function because the term 3* does not have a 
variable base and an exponent that is a whole number. 
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Decide whether the function is a polynomial function. If so, write it in standard 
form and state its degree, type, and leading coefficient. 


1. f@)=7-—162—5x 2. p@)=xt+2xr74+95 3. ¢@)=xe-— 6x + 3x4 


158 Chapter 4 Polynomial Functions 


READING 


The expression “x + +20” 
is read as “x approaches 
positive infinity.” 


Evaluating a Polynomial Function 


Evaluate f(x) = 2x4 — 8x? + 5x — 7 when x = 3. 


SOLUTION 
fo — 8 
JO) = 2G) SG) 26) / 

=162—=724 13 —7 
= 98 


Write original equation. 
Substitute 3 for x. 


Evaluate powers and multiply. 


Simplify. 


The end behavior of a function’s graph is the behavior of the graph as x approaches 
positive infinity (+°°) or negative infinity (—°%). For the graph of a polynomial 
function, the end behavior is determined by the function’s degree and the sign of its 


leading coefficient. 


G Core Concept 


End Behavior of Polynomial Functions 


Degree: odd 
Leading coefficient: positive 


y f fo) + +20 
; as X > +00 


eX; 
f(x) > —0o 
PhP (== 10.5) 


Degree: odd 
Leading coefficient: negative 


F(x) > +00 
as X > —00 


Degree: even 
Leading coefficient: positive 


f(x) > +00 h 


gx 


Y & f(x) > +00 
, as x —> +00 


x 


Degree: even 


Leading coefficient: negative 


Describe the end behavior of the graph of f(x) = —0.5x4 + 2.5x2 + x — 1. 


SOLUTION 


The function has degree 4 and leading coefficient —0.5. Because the degree is even 
and the leading coefficient is negative, f(x)  —° as x + —°% and f(x) — —~ as 
x — +0, Check this by graphing the function on a graphing calculator, as shown. 
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Evaluate the function for the given value of x. 


4. f(x) = —8 4+ 3x°+9;x=4 


Sy or hx Oe 2 


6. Describe the end behavior of the graph of f(x) = 0.25x? — x* — 1. 
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Graphing Polynomial Functions 

To graph a polynomial function, first plot points to determine the shape of the graph’s 
middle portion. Then connect the points with a smooth continuous curve and use what 
you know about end behavior to sketch the graph. 


Graph (a) f@) = —% + x? +34 — Siand (b) (Ge 


SOLUTION 


a. To graph the function, make a table of values and 
plot the corresponding points. Connect the points 
with a smooth curve and check the end behavior. 


ay Z 2 
3) Ve al 
The degree is odd and the leading coefficient is 


negative. So, f(x) — +9 as x > —°° and 
f(x) > —% asx +0, 


b. To graph the function, make a table of values and 
plot the corresponding points. Connect the points 
with a smooth curve and check the end behavior. 


fame 2) -1/ 0] 1 | 2 


ma, 12 | 2 | 4 0 | -4 


The degree is even and the leading coefficient is 
positive. So, f(x) > + as x — —°° and 
Ff) +0 as x > +0, 


“EXAMPLE 5 Sketching a Graph 


Sketch a graph of the polynomial function f having these characteristics. 
° fis increasing when x < Oand x > 4. 

¢ fis decreasing when 0 < x < 4. 

* f@) > O when] 2x Sand x > 5. 

° fi) < 0 when =2 ands = = 5, 

Use the graph to describe the degree and leading coefficient of f. 


SOLUTION 


The graph is above the 
x-axis when f(x) > 0. 


The graph is below the 
x-axis when f(x) < 0. 


> From the graph, f(x) ~ -—~as x —c% and f(x) 9 +e asx +0, 
So, the degree is odd and the leading coefficient is positive. 
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Solving a Real-Life Problem 


The estimated number V (in thousands) of electric vehicles in use in the United States 
can be modeled by the polynomial function 


V(t) = 0.1512808 — 3.282349? + 23.7565t — 2.041 


where f represents the year, with tf = 1 corresponding to 2001. 


"OU RA oe UM 


a. Use a graphing calculator to graph the function for the interval 1 < t < 10. 
Describe the behavior of the graph on this interval. 


b. What was the average rate of change in the number of electric vehicles in use 
from 2001 to 2010? 


c. Do you think this model can be used for years before 2001 or after 2010? 
Explain your reasoning. 


SOLUTION 


a. Using a graphing calculator and a viewing 65 
window of | < x < 10 and 0 < y < 65, you 
obtain the graph shown. 


From 2001 to 2004, the numbers of electric 
vehicles in use increased. Around 2005, the 
growth in the numbers in use slowed and 1 - 10 
started to level off. Then the numbers in use 0 
started to increase again in 2009 and 2010. 


b. The years 2001 and 2010 correspond to t = 1 and t = 10. 
Average rate of change over 1 < t¢ < 10: 


V(10) — V1) _ 38.57 — 18.58444 
Lal ) 


> The average rate of change from 2001 to 2010 is about 4.4 thousand 
electric vehicles per year. 


= 4.443 


c. Because the degree is odd and the leading coefficient is positive, V(t)  —©°° as 
t— —© and V(t) ~ + as t— +o. The end behavior indicates that the model 
has unlimited growth as t increases. While the model may be valid for a few 
years after 2010, in the long run, unlimited growth is not reasonable. Notice in 
2000 that V(O) = —2.041. Because negative values of V(t) do not make sense 
given the context (electric vehicles in use), the model should not be used for 
years before 2001. 
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Graph the polynomial function. 
i. {0 = 8. f(x) = 4-3 
Sa 1 
10. Sketch a graph of the polynomial function f having these characteristics. 
e fis decreasing when x < —1.5 and x > 2.5; fis increasing when —1.5 < x < 2.5. 
e f(x) > Owhenx < —3 and 1 < x < 4; f(x) < O when —3 < x < 1 andx > 4. 
Use the graph to describe the degree and leading coefficient of f. 
11. WHAT IF? Repeat Example 6 using the alternative model for electric vehicles of 
Vit) = —0.0290900r4 + 0.79126023 — 7.965832? + 36.5561t — 12.025. 
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4.1 Exe rcises Dynamic Solutions available at BigldeasMath.com 


1. WRITING Explain what is meant by the end behavior of a polynomial function. 


ae and Core Concept Check 


2. WHICH ONE DOESN'T BELONG? Which function does nor belong with the other three? 


Explain your reasoning. 


A(x) = —3x4 + 5x7! — 3x2 k(x) = V3x+ 8x4 + 2x41 


| FiO Nat Ca ee g(x) = 3x7 — 
i 
| 
| 


g 43 
2x° +7 


_ Monitoring Progress and Modeling with Mathematics 


In Exercises 3-8, decide whether the function is a In Exercises 11-16, evaluate the function for the given 
polynomial function. If so, write it in standard form value of x. (See Example 2.) 


and state its degree, type, and leading coefficient. 


=e oe ee 
iste Hoang) 11. A(x) = —3x4 + 2x3 -— 12x —6;x = -2 
3. f(x) = —3x + 53 — 6x7 + 2 12. f(x) = 7x4 — 10x? + 14x — 26;x = —7 
9 13. = xo — + x2 —7Jx-— it = 
4. p(x) = 42 + 3x — 4x3 + 6x4 - 1 aE) eens ale ae 
14.2) = —x + oe oe a 1 
5. f(x) = 90 eon es tone te ' 
15. p(x) = 2x? + 40° + 6x + 75 x= > 
. g(x) = V3 — 12x + 13x? 
6. gixy= V3 — Paver 13x 16. A(x) =53—32 +2x+4x= -! 
R 5 9 = 1 
7. AQ) = 37 Vix +83 = 5 ae In Exercises 17-20, describe the end behavior of the 


SiG = 4 oe > ee 
ae 


ERROR ANALYSIS In Exercises 9 and 10, describe and 18. 


correct the error in analyzing the function. 


graph of the function. (See Example 3.) 


17. h(x) = —5x4 + 7x3 — 6x2 + 9x+2 


g(x) = Tx’ + 12° — 6° — 2x — 18 


9. f(x) = 8x3 — 7x4 — Ox — 3x2 + 11 19.) f@) See 12 17 + 1S? 


f is a polynomial function. 
The degree is 3 and f is a cubic function. 
The leading coefficient is 8. 


21. 


10. f(x) = 2x4 + 4x — OVx + 3x2 - 8 


f is a polynomial function. 
The degree is 4 and f is a quartic function. 
The leading coefficient is 2. 
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20. fC = ae — 5x = 12 


In Exercises 21 and 22, describe the degree and leading 
coefficient of the polynomial function using the graph. 


y 22. y 


23. USING STRUCTURE Determine whether the 
function is a polynomial function. If so, write it 
in standard form and state its degree, type, and 
leading coefficient. 


f(x) = Sx3x + 3x3 — 9x4 + V222 + 4x —1 —x-5x5 — 4 


24. WRITING Let f(x) = 13. State the degree, type, and 
leading coefficient. Describe the end behavior of the 
function. Explain your reasoning. 


In Exercises 25-32, graph the polynomial function. 
(See Example 4.) 


2a pix) = 3 — x* 26. g(x) = xP +x4+3 


meeeyix) = 4x -—9-—x° 28. px)=xeP—3e +2 
29. A(x) = x4 — 2x3 + 3x 

Seeenix) — 5 + 3x2 — x4 

Same x — 3x* + 2x — 4 

BPG) = x6 -— 28-28 +x+5 

ANALYZING RELATIONSHIPS In Exercises 33-36, 


describe the x-values for which (a) f is increasing or 
decreasing, (b) f(x) > 0, and (c) f(x) < 0. 


33. (OTK ar 


35. 


In Exercises 37—40, sketch a graph of the polynomial 
function f having the given characteristics. Use the 
graph to describe the degree and leading coefficient of 
the function f. (See Example 5.) 


37. ¢ fis increasing when x > 0.5; fis decreasing when 
x» = 0.5. 


© f(x) > O whenx < —2 and x > 3; f(x) < 0 when 
ane L <3: 


38. 


Shh 


40. 


41. 


42. 
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e fis increasing when —2 < x < 3; fis decreasing 
when x < —2 and x > 3. 


© f(x) > Owhenx < —4and1 <x <5;f(x) <0 
Wwhelt=40< ¥ < | andi. > 5: 


e fis increasing when —2 < x < Oand x > 2; fis 
decreasing when x < —2 and 0 < x < 2. 


xyes U woenx< —3, —l <x < landx > 3; 
Foxy wien —3 <x <— —i/and | <x <3. 


e fis increasing when x < —1 and x > 1; fis 
decreasing when —1 < x < 1. 


© fe 0 when —1-5 <4 = 0 and x > 1.5; f(x) < 0 
whener <= lesrandiO << 1.5. 


MODELING WITH MATHEMATICS From 1980 to 2007 
the number of drive-in theaters in the United States 
can be modeled by the function 


d(t) = —0.141t3 + 9.6412 — 232.5 + 2421 


where d(t) is the number of open theaters and t is the 
number of years after 1980. (See Example 6.) 


a. Use a graphing calculator to graph the function for 
the interval 0 < t < 27. Describe the behavior of 
the graph on this interval. 


b. What is the average rate of change in the number 
of drive-in movie theaters from 1980 to 1995 and 
from 1995 to 2007? Interpret the average rates 
of change. 


c. Do you think this model can be used for years 
before 1980 or after 2007? Explain. 


DRIVE-IN 
THEATER 


= J 


PROBLEM SOLVING The weight of an ideal round-cut 
diamond can be modeled by 


w = 0.00583d3 — 0.0125d? + 0.022d — 0.01 


where w is the weight of the | diameter —_| 
diamond (in carats) and d is ae — 

the diameter (in millimeters). 

According to the model, what 


is the weight of a diamond with 


a diameter of 12 millimeters? : 
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43. 


44. 


45. 


46. 


47. 


ABSTRACT REASONING Suppose f(x) — © as 
x — — and f(x) ~ —© as x > ~, Describe the end 
behavior of g(x) = —f(x). Justify your answer. 


THOUGHT PROVOKING Write an even degree 
polynomial function such that the end behavior of f 
is given by f(x) ~ —~ as x > —~ and f(x) > —~ as 
x — 00, Justify your answer by drawing the graph of 
your function. 


USING TOOLS When using a graphing calculator to 
graph a polynomial function, explain how you know 
when the viewing window is appropriate. 


MAKING AN ARGUMENT Your friend uses the table 
to speculate that the function fis an even degree 
polynomial and the function g 1s an odd degree 
polynomial. Is your friend correct? Explain 

your reasoning. 


x f(x) g(x) 
/ 8 | 4g a 
9 , 21 | 5 
a leat ail 
8 | 4081 | 495 | 


DRAWING CONCLUSIONS The graph of a function 
is symmetric with respect to the y-axis if for each 
point (a, b) on the graph, (—a, b) is also a point on 
the graph. The graph of a function is symmetric with 
respect to the origin if for each point (a, b) on the 
graph, (—a, —b) is also a point on the graph. 


a. Use a graphing calculator to graph the function 
y = x" when n = 1, 2, 3, 4, 5, and 6. In each case, 
identify the symmetry of the graph. 


b. Predict what symmetry the graphs of y = x! and 
y = x'! each have. Explain your reasoning and 
then confirm your predictions by graphing. 


48. HOW DO YOU SEE IT? The graph of a polynomial 
function is shown. 


a. Describe the degree and leading coefficient of f. 


b. Describe the intervals where the function is 
increasing and decreasing. 


c. What is the constant term of the polynomial 
function? 


49. REASONING A cubic polynomial function fhas a 
leading coefficient of 2 and a constant term of —5. 
When f(1) = 0 and f(2) = 3, what is f(—5)? Explain 
your reasoning. 


50. CRITICAL THINKING The weight y (in pounds) of a 
rainbow trout can be modeled by y = 0.000304.x3, 
where x is the length (in inches) of the trout. 


a. Write a function that relates the weight y and 
length x of a rainbow trout when y is measured 
in kilograms and x is measured in centimeters. 
Use the fact that 1 kilogram ~ 2.20 pounds and 
I centimeter ~ 0.394 inch. 


b. Graph the original function and the function from 
part (a) in the same coordinate plane. What 
type of transformation can you 
apply to the graph of 
y = 0.000304x? to 
produce the graph 
from part (a)? 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Simplify the expression. 
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(Skills Review Handbook) 


51. xy + x2 + 2xy + y* — 3x2 
53. —wk + 3kz — 2kw + 9zk — kw 


55. SX(Cy ce Ary 3) — ayy) 
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52. 2h3g + 3hg? + Th2g? + Sh3g + 2hg? 


54. a*(m — 7a*) — m(a2 — 10) 


(aH) = Se) se Uap = aha) se (oe 


Adding, Subtracting, and 


Multiplying Polynomials 


Essential Question How can you cube a binomial? 


Sqaeelv ele MM = Cubing Binomials 


Work with a partner. Find each product. Show your steps. 
a. @+ 13 = @+1@+ 1) Rewrite as a product of first and second powers. 
=(x+1) 7  ——————._—s Multiply second power. 


= ll ~_ Multiply binomial and trinomial. 


= % » Write in standard form, ax? + bx? + ox + ad. 


b. (a + b)? = (a + bya + bY Rewrite as a product of first and second powers. 
=(at+ bj) Multiply second power. 
= _ Multiply binomial and trinomial. 
= ee ___ Write in standard form. 

ce «— 13 =@- I~ - 1) Rewrite as a product of first and second powers. 
=. -) ~, Multiply second power. 
= Multiply binomial and trinomial. 


= Write in standard form. 


d. (a — b)? = (a — bya — b)? Rewrite as a product of first and second powers. 
= (a — b) Multiply second power. 
= - Multiply binomial and trinomial. 
Boner a R = (<i Write in standard form. 
To be proficient in math, “ 
you need to look closely Generalizing Patterns for Cubing a Binomial 


to discern a pattern 
or structure. 


Work with a partner. 


a. Use the results of Exploration 1 to describe a pattern for the 
coefficients of the terms.when you expand the cube of a 
binomial. How is your pattern related to Pascal’s Triangle, 
shown at the right? 


b. Use the results of Exploration | to describe a pattern for 
the exponents of the terms in the expansion of a cube 
of a binomial. 


c. Explain how you can use the patterns you described in parts (a) and (b) to find the 
product (2x — 3)’. Then find this product. 


Communicate Your Anewer 


3. How can you cube a binomial? 
4. Find each product. 
aoe bata 2) Coe 3) 


ro a2) Ga —2x.+ 3) fee 5): 
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4.2 Lesson 


Core Vocabulary... 


Pascal's Triangle, p. 769 


Previous 
like terms 
identity 


COMMON ERROR 


A common mistake is to 
forget to change signs 
correctly when subtracting 
one polynomial from 
another. Be sure to add 
the opposite of every 
term of the subtracted 
polynomial. 


What You Will Learn 


B® Add and subtract polynomials. 
& Multiply polynomials. 
B® Use Pascal's Triangle to expand binomials. 


Adding and Subtracting Polynomials 


Recall that the set of integers is closed under addition and subtraction because 
every sum or difference results in an integer. To add or subtract polynomials, 

you add or subtract the coefficients of like terms. Because adding or subtracting 
polynomials results in a polynomial, the set of polynomials is closed under addition 
and subtraction. 


Adding Polynomials Vertically and Horizontally 


a. Add 3x3 + 2x? — x — 7 and x3 — 10x + 8 ina vertical format. 
b. Add 9y? + 3y? — 2y + 1 and —Sy* + y — 4 ina horizontal format. 
SOLUTION 
pee Pe ee 
+ x3 — 10x? ap te 
A oi ax 


b.. Oye ay) = Dy 1) eye oy — 4) yy ey ee 
=O —2y —y > 3 


To subtract one polynomial from another, add the opposite. To do this, change the sign 
of each term of the subtracted polynomial and then add the resulting like terms. 


EXAMPLE 2 Subtracting Polynomials Vertically and Horizontally 


a. Subtract 2x? + 6x2 — x + 1 from 8x? — 3x2 — 2x + 9 ima vertical format. 


b. Subtract 3z2 + z — 4 from 2z? + 3z in a horizontal format. 


SOLUTION 
a. Align like terms, then add the opposite of the subtracted polynomial. 
Be eee 2e  O Oxo = 3 kt ee 


-~234+62— ¢+1) OP + =98-@2+ x—1 
6x7 — 9x27 -— x+8 


b. Write the opposite of the subtracted polynomial, then add like terms. 
(27? SZ) (Aer ZA) eer 32 ze 
=—77+2z+4 
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Find the sum or difference. 

1. (2x2 — 6x + 5) + (7x2 — x — 9) 

2. GF 8F —1 —4) — (5) ae) 
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REMEMBER 


Product of Powers 
Property 


qa™ a qmtn 


ais areal number and 
m and rn are integers. 


COMMON ERROR 


In general, 

(a + b)* # a2 + b? 
and 
fae b)? * a? + b?. 


Multiplying Polynomials 

To multiply two polynomials, you multiply each term of the first polynomial by 
each term of the second polynomial. As with addition and subtraction, the set of 
polynomials is closed under multiplication. 


Multiplying Polynomials Vertically and Horizontally 


a. Multiply —x? + 2x + 4 and x — 3 ina vertical format. 
b. Multiply y + 5 and 3y2 — 2y + 2 in a horizontal format. 


SOLUTION 
a ee 
x ae. 
Bie ears hm | Multiply —x2 + 2x + 4 by —3. 
Xe 2 ee Multiply —x? + 2x + 4 by x. 
meee Ry as ||P) Combine like terms. 


b. (y + 5)(3y2 — 2y + 2) = (y + 5)3y? — (y + 5)2y + (y + 5)2 
= 3y + 15y* — 2y* — 10y + 2y + 10 
= 3y3 + 13y? — 8y + 10 


“EXAMPLE 4 Multiplying Three Binomials 


Multiply x — 1, x + 4, and x + 5 in a horizontal format. 


SOLUTION 
(x — L(x + 4x +: 5) = G2 + 3x — 4)(e + 5) 


ll 


(x2 + 3x — 4)x + (2 + 3x — 4)5 
= x3 + 3x2 — 4x + 5x2 + 15x — 20 
= x3 + 8x2 + 11x — 20 


Some binomial products occur so frequently that it is worth memorizing their patterns. 
You can verify these polynomial identities by multiplying. 


G) Core Concept 


Special Product Patterns 


Sum and Difference Example 

(a+ b\(a— b) =a? — b? (x + 3)\(x - 3) =x2-9 

Square of a Binomial Example 

(@ + by =a + 2ab + b (y+ 4)? =y? + By + 16 

(a — b)* = a* — 2ab + b? (2 — 5)" = 47° — 20) + 25 

Cube of a Binomial Example 

(a + bP = a3 + 3a°b + 3ab* + BD? (2a = Soi tt 27 
(a — bs = a — 3a2b + 3ab* — Bb (m — 2)? = m3 — 6m? + 12m — 8 
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>" ieee Proving a Polynomial Identity 
a. Prove the polynomial identity for the cube of a binomial representing a sum: 
(a+ b)3 = a + 3a2b + 3ab2 + b?. 


b. Use the cube of a binomial in part (a) to calculate 11°. 


SOLUTION 
a. Expand and simplify the expression on the left side of the equation. 
(a+ bp = (at b\a+ bat b) 
= (a2 + 2ab + b?)(a + b) 
= (a2 + 2ab + b*)a + (a2 + 2ab + b2)b 
= a3 + a*b + 2a*b + 2ab* + ab? + BF 
= a3 + 3a*b + 3ab? + b? J/ 


> The simplified left side equals the right side of the original identity. So, the 
identity (a + b)? = a3 + 3a*b + 3ab? + b? is true. 


b. To calculate 11° using the cube of a binomial, note that 11 = 10 + 1. 


113 = (10 + 1 Write 11 as 10 + 1. 
= 10° + 3(10)2(1) + 3(10)(1)? + 13 Cube of a binomial 
= 1000+ 300'-- 30+ )1 Expand. 
="fool Simplify. 

REMEMBER Using Special Product Patterns 
Power of a Product Find each product. 
| Property 
a. (4n + 5)(4n — 5) b. (Qy — 2)2 c. (ab + 4)3 
(ab)™ = a™b™ 
a and b are real numbers a 
| and m is an integer. a. (4n + 5)(4n — 5) = (4n)? — 52 Sum and difference 
i 
= 16n? — 25 Simplify. 
b. (Gy — 2)? = (Gy)? — 2(9y)(2) + 2 Square of a binomial 
= 8ly? — 36y + 4 Simplify. 
c. (ab + 4)3 = (ab)? + 3(ab)*(4) + 3(ab\(4)? + 4 Cube of a binomial 
= ab} + 12a2b? + 48ab + 64 Simplify. 
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Find the product. 
3, 4a x —-SICe Aaya toy — |) 
5. On — Zi an + 3) 623i — DOr 2) 
7. Ogee): Sa (xy — 3) 


9. (a) Prove the polynomial identity for the cube of a binomial representing a 
difference: (a — b)? = a3 — 3a7b + 3ab? — b?. 


(b) Use the cube of a binomial in part (a) to calculate 9°. 
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Pascal's Triangle 


Consider the expansion of the binomial (a + b)" for whole number values of n. When 
you arrange the coefficients of the variables in the expansion of (a + b)", you will see 
a special pattern called Paseal’s Triangle. Pascal’s Triangle is named after French 
mathematician Blaise Pascal (1623— 1662). 


© Core Concept 


Pascal's Triangle 


In Pascal’s Triangle, the first and last numbers in each row are 1. Every number 

other than 1 is the sum of the closest two numbers in the row directly above it. The 
numbers in Pascal’s Triangle are the same numbers that are the coefficients of binomial 
expansions, as shown in the first six rows. 


n (a+b) Binomial Expansion Pascal’s Triangle 
Oth row 0 (at+b)y= 1 ] 
Ist row l (a+ b)!= la 15 1 ] 
2ndrow 2 (a+ by= la? + 2ab + 1b? 1 2 ] 
3rd row 3 (at+bpe= la? + 3a*b + 3ab2 + 1b 1 3 3 1 
4th row 4 (a+ b)* = lat + 4a3b + 6a2b? + 4ab? + 1b* I 4 6 4 ] 
meow 5 (a+ 5) = la’ + Sab + J0ab* + 10a*b? + Sab* + 1b I S 10 10 5 ] 


In general, the nth row in Pascal’s Triangle gives the coefficients of (a + b)”. Here are 
some other observations about the expansion of (a + b)". 


1. An expansion has n + 1 terms. 


2. The power of a begins with n, decreases by | in each successive term, and ends 
with 0. 


3. The power of b begins with 0, increases by 1 in each successive term, and ends 
with n. 


4. The sum of the powers of each term is n. 


Using Pascal’s Triangle to Expand Binomials 
Use Pascal’s Triangle to expand (a) (x — 2)° and (b) (3y + 1)°. 


SOLUTION 


a. The coefficients from the fifth row of Pascal’s Triangle are 1, 5, 10, 10, 5, and 1. 
Gea — 1x? 5 x4(— 2 2)? (2)? + Sx(—2)* + 1(—2)° 
=x — 10x¢ ee 500. + 80x — 32 
b. The coefficients from the third row of Pascal’s Triangle are 1, 3, 3, and 1. 
(3y + 13 = 13y)? + 3GyP0) + 3By)(1)? + 1d 
= 27y? + 27y? + Oy + 1 


Monitoring Progress ) Help in English and Spanish at BigideasMath.com 
10. Use Pascal’s Triangle to expand (a) (z + 3)* and (b) (2t — 1). 
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_ 
4.2 Exercises Dynamic Solutions ayallabte at Bisideas 


Vocabulary and Core Concept Check 


1. WRITING Describe three different methods to expand (x + 3). 


2. WRITING Is (a + b)(a — b) = a* — b? an identity? Explain your reasoning. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-8, find the sum. (See xample J.) 16. MODELING WITH MATHEMATICS A farmer plants 
a garden that contains corn and pumpkins. The total 
area (in square feet) of the garden is modeled by 
the expression 2x? + Sx + 4. The area of the corn 
is modeled by the expression x? — 3x + 2. Write an 
expression that models the area of the pumpkins. 


3. (3x2 + 4x — 1) + (-2x2 — 3x + 2) 
4. (—Sx? + 4x — 2) + (—8x? + 2x + 1) 


5. (12x59 — 3x4 + 2x — 5) + (8x4 — 3x3 + 4x 4+ 1) 
6. (8x4 + 2x2 — 1) + (3x3 — 5x2 + Ix + 1) In Exercises 17-24, find the product. (See Example 3.) 
17. 7x3(5x2 + 3x + 1) 
7. (7x8 + 2x5 — 3x2 + 9x) + (5x9 + 8x3 — 6x2 + 2x — 5) 
18. —4x°(11x3 + 2x? + 9x + 1) 
8. (9x4 — 3x3 + 4x2 + 5x + 7) + (11x14 — 422 - 11x - 9) 
19. (5x2 — 4x + 6)(—2x + 3) 
In Exercises 9-14, find the difference. (See Example 2.) 
20:3 (ax Bk 
9. (3x3 — 2x? + 4x — 8) — (5x3 + 12x? — 3x — 4) Rickie etre Hate ain 


F ie = 2 = 
10. (xP = 08 — 42 3sr + 6) — OS oe = a 4) ee 


. (3x2 + x — 2)(—4x? — 2x - 
11. (Sx® — 2x4 + 9x3 + 2x — 4) — (7x5 — 8x4 + 2x — 11) 22. (3x* + x — 2)(—4x* — 2x — 1) 


23, (Gxt Oe te 
12. (4x5 — 7x3 — 9x2 + 18) — (1425 — 8x4 + 11x? + x) 3: OR ee 


a Dee = + 3x2 
13. (8x5 + 6x3 — 2x2 + 10x) — (9x5 — x3 — 13x2 + 4) 2A Oe 


ERROR ANALYSIS In Exercises 25 and 26, describe and 
correct the error in performing the operation. 


15. MODELING WITH MATHEMATICS During a recent 25. 
period of time, the numbers (in thousands) of males M x (x2 — 3x + 4) — (x8 + 7x — 2) 


and females F that attend a ae 
degree-granting institutions SO ORE ee 
= =X? xe A 


in the United States can be 
26. 
x (2x — 7)° =(2x)> — 75 


modeled by 
= 8x? — 343 


14. (11x4 — 9x2 + 3x + 11) — (2x4 + 6x3 + 2x — 9) 


M = 19.7? + 310.5t + 7539.6 
F = 28 + 368¢ + 10127.8 


where ¢ is time in years. 
Write a polynomial to model 
the total number of people 
attending degree-granting 
institutions. Interpret its 
constant term. 
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In Exercises 27—32, find the product of the binomials. 
(See Example 4.) 


eat 3)(x + 2)(x + 4) 


28. 


29: 


30. 


St. 


SZ; 


33; 


34, 


(x — 5)@ + 2) — 6) 


me 2 (5x t+ 1)(4x — 3) 


vee Dx — 2)(3x + 4) 
foe 4)(5 — 2x)(4x + 1) 
fee ox) ) — 2x)(3x + 2) 


REASONING Prove the polynomial identity 

(a + b)(a — b) = a® — b?. Then give an example 
of two whole numbers greater than 10 that can be 
multiplied using mental math and the given identity. 
Justify your answers. (See Example 5.) 


NUMBER SENSE You have been asked to order 
textbooks for your class. You need to order 

29 textbooks that cost $31 each. Explain how 
you can use the polynomial identity 

(a + b)(a — b) = a? — b* and mental math to 
find the total cost of the textbooks. 


In Exercises 35-42, find the product. (See Example 6.) 


35. (x — 9)(x + 9) 36. (m+ 6) 
37. (3c — 5) 38. (2y — 5)(2y + 5) 
39. (7h + 4) 40. (9¢ — 4) 
A1. (2k + 6) 42. (4n — 3) 


In Exercises 43—48, use Pascal’s Triangle to expand the 
binomial. (See Example 7.) 


43. 


45. 


47. 


(2t + 4)3 44. (6m + 2) 
(2q — 3)* 46. (g + 2) 
(yz + 1), 48. (np — 1)4 


49. COMPARING METHODS Find the product of the 
expression (a? + 4b*)?(3a? — b?)? using two different 
methods. Which method do you prefer? Explain. 


50. THOUGHT PROVOKING Adjoin one or more polygons 
to the rectangle to form a single new polygon whose 
perimeter is double that of the rectangle. Find the 
perimeter of the new polygon. 


x+1 


Fae ae 3} 


MATHEMATICAL CONNECTIONS In Exercises 51 and 52, 
write an expression for the volume of the figure as a 
polynomial in standard form. 


51. V= lwh 52. V= arh 


53. MODELING WITH MATHEMATICS Two people make 
three deposits into their bank accounts earning the 
same simple interest rate r. 


Person A Acree N 
2-5384 100608 
a ee 
01/01/2012 Deposit $2000.00 
01/01/2013 Deposit $3000.00 
01/01/2014 Deposit $1000.00 
Person B Come 
1-5233032905 
Date | See | Amount. 
01/01/2012 Deposit $5000.00 
01/01/2013 Deposit $1000.00 
01/01/2014 Deposit $4000.00 


Person A’s account is worth 
2000(1 + r)? + 3000(1 + r)? + 1000(1 + 7) 
on January 1, 2015. 


a. Write a polynomial for the value of Person B’s 
account on January 1, 2015. 


b. Write the total value of the two accounts as a 
polynomial in standard form. Then interpret the 
coefficients of the polynomial. 


c. Suppose their interest rate is 0.05. What is the total 
value of the two accounts on January 1, 2015? 
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54. PROBLEM SOLVING 
The sphere is centered 
in the cube. Find an 
expression for the 
volume of the cube 
outside the sphere. 


62. ABSTRACT REASONING You are given the function 
f(x) = (x + al(x + b)(X + c)(x + d). When f(x) is 
written in standard form, show that the coefficient of 
x? is the sum of a, b, c, and d, and the constant term is 
the product of a, b, c, and d. 


63. DRAWING CONCLUSIONS Let g(x) = 12x+ + 8x +9 
and h(x) = 3x° + 2x3 — 7x + 4. 


55. MAKING AN ARGUMENT Your friend claims the sum 
of two binomials is always a binomial and the product 
of two binomials is always a trinomial. Is your friend 


a. What is the degree of the polynomial g(x) + h(x)? 
b. What is the degree of the polynomial g(x) — h(x)? 


correct? Explain your reasoning. c. What is the degree of the polynomial g(x) + h(x)? 
d. In general, if g(x) and h(x) are polynomials such 
56. HOW DO YOU SEE IT? You make a tin box by that g(x) has degree m and h(x) has degree n, 
cutting x-inch-by-x-inch pieces of tin off the corners and m > n, what are the degrees of g(x) + h(x), 
of a rectangle and folding up each side. The plan for g(x) — h(x), and g(x) + h(x)? 


your box is shown. 
64. FINDING A PATTERN In this exercise, you will 


explore the sequence of square numbers. The first 
four square numbers are represented below. 


1 4 io 16 
: = FH 
a. Find the differences between consecutive square 
numbers. Explain what you notice. 


a. What are the dimensions of the original piece 
of tin? b. Show how the polynomial identity 
(n + 1)? — n* = 2n + 1 models the differences 


b. Write a function that represents the volume of the 
between square numbers. 


box. Without multiplying, determine its degree. 
c. Prove the polynomial identity in part (b). 


USING TOOLS In Exercises 57-60, use a graphing 65. CRITICAL THINKING Recall that a Pythagorean triple 
calculator to make a conjecture about whether the is a set of positive integers a, b, and c such that 
two functions are equivalent. Explain your reasoning. a2 + b? = c?. The numbers 3, 4, and 5 forma 
ae = Pythagorean triple because 3* + 4% = 57. You can use 
Bi. f(x) =e 3): = 8x9 — 3612-1 54x — 27 ne 3 2 
TONS) BO aa i se the polynomial identity (x* — y*)* + (2xy)? = Q* + y’)? 
58. h(x) = (x + 2): to generate other Pythagorean triples. 


K(x) =x + 10 + 40x? + 80K G45 a. Prove the polynomial identity is true by showing 


that the simplified expressions for the left and 


a ag pecbde Dy ATT. 
Soe x = ae right sides are the same. 


g(x) = x4 + 12x3 + 54x2 + 108x + 80 
b. Use the identity to generate the Pythagorean triple 


60. f(x) = (—x + 5)*; g(x) = —x3 + 15x? — 75x + 125 when x = 6 and y = 5. 
61. REASONING Copy Pascal’s Triangle and add rows c Veuty noe ea answer in part (D) satisfies 
for n = 6,7, 8, 9, and 10. Use the new rows to expand at b= ec. 


(x + 3)’ and (x — 5)?. 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Perform the operation. Write the answer in standard form. (Section 3.2) 


66. G21) + (3 + 92) 67. (0 31) — C7 = en) 


68. (7i)(—31) 694 +4)(2 —2) 


172 Chapter 4 Polynomial Functions 


Dividing Polynomials 


REASONING 
ABSTRACTLY 


To be proficient in math, 
you need to understand a 
situation abstractly and 
represent it symbolically. 


Essential Question How can you use the factors of a cubic 


polynomial to solve a division problem involving the polynomial? 


See) VE mm § Dividing Polynomials 


Work with a partner. Match each division statement with the graph of the related 
cubic polynomial f(x). Explain your reasoning. Use a graphing calculator to verify 
your answers. 


a. FO) = — DG?) b. me Ca 2) 
is se Il 
Ty ae 
Scar g m kl a, £9 = Nert2) 
Oe) oc GOOe 27. 2 
e. rer) (= )K 2) f. a Cox -F2) 
A. 4 B. 8 
—o 6 
ots} 8 
aa = 
&, 4 D. 6 
= 6 
-8 8 
~4 9 
E.: 4 F 4 
At | 
ead] -4 


(seer Nee eae Dividing Polynomials 


Work with a partner. Use the results of Exploration | to find each quotient. Write 
your answers in standard form. Check your answers by multiplying. 


b. G8 — 3x + 2)+(- 1) 
d. (xo — x2 -— 4x + 4) + & — 2) 
f. (x° — 2x? — 5x + 6) + (x — 3) 


c. (2 + 2x*-x— 2)+(x + 1) 
e. (2 + 3x2 -— 4) + (x 4+ 2) 


Communicate Your Anewer 


3. How can you use the factors of a cubic polynomial to solve a division problem 
involving the polynomial? 
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Az Lesson What You Will Learn 


» Use long division to divide polynomials by other polynomials. 


> Use synthetic division to divide polynomials by binomials of the form x — k. 
Gore Vocabulary... Ph Use the Remainder Theorem. 


| polynomial long division, 


Po Long Division of Polynomials 
| synthetic division, p. 7175 We. ‘ ee 
When you divide a polynomial f(x) by a nonzero polynomial divisor d(x), you get a 


Previous quotient polynomial g(x) and a remainder polynomial r(x). 


| 
| 
| . d(x) d(x) 
quotient see 
E Aer The degree of the remainder must be less than the degree of the divisor. When the 


| long division : 
divisor LO) _ q(x) + ei) 
dena remainder is 0, the divisor divides evenly into the dividend. Also, the degree of 
a —" the divisor is less than or equal | to the felis of the dividend f(x). One way to divide 
polynomials is called polynomial long divis 
EXAMPLE 1 Using Polynomial Long Division 
Divide? wae o> Sx — by ae 2. 
SOLUTION 
Write polynomial division in the same format you use when dividing numbers. Include 
a “0” as the coefficient of x? in the dividend. At each stage, divide the term with the 
highest power in what is left of the dividend by the first term of the divisor. This gives 
the next term of the quotient. 
2x*— 3x+ 5 <— quotient 
eo 3e 4 2) 2 ee el 
24 Gee Multiply divisor by ae = 2x? 
COMMON ERROR —3x3 — 4x2 + 5x Subtract. Bring down next term. 
The expression added to oy oy — 6x — 3x —3x, 
b nn YE 
oe ces Ie eset a age Subtract. Bring down next term. 
a long division problem is 5x2 
r(x) 5x* + 15x + 10 Multiply divisor by —- = 5. 
not r(x). ———  —— ; x 
d(x)’ —4x— 11 <—remainder 
eee eyes Se | = Atel 
— = 2x? — 3x + 5 + ———__ 
B ST | ere 


Check 


You can check the result of a division problem by multiplying the quotient by 
the divisor and adding the remainder. The result should be the dividend. 


(2x2 — 3x + 5)(x? + 3x + 2) + (—4x — 11) 
= (2x7)(x2 + 3x + 2) — (x)G@* + 3x + 2) + (5)G? + 3x + 2) — 4x — 1 
= 2x4 + 6x3 + 4x2 — 3x3 — 9x2 — Ox + 5x2 + 15x + 10 -— 4x - 11 


= {eae of 


Monitoring Progress ) Help in English and Spanish at BigldeasMath.com 
Divide using polynomial long division. 


1. G3 — x? —2x+ 8)+@-1) 2. (x4 + 2x? —x +5) +02? —x4+ 1) 
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STUDY TIP 


| Note that dividing 
polynomials does 

not always result in a 
polynomial. This means 
that the set of polynomials 
is not closed under 
division. 


Synthetic Division 
There is a shortcut for dividing polynomials by binomials of the form x — k. This 
shortcut is called synthetic division. This method is shown in the next example. 


Using Synthetic Division 


Divide —x? + 4x2'+ 9 by x — 3. 
SOLUTION 


Step 1 Write the coefficients of the dividend in order of descending exponents. 
Include a “0” for the missing x-term. Because the divisor is x — 3, use k = 3. 
Write the k-value to the left of the vertical bar. 


k-value —> 3 | —] 4 0 9 <— coefficients of —x? + 4x2 +9 


Step 2 Bring down the leading coefficient. Multiply the leading coefficient by the 
k-value. Write the product under the second coefficient. Add. 


ae | d 0 9 


= 1 


Step 3 Multiply the previous sum by the k-value. Write the product under the third 
coefficient. Add. Repeat this process for the remaining coefficient. The first 
three numbers in the bottom row are the coefficients of the quotient, and the 
last number is the remainder. 


eee | 4 0 9 


33 3 9 
coefficients of quotient —> —1 1 3° 18 <—remainder 
et 2 
> ae Sa eae ec en we 18 
cae a) 


Using Synthetic Division 


Divide 3x3 — 2x2 + 2x — 5 by x + 1. 


SOLUTION 
Use synthetic division. Because the divisor is x + 1 = x — (—1),k = -1. 
al Si ae Pan ete] 
=3 Sie 7 
3. =5 pe 12 
a ae — 2 
> * ara 2 a3 Sx 7 - 


Monitoring Progress ) Help in English and Spanish at BigideasMath.com 
Divide using synthetic division. 


3. 02 — 3x2 — 7x + 6) = (x — 2) 4. (2° —x-—7)+(«+3) 
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The Remainder Theorem 


The remainder in the synthetic division process has an important interpretation. When 
you divide a polynomial f(x) by d(x) = x — k, the result is 


£O) _ r(x) ial divisi 
da) qa) + dx) Polynomial division 

Oe r(x) = 

ar q(x) + ae Substitute x — k for d(x). 
fQ)=@=]hge) + ra): Multiply both sides by x — k. 


Because either r(x) = 0 or the degree of r(x) is less than the degree of x — k, you 
know that r(x) is a constant function. So, let r(x) = r, where r is a real number, and 
evaluate f(x) when x = k. 


fi) =(k-Kak) +r Substitute k for x and r for r(x). 
f=r Simplify. 


This result is stated in the Remainder Theorem. 


G Core Concept 


The Remainder Theorem 
If a polynomial f(x) is divided by x — k, then the remainder is r = f(&). 


The Remainder Theorem tells you that synthetic division can be used to evaluate 
a polynomial function. So, to evaluate f(x) when x = k, divide f(x) by x — k. The 


remainder will be f(A). 
Evaluating a Polynomial 

Use synthetic division to evaluate f(x) = 5x? — x* + 13x + 29 when x = —4, 
SOLUTION. 


=P ak 13 he, 
=29 84 —388 
ee | 97. (S359 


® The remainder is —359. So, you can conclude from the Remainder Theorem that 
f(—4) = =359: 


Monitoring Progress ) Help in English and Spanish at BigideasMath.com 


Use synthetic division to evaluate the function for the indicated value of x. 


5. f(x) = 4x2 — 10x — 21;x =5 6. f(x) = 5x4 + 2x? — 20x — 6;x =2 
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4. 3 Exe rcises Dynamic Solutions available at BigldeasMath.com 


Vocabulary and Core Concept Check 


1. WRITING Explain the Remainder Theorem in your own words. Use an example in your explanation. 


2. VOCABULARY What form must the divisor have to make synthetic division an appropriate method for 
dividing a polynomial? Provide examples to support your claim. 


3. VOCABULARY Write the polynomial divisor, dividend, and quotient functions =) PR eee ie gli 
represented by the synthetic division shown at the right. =3. 15 =18 


4. WRITING Explain what the colored numbers represent in the 
synthetic division in Exercise 3. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 5-10, divide using polynomial long division. ANALYZING RELATIONSHIPS In Exercises 19-22, match 


(See Example 1.) the equivalent expressions. Justify your answers. 
5. G2+x-17)+%-4) 19. (2 +x-3)+(x-2) 
6. (3x2 — 14x - 5) + (x —5) 20. (x2 -—x-3)+(x-2) 
7. 638 4+x2+x4+2)+ 62-1) 21. (2—x+3)+(x-2) 
8. (7x3 + x2 + x) + 2 + 1) 22. (2 +x+3)+(«-2) 
ey — 29 — 772 — 39) = (2 + 2x — 4) A ene eee 
ce i= 2 
fj) a(S 
10. (4x4 + 5x — 4) + (x? — 3x - 2) oe Sete xs Ss 
x—2 x- 


In Exercises 11-18, divide using synthetic division. 
(See Examples 2 and 3.) ERROR ANALYSIS In Exercises 23 and 24, describe and 
correct the error in using synthetic division to divide 
: 2 ae, = 
WW. (x2 + 8x + 1) = (x - 4) eee shy, 0. 


12. (4x2 — 13x — 5) + (x—- 2) 


23. 
i 1 Oo —-5 3 
fax’ — x +7) + +5) x | ef ee) 
| 2° 1 


14. (8 — 4x +6) +(x +3) 
Bae! = 4 92 — +4 


15. (2+ 9) + (x-3) ae 
—_— co a palo 
16. (3x3 — 5x2 — 2) +(x- 1) oa 
2\(1--5 3 
17. (x4 — 5x3 — 8x2 + 13x — 12) + (x - 6) 
2 -6 
18. (x4 + 4x3 + 16x — 35) + (x +5) 1 -3 =3 
Rae OxXt O S Ay 
x-2 x-2 
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In Exercises 25-32, use synthetic division to evaluate the 36. COMPARING METHODS The profit P (in millions of 
function for the indicated value of x. (Sve /-xample 4.) dollars) for a DVD manufacturer can be modeled by 
P = —6x3 + 72x, where x is the number (in millions) 
of DVDs produced. Use synthetic division to show 
that the company yields a profit of $96 million when 
2 million DVDs are produced. Is there an easier 
method? Explain. 


25. f(x) = —x = 8k + 30;x == 
26. f(x) = 3x* + 2x — 20;x =3 


27. f@y= x — 2 ae 3 — 2 
37. CRITICAL THINKING What is the value of k such that 


28. fix) =x) +x? — 3x+9x= —4 (x3 — x2 + kx — 30) + (x — 5) has a remainder 
of zero? 
29. fx) =x? —6x+ 15x =6 
14 =a 
30. f(x) =x> — 9x —7;x = 10 @ 
© 2 ©) 32 
Sega ce — xt 1x = 3 
38. HOW DO YOU SEE IT? The graph represents the 
Sem) Sk SX = 25 polynomial function f(x) = x3 + 3x2 — x — 3. 


33. MAKING AN ARGUMENT You use synthetic division 
to divide f(x) by (x — a) and find that the remainder 
equals 15. Your friend concludes that f(15) = a. 

Is your friend correct? Explain your reasoning. 


34. THOUGHT PROVOKING A polygon has an area | 
represented by A = 4x* + 8x + 4. The figure has at | 
least one dimension equal to 2x + 2. Draw the figure 


Si : : 
ang label is demigusions. ; a. The expression f(x) + (x — k) has a remainder 
of —15. What is the value of k? 
35. USINGTOOLS The total attendance A (in thousands) b. Use the graph to compare the remainders of 
at NCAA women’s basketball games and the number Go + 3x2 — 4 3) = Ge 3) and 


T of NCAA women’s basketball teams over a period (248 3x2 — x — BS + 1 
of time can be modeled by — ” 


A = —1.95x3 + 70.1x2 — 188x + 2150 


39. MATHEMATICAL CONNECTIONS The volume 


T= 14.8x + 725 i ee 
V of the rectangular prism is given by 
where x is in years and 0 < x < 18. Write a function for V = 2x? + 17x? + 46x + 40. Find an expression 
the average attendance per team over this period of time. for the missing dimension. 


== 


: 40. USING STRUCTURE You divide two polynomials and 
ne obtain the result 5x2 — 13x + 47 — at What is the 


dividend? How did you find it? 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 
Find the zero(s) of the function. (Sections 3.1 and 3.2) 

41. f(x) =x* -—6x+9 42. g(x) = 3(x + 6)(x — 2) 

43. g(x) = x2 + 14x + 49 44. h(x) = 4x? + 36 
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Factoring Polynomials 


MAKING SENSE 
OF PROBLEMS 


To be proficient in math, 
you need to check your 
answers to problems and 
continually ask yourself, 
“Does this make sense?” 


Essential Question How can you factor a polynomial? 


EXPLORATION 1 Factoring Polynomials 


Work with a partner. Match each polynomial equation with the graph of its related 
polynomial function. Use the x-intercepts of the graph to write each polynomial in 
factored form. Explain your reasoning. 


b. x2 — 2x7 -x+2=0 
d. x —x=0 


f. xt — 203-32 + 2x =0 


a. x27+5x+4=0 
ce x +3x2-2x=0 


Cie = ox" 0 


A. 4 B. 4 
—4 me 
C. was D. 4 
ht | ' | 
= aA 
E: ss FE . 
-4 


EXPLORATION 2 Factoring Polynomials 


Work with a partner. Use the x-intercepts of the graph of the polynomial function 
to write each polynomial in factored form. Explain your reasoning. Check your 
answers by multiplying. 


a. {X= x 2 
CG. fGye= Oe — 3x 
eo f(x) = eee — a — 2 


b. f(x) = x3 — x2 -— 2x 
d. f@) =x — 3x7 -x+3 
LfoH=x* — 10 +9 


Communicate Your Answer 


3. How can you factor a polynomial? 


4. What information can you obtain about the graph of a polynomial function 
written in factored form? 
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44 Lesson What You Will Learn 


> Factor polynomials. 
B Use the Factor Theorem. 


Core Vocabulary... 


| factored completely, p. 180 Factoring Polynomials 
| factor by grouping, p. 187 


| quadratic form, p. 187 


Previously, you factored quadratic polynomials. You can also factor polynomials 
with degree greater than 2. Some of these polynomials can be factored completely 


| zero of a function coefficients is factored completely when it is written as a product of unfactorable 


| Previous using techniques you have previously learned. A factorable polynomial with integer 
synthetic division polynomials with integer coefficients. 


EXAMPLE 1 Finding a Common Monomial Factor 


Factor each polynomial completely. 


a. x2 — 4x2 — 5x b. 3y> — 48y3 c. 524 + 3023 + 4522 
SOLUTION 

a. 0° — 4x — Sx 0 ee) Factor common monomial. 

= x(x — 5)\(x + 1) Factor trinomial. 
b. 3y° — 48y> = 3y3(y? — 16) Factor common monomial. 
= 3y7(y — 4)(y + 4) Difference of Two Squares Pattern 
c. 527 30g 452? = S77 ae 9) Factor common monomial. 
= 5z*(z + 3)? Perfect Square Trinomial Pattern 


Monitoring Progress a) Help in English and Spanish at BigideasMath.com 


Factor the polynomial completely. 


1. x39 — 7x2 + 10x 2. 3n’? — 75n 3. 8m — 16m‘ + 8m 


sewn 


In part (b) of Example 1, the special factoring pattern for the difference of two squares 
was used to factor the expression completely. There are also factoring patterns that you 
can use to factor the sum or difference of two cubes. 


G) Core Concept 


Special Factoring Patterns 


Sum of Two Cubes Example 
a> + b> = (a + b)\(a* — ab + b*) 64x3 + 1 = (4x) + 13 
= (4x + 1)(16x2 — 4x + 1) 
Difference of Two Cubes Example 
a’ — b3 = (a — b)(a2 + ab + b?) 27x — 8 = (3x) — 23 


= (3x — 2)(9x2 + 6x + 4) 
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LOOKING FOR 
STRUCTURE 


The expression 16x4 — 81 is 
in quadratic form because 
it can be written as u2 — 81 
where u = 4x2. 


EXAMPL 


Factoring the Sum or Difference of Two Cubes 
Factor (a) x? — 125 and (b) 165° + 54s? completely. 


SOLUTION 
ae 125 = 
= (x — 5)? + 5x + 25) 
b. 165° + 54s? = 252(8s° + 27) 
= 2s2 [(2s)3 + 37] 
= 257(2s + 3)(4s2 — 6s + 9) 


Write as a3 — b?. 

Difference of Two Cubes Pattern 
Factor common monomial. 
Write 853 + 27 as a3 + b?. 


Sum of Two Cubes Pattern 


For some polynomials, you can factor by grouping pairs of terms that have a 
common monomial factor. The pattern for factoring by grouping is shown below. 


ra + rb + sat+ sb=r(a +b) + s(a + b) 
=(r+s)(a t+ b) 


EXAMPLE 3 


Factoring by Grouping 


Factor z? + 5z* — 4z — 20 completely. 


SOLUTION 
2 + 527 — 42 — 20 = 2 + 5) — 4(z + 5) 
= (22 — 4)(z + 5) 
mete oie + 2)(ze D) 


Factor by grouping. 

Distributive Property 

Difference of Two Squares Pattern 
An paces of the form au? + bu + c, where u is an algebraic expression, is said to 


be in quadratic form. The factoring techniques you have studied can sometimes be 
used to factor such expressions. 


“EXAMPLE 4 


Factoring Polynomials in Quadratic Form 
Factor (a) 16x+ — 81 and (b) 3p8 + 15p> + 18p? completely. 
SOLUTION 
a. 16x4 — 81 = (4x2)? — 92 

== (4x +:°9)(4x* — 9) 

= (4x2 + 9)(2x — 3)(2x + 3) 
b. 3p8 + 15p> + 18p? = 3p2(p® + 5p? + 6) 
se aoe +7) 


Write as a2 — b?. 

Difference of Two Squares Pattern 
Difference of Two Squares Pattern 
Factor common mononial. 


Factor trinomial in quadratic form. 
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Factor the polynomial completely. 


4. a +27 Be 627507 
Gta 7. 3y3 + y? + 9y +3 
8. —16n* + 625 9. 5w® — 25w4 + 30w2 
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READING 


In other words, x — kis a 
factor of f(x) if and only if 


k is a zero of f. 


STUDY TIP 


In part (b), notice that 
direct substitution would 
have resulted in more 
difficult computations 


than synthetic division. ) 


ANOTHER WAY 


Notice that you can factor 

f(x) by grouping. 

F(x) = x3(x + 3) — 1(x + 3) 
= (ya 1)(x + 3) 


= (x + 3)(x — 1) 
(x2 +x + 1) 


The Factor Theorem 


When dividing polynomials in the previous section, the examples had nonzero 
remainders. Suppose the remainder is 0 when a polynomial f(x) is divided by x — k. 
Then, 

a GOT ae q(x) 
where q(x) is the quotient polynomial. Therefore, f(x) = (x — k) * q(x), so that x — k 
is a factor of f(x). This result is summarized by the Factor Theorem, which is a special 
case of the Remainder Theorem. 


Core Concept 
The Factor Theorem 
A polynomial f(x) has a factor x — k if and only if f(k) = 0. 
“EXAMPLE 5 Determining Whether a Linear Binomial Is a Factor 


Determine whether (a) x — 2 is a factor of f(x) = x? + 2x — 4 and (b) x + 5 is a factor 
of ((x) = Sie [xe ae a 25, 


SOLUTION 
a. Find f(2) by direct substitution. b. Find f(—S) by synthetic division. 
f(2) = 2? + 2(2) — 4 =5 3 is) =! 0 25 
=4+4-—4 =15 0 5) = US 
=4 3 0 -1 5 0 
a Because f(2) # 0, the binomial ~ Because f(—S) = 0, the binomial 
x — 2is not a factor of x + 5 is a factor of 
f(x) =x? + 2x —4. fQ) S3x* le or 


“EXAMPLE 6 


Factoring a Polynomial 
Show that x + 3 is a factor of f(x) = x+ + 3x3 — x — 3. Then factor f(x) completely. 


SOLUTION 
Show that f(—3) = 0 by synthetic division. 


=3 1 S O ol sas 
ae 0 QO” a3 


1 0 5 | 0 


Because f(—3) = 0, you can conclude that x + 3 is a factor of f(x) by the 
Factor Theorem. Use the result to write f(x) as a product of two factors and then 
factor completely. 


f) =x4+38-—x-3 Write original polynomial. 
= (x + 3)03 - 1) Write as a product of two factors. 
=(x+ 3)~ — Dat? +xt+ 1) Difference of Two Cubes Pattern 
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STUDY TIP 


You could also check 
that 2 is a zero using 
the original function, 
but using the quotient 
polynomial helps you find 
the remaining factor. 


Because the x-intercepts of the graph of a function are the zeros of the function, you 
can use the graph to approximate the zeros. You can check the approximations using 
the Factor Theorem. 


Borage | Pplcauon h(t) 403 21 + 9t ~ 34 


h et) 


During the first 5 seconds of a roller coaster ride, the 
function h(t) = 4t° — 21t? + 9t + 34 represents the 
height h (in feet) of the roller coaster after t seconds. 
How long is the roller coaster at or below ground 
level in the first 5 seconds? 


SOLUTION 


1. Understand the Problem You are given a function rule that represents the 
height of a roller coaster. You are asked to determine how long the roller coaster 
is at or below ground during the first 5 seconds of the ride. 


2. Make a Plan Use a graph to estimate the zeros of the function and check using 
the Factor Theorem. Then use the zeros to describe where the graph lies below 
the f-axis. 


3. Solve the Problem From the graph, two of the zeros appear to be — 1 and 2. 
The third zero is between 4 and 5. 


Step 1 Determine whether —1 is a zero using synthetic division. 


‘=1 | 4-21 9 34 
—4 25 —34 


4 -25 34 ——— 


h(—1) = 0, so —1 is a zero of A 
and t + 1 is a factor of h(t). 


Step 2 Determine whether 2 is a zero. If 2 is also a zero, then t — 2 is a factor of 
the resulting quotient polynomial. Check using synthetic division. 


2 4 -25 34 
& —34 
4-7 0 The remainder is 0,so t — 2isa 


factor of h(t) and 2 is a zero of h. 


So, A(t) = (tf + 1)(t — 2)(4t — 17). The factor 4¢ — 17 indicates that the zero 
between 4 and 5 is © or 4.25. 


> The zeros are —1, 2, and 4.25. Only ¢ = 2 and t = 4.25 occur in the first 
5 seconds. The graph shows that the roller coaster is at or below ground level 
for 4.25 — 2 = 2.25 seconds. 


4. Look Back Use a table of 
values to verify the positive zeros zero 
and heights between the zeros. 


uw 


i) — = 
’ ‘ 
uw 

i=) 


L negative 


oe 
NUN 


wi 


le wh 


Z 
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10. Determine whether x — 4 is a factor of f(x) = 2x? + 5x — 12. 
11. Show that x — 6 is a factor of f(x) = x3 — 5x? — 6x. Then factor f(x) completely. 


12. In Example 7, does your answer change when you first determine whether 2 is a 
zero and then whether —1 is a zero? Justify your answer. 
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_ 
4.4 Exercises Dynamic Solutions avaliable at BigideasMaticor 


Vocabulary and Core Concept Check 


1. COMPLETE THE SENTENCE The expression 92+ — 49 is in form because it can be written 
as u2 — 49 where u = 


2. VOCABULARY Explain when you should try factoring a polynomial by grouping. 
3. WRITING How do you know when a polynomial is factored completely? 


4. WRITING Explain the Factor Theorem and why it is useful. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 5-12, factor the polynomial completely. In Exercises 23-30, factor the polynomial completely. 
(See Example 1.) (See Example 3.) 
Se a 6. 4k — 100k? 23. y° — 5y*  6y — 30 24 ee 
7.3? = ea 8. 2m® — 24m + 64m4* 25. 3a + 18a? 8a 4 
9. 2q* + 9g) — 18q? 10. 37° ee 26. 2k? — 20k + 5k — 50 
11. 10w!9 — 19w? + 6w8 27, x — 8x2 -—4x+32 28. 2 —5z*—-9z+ 45 
12. 18v? + 33v8 + 147 29. 4q> — 16q* — 9q + 36 
In Exercises 13-20, factor the polynomial completely. S00 167 Go 


(See Example 2.) 
In Exercises 31-38, factor the polynomial 


x3 3 
i: "oe 1 completely. (See Example 4.) 
1Ste 343 16. cy 31. 4944 —9 32.0477 — 25 
Wo 31 92n° 18. 9n® — 6561n3 33. c*+ 9c? + 20 34. yt — 3y+ — 28 
19. 16¢7 + 2507 20. 135z!! — 1080z8 35.) 107 81 36. 8lat — 256 
ERROR ANALYSIS In Exercises 21 and 22, describe and eye Bide Gye) — (ili 38. 4n!2 — 32n7 + 48n2 
correct the error in factoring the polynomial. 
1 In Exercises 39—44, determine whether the binomial is a 


x factor of the polynomial. (See Example 5.) 
3 = 2 f 
at) | 39, f(x) = 2x3 + 5x2 - 37x - 60;x—4 
= 3x(x + 3)(x — 3) 


AO. g(x) = 3x3 — 28x2. + 29x + 140;x +7 


22. 41. A(x) = 6 — 1524 — 9x3; x 4+ 3 
xX x9 + Bx? = (x3)3 + (2x)5 
; = — 3 ota 
= (x? + 2x)(x6 — 2x4 + 4x?) 43. h(x) = 6x4 — 6x3 — 84x? + 144x;x%4+ 4 


44. t(x) = 48x4 + 36x3 — 138x* — 36x;x + 2 
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In Exercises 45-50, show that the binomial is a factor of 
the polynomial. Then factor the polynomial completely. 


(See Example 6.) 

ASy (x) = x — x2 — 20x;x+4 

46. t(x) = x? — 5x2 — 9x + 45;x-—5 
47. f(x) = x* — 6x3 — 8x + 48; x — 6 
48. s(x) = x4 + 4x3 — 64x — 256:x + 4 
AQ. r(x) =x — 37x + 84:x4+7 

50. h(x) = x3 — x? — 24x — 36;x +2 


ANALYZING RELATIONSHIPS In Exercises 51-54, match 


the function with the correct graph. Explain your 


reasoning. 

ene) — (x — 2)(x — 3)(x + 1) 

mex) — x(x + 2)(x + 1)@ — 2) 

ae) — (x + 2)(x + 3)(x — 1) 
54. k(x) = xx — 2)a — 1) + 2) 

A. 

G 
55. MODELING WITH MATHEMATICS The volume 


(in cubic inches) of a shipping box is modeled 

by V = 2x3 — 19x? + 39x, where x is the length 
(in inches). Determine the values of x for which the 
model makes sense. Explain your reasoning. 

(See Example 7.) 


56. 


MODELING WITH MATHEMATICS The volume 

(in cubic inches) of a rectangular birdcage can be 
modeled by V = 3x3 — 17x? + 29x — 15, where x 
is the length (in inches). Determine the values of 
x for which the model makes sense. Explain your 
reasoning. 


USING STRUCTURE In Exercises 57-64, use the method 
of your choice to factor the polynomial completely. 
Explain your reasoning. 


S7. 


ous 


61. 


63. 


65. 


66. 


67. 


vo myrrh) {Oey 58. 8m? — 343 


2 2 fz. — 97 +63 60. 2p8 — 12p° + 16p? 


64r3 + 729 62. 5x° — 10x* — 40x3 


lon — I 64. 9k} — 24k? + 3k —8 
REASONING Determine whether each polynomial is 
factored completely. If not, factor completely. 


a. 72°C ct — 6) 
b. (2 — n)(n2 + 6n)(3n — 11) 
c. 3(4y — 5)(Qy* — 6y — 4) 


PROBLEM SOLVING The profit P 
(in millions of dollars) for a 
T-shirt manufacturer can be 
modeled by P = —x> + 4x? + x, 
where x is the number 

(in millions) of T-shirts 
produced. Currently the 
company produces 4 million 
T-shirts and makes a profit 

of $4 million. What lesser number 

of T-shirts could the company produce 
and still make the same profit? 


" ~ a 


PROBLEM SOLVING The profit P (in millions of 
dollars) for a shoe manufacturer can be modeled 

by P = —21x? + 46x, where x is the number (in 
millions) of shoes produced. The company now 
produces | million shoes and makes a profit of 

$25 million, but it would like to cut back production. 
What lesser number of shoes could the company 
produce and still make the same profit? 
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68. THOUGHT PROVOKING Find a value of k such that 74. REASONING The graph of the function 
fO) =F + 3e oe 

is shown. Can you use 
the Factor Theorem to 
factor f(x)? Explain. 


i has a remainder of 0. Justify your answer. 
a2 


{Q) = 3 Bee 


69. COMPARING METHODS You are taking a test 
where calculators are not permitted. One question 
asks you to evaluate g(7) for the function 
g(x) = x3 — Tx? — 4x + 28. You use the Factor 
Theorem and synthetic division and your friend uses 
direct substitution. Whose method do you prefer? 
Explain your reasoning. 


75. MATHEMATICAL CONNECTIONS The standard 
equation of a circle with radius r and center (h, k) is 
(x — h)? + (y — kb)? = 7. Rewrite each equation of a 
circle in standard form. Identify the center and radius 
of the circle. Then graph the circle. 


70. MAKING AN ARGUMENT You divide f(x) by (x — a) 
and find that the remainder does not equal 0. Your 
friend concludes that f(x) cannot be factored. Is your 
friend correct? Explain your reasoning. y 

(x, y) 

71. CRITICAL THINKING What is the value of k such that 
x — 7 isa factor of h(x) = 2x3 — 13x2 — kx + 105? 

Justify your answer. 


72. HOW DO YOU SEE IT? Use the graph to write an 
equation of the cubic function in factored form. 


: ; a x27+64+9+y?2? =25 
Explain your reasoning. 


b -4x¥+4+y=9 
c. x7 — 8x + 16 + y? + 2y + 1 = 36 

76. CRITICAL THINKING Use the diagram to complete 
parts (a)-(c). 


a. Explain why a? — b° is equal to the sum of the 
volumes of the solids I, II, and II. 


b. Write an algebraic expression 
for the volume of each of 
the three solids. Leave 


73. ABSTRACT REASONING Factor each polynomial your expressions in 
completely. factored form. 
a. Jac? + be* —Tad* — bd? c. Use the results from 
bo ee + | part (a) and part (b) 
to derive the factoring 
c. ab? — a*b* + 2a4*b — 2ab3 + a3 — b? pattern a? — b3, 


Mainta ining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 
Solve the quadratic equation by factoring. (Section 3./]) 

7h. x ae 30= 0 78. 2x7 = 10x = 72 —0 

79 3 11x + 10 =0 80. 9x? — 28x +3 =0 


Solve the quadratic equation by completing the square. (Section 3.3) 
81. x7 = 12x + 36 = 144 82. x?—8— 11 =0 
83. 3x2 + 30x + 63 =0 84. 4x2 + 36x -4=0 
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4.1-4.4 What Did You Learn? 


Core Vocabulary 

polynomial, p. 758 Pascal’s Triangle, p. 169 factored completely, p. 180 
polynomial function, p. 758 polynomial long division, p. 174 factor by grouping, p. 18] 
end behavior, p. 159 synthetic division, p. 175 quadratic form, p. 18/ 
Core Concepts 

Section 4.1 

Common Polynomial Functions, p. 158 Graphing Polynomial Functions, p. 160 


End Behavior of Polynomial Functions, p. 159 


Section 4.2 


Operations with Polynomials, p. 166 Pascal’s Triangle, p. 169 
Special Product Patterns, p. 167 


Section 4.3 


Polynomial Long Division, p. 174 The Remainder Theorem, p. 176 
Synthetic Division, p. 175 


Section 4.4 


Factoring Polynomials, p. 180 The Factor Theorem, p. 152 
Special Factoring Patterns, p. 180 


Mathematical Practices 


1. Describe the entry points you used to analyze the function in Exercise 43 on page 164. 


2. Describe how you maintained oversight in the process of factoring the polynomial in 
Exercise 49 on page 185. 


—————er Study Skills 
Keeping Your 
Focused 


e When you sit down at your desk, review your notes from 
the last class. 


e Repeat in your mind what you are writing in your notes. 


e When a mathematical concept is particularly difficult, ask 
your teacher for another example. 


Pia ee oe 
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4.1-4.4 Quiz 


Decide whether the function is a polynomial function. If so, write it in standard form and 
state its degree, type, and leading coefficient. (Section 4.1) 


1. fe) =5 42430 — 20 - x 2. g(x) = yx + 2x — 3x2 +1 3. h(x) =3 — 6° + 4x2 + 6x 


4. Describe the x-values for which (a) f is increasing or decreasing, 
(b) f(x) > 0, and (c) f(x) < 0. (Section 4.1) 


5. Write an expression for the area and perimeter 


for the figure shown. (Section 4.2) iar 


x 
eee. Se ane ea, ee 
Perform the indicated operation. (Section 4.2) 
6: 0" — 4) eo) De (i — one )( 30a ll) 8. D6 2 3)6G a4) 
9, Use Pascal’s Triangle to expand (x + 2)>. (Section 4.2) 
10, Divide 4x7 — 2° x* — 5x4 8 by + = 20 al secnon) 
Factor the polynomial completely. (Section 4.4) 
11. a — 2a” — 8a 12. 8m> + 27 1s, °2 2-424 14. 49b4 — 64 


15.. Show that x + 5 is a factor of fx) = x3 — 2x* — 23x + 60. Then factor f(x) completely. 
(Section 4.4) 


16. The estimated price P (in cents) of stamps in the United States can be modeled by the 
polynomial function P(t) = 0.0078 — 0.162? + 1t + 17, where t represents the number of 
years since 1990. (Section 4.1) 


a. Use a graphing calculator to graph the function for the interval 0 < t < 20. 
Describe the behavior of the graph on this interval. 


b. What was the average rate of change in the price of stamps from 1990 to 2010? Vo) Se" 1102 + 12x 


17. The volume V (in cubic feet) of a rectangular wooden crate is modeled by the function 
V(x) = 2x? — 11x? + 12x, where x is the width (in feet) of the crate. Determine the values 
of x for which the model makes sense. Explain your reasoning. (Section 4.4) 
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Solving Polynomial Equations 


Essential Question How can you determine whether a polynomial 


equation has a repeated solution? 


EXPLORATION 1 [ie fe Equations and Repeated Solutions 


Work with a partner. Some cubic equations have three distinct solutions. Others 
have repeated solutions. Match each cubic polynomial equation with the graph of its 
related polynomial function. Then solve each equation. For those equations that have 
repeated solutions, describe the behavior of the related function near the repeated zero 
using the graph or a table of values. 


USING TOOLS 
STRATEGICALLY 
To be proficient in a. x? — 6x2 + 12x -8 =0 b. x2 4+ 3x2 + 3x +1=0 


math, you need to use Ce —3x42=0 d. x + x*—2x=0 


technological tools to 
explore and deepen ex 3x —2—0 fo x 2x. 0 


your understanding 
B. fu 


4 
of concepts. A. 
| a | | | 
—4 
4 


‘EXPLORATION 2 Quartic Equations and Repeated Solutions 


Work with a partner. Determine whether each quartic equation has repeated 
solutions using the graph of the related quartic function or a table of values. Explain 
your reasoning. Then solve each equation. 


a. x4 — 413+ 5x2 - 2x =0 b. x4 — 2x3 -— x2 + 2x =0 


ce. x4 — 4x3 + 4x2 = 0 d. x4 + 3x3=0 


Communicate Your Answer 


3. How can you determine whether a polynomial equation has a repeated solution? 


4. Write a cubic or a quartic polynomial equation that is different from the equations 
in Explorations | and 2 and has a repeated solution. 
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What You Will Learn 


> Find solutions of polynomial equations and zeros of polynomial functions. 
PB Use the Rational Root Theorem. 
PB Use the Irrational Conjugates Theorem. 


4.5 Lesson 


Core Vocabulary. 


| repeated solution, p. 7190 


Previous 

roots of an equation 
real numbers 
conjugates 


Finding Solutions and Zeros 


You have used the Zero-Product Property to solve factorable quadratic equations. You 
can extend this technique to solve some higher-degree polynomial equations. 


“EXAMPLE 1 


Solving a Polynomial Equation by Factoring 
Solve 2x? — 12x? + 18x = 0. 


SOLUTION 


2x — 12x? + 18x =0 
2x(x2 — 6x + 9) =0 
2x(x — 3)? =0 

2x=0 or &—3P=0 


x=0 or x=3 


Write the equation. 

Factor common monomial. 
Perfect Square Trinomial Pattern 
Zero-Product Property 


Solve for x. 


> The solutions, or roots, are x = 0 and x = 3. 


In Example 1, the factor x — 3 appears more than once. This creates a repeated 
I> solution of x = 3. Note that the graph of the related function touches the x-axis 


‘ : 
STUDY TIP (but does not cross the x-axis) at the repeated zero x = 3, and crosses the x-axis at the 
| zero x = 0. This concept can be generalized as follows. 

,; Because the factor x — 3 

| appears twice, the root ¢ When a factor x — k of f(x) is raised to an odd power, the graph of f crosses the 

i X = 3 has a multiplicity x-axis atx = k. 

L of 2. ; 


¢ When a factor x — k of f(x) is raised to an even power, the graph of f touches the 
x-axis (but does not cross the x-axis) at x = k. 


“EXAMPLE 2 Finding Zeros of a Polynomial Function 


Find the zeros of f(x) = —2x*+ + 16x? — 32. Then sketch a graph of the function. 


SOLUTION 
OS — 2 lee a 
O= —207— 8 +16) 
0 = = 207 ia 4) 
0 = =2e ix — 2e 2 2) 
0 = —2(x + 2)2(x — 2) 


Set f(x) equal to 0. 

Factor out —2. 

Factor trinomial in quadratic form. 
Difference of Two Squares Pattern 
Rewrite using exponents. 


Because both factors x + 2 and x — 2 are raised to an even power, the graph of f 
touches the x-axis at the zeros x = —2 and x = 2. 


By analyzing the original function, you can determine that the y-intercept is —32. 
Because the degree is even and the leading coefficient is negative, f(x) + — as 

x — —o°o and f(x) — —°% as x + +, Use these characteristics to sketch a graph of 
the function. 
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Solve the equation. 
1. 4x4 — 40x? + 36 =0 2. 2x + 24x = 14° 
Find the zeros of the function. Then sketch a graph of the function. 
3. f(x) = 3x] 6 +3 4. f(x) = 24+ x2 -— 6x 


The Rational Root Theorem 


The solutions of the equation 64x? + 152x? — 62x — 105 = Oare —2 —>, and Z, 
Notice that the numerators (5, 3, and 7) of the zeros are factors of the constant term, 
—105. Also notice that the denominators (2, 4, and 8) are factors of the leading 
coefficient, 64. These observations are generalized by the Rational Root Theorem. 


G) Core Concept 


The Rational Root Theorem 


If f(x) = a,x" + +++ + a,x + ay has integer coefficients, then every rational 
solution of f(x) = 0 has the following form: 


STUDY TIP 


Notice that you can 
use the Rational Root 
Theorem to list possible 


zeros of polynomial 
functions. The Rational Root Theorem can be a starting point for finding solutions of polynomial 


equations. However, the theorem lists only possible solutions. In order to find the 
actual solutions, you must test values from the list of possible solutions. 


p = _ factor of constant term ay _ 
q factor of leading coefficient a,, 


12.) (iam Using the Rational Root Theorem 
Find all real solutions of x? — 8x2 + 11x + 20 = 0. 


SOLUTION 


ANOTHER WAY The polynomial f(x) = x3 — 8x2 + 11x + 20 is not easily factorable. Begin by using 


; the Rational Root Theorem. 
You can use direct 


substitution to test Step 1 List the possible rational solutions. The leading coefficient of f(x) is 1 and 
possible solutions, but the constant term is 20. So, the possible rational solutions of f(x) = 0 are 
synthetic division helps (oes 10.90 

you identify other factors x= P ae 1D =p 3 P +7; aT 


of the polynomial. 


Step 2 Test possible solutions using synthetic division until a solution is found. 


Test x = 1: Tests =—1: 
I ies. 11 §20 =I ees 1 20 
I) ieead lane: = 9 -20 
=) 4 24 i>. 20 0 
f(1) # 0, sox — 1is f(—1) = 0, sox + 1 
not a factor of f(x). is a factor of f(x). 


Step 3 Factor completely using the result of the synthetic division. 


(x + 1)G2 — 9x + 20) = 0 Write as a product of factors. 
(x + IG@—4a@— 5) =0 Factor the trinomial. 
P So, the solutions are x = —1,x = 4, andx = S. 
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192 


In Example 3, the leading coefficient of the polynomial is 1. When the leading 
coefficient is not 1, the list of possible rational solutions or zeros can increase 
dramatically. In such cases, the search can be shortened by using a graph. 


e\iaese-as Finding Zeros of a Polynomial Function 
Find all real zeros of f(x) = 10x4 — 11x? — 42x? + 7x + 12. 


SOLUTION 
Step 1 List the possible rational zeros of f: ee +4, +5, “4 +8 2 

pl gl. Bese Oe 

ao 26>) SS So SS” Se) 

100 

Step 2 Choose reasonable values from the list above 

to test using the graph of the function. For f, 

the values 

a zit i ae and x = 42 

Ze on o)) 5 
are reasonable based on the graph shown 


at the right. amici 
Step 3 Test the values using synthetic division until a zero is found. 


12 =; LOSS Phe tl? 


aaa =o 8 (ete 


3 
5 LO —Tie= 42 
=15> 632 


=e 10 —16 —34 24 0 
: t 

= is a Zero. 
Step 4 Factor out a binomial using the result of the synthetic division. 


f= (x + aoe — 16x? — 34x + 24) Write as a product of factors. 


= (x + Haver — 8x2 — 17x + 12) Factor 2 out of the second factor. 
= (2x on oc ale ee) Multiply the first factor by 2. 


Step5 Repeat the steps above for g(x) = 5x? — 8x — 17x +12. Any zero of g will 
also be a zero of f. The possible rational zeros of g are: 


25 
[2s 4 Ome 
= +]. 42 4+3.4+4 +6 + +2 +2 425 += += 4+ 
g x = a ane +4, ZO Asaee oy —~5 5 a5: 5S eS 
y The graph of g shows that 2 may be a zero. Synthetic division shows that 3 is 
a zero and g(x) = [x ~ 3\sx — 5x — 20) = (5x — 3)? — x — 4). 
oe It follows that: 


Qe 1) se) = (2 + Gx — 3G 


Step 6 Find the remaining zeros of f by solving x* — x — 4 = 0. 


» 2 =e V(—1)2 — 4(1)(—4) Substitute 1 for a, —1 for b, and —4 for c 


PAO) in the Quadratic Formula. 
+ 
i= La Simplify. 
PD The real zeros of fare + 3, dee? ~ 2.56, and tl ~ —1.56, 
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5. Find all real solutions of x? — 5x? — 2x + 24 = 0. 
6. Find all real zeros of f(x) = 3x4 — 2x3 — 37x? + 24x + 12. 


The Irrational Conjugates Theorem 


In Example 4, notice that the irrational zeros are conjugates of the form a + Vb and 
a — Vb. This illustrates the theorem below. 


G Core Concept 
The Irrational Conjugates Theorem 


Let f be a polynomial function with rational coefficients, and let a and b be 
rational numbers such that Vb is irrational. If a + Vb is a zero of f, then 
a — Vb is also a zero of f. 


P EXAMPLE 5 | Using Zeros to Write a Polynomial Function 


Write a polynomial function f of least degree that has rational coefficients, a leading 
coefficient of 1, and the zeros 3 and 2 + VS. 


SOLUTION 


Because the coefficients are rational and 2 + V5 is a zero, 2 — V5 must also be a zero 
by the Irrational Conjugates Theorem. Use the three zeros and the Factor Theorem to 
write f(x) as a product of three factors. 


f~=G- 3) abn V5) Ibe AG v5) Write f(x) in factored form. 
=n — 3) SEN V5ll = 2) V5| Regroup terms. 
=@ —3)\¢ = 2) | Multiply. 
= a a) — 5 Expand binomial. 
S(o- e Simplify. 
Oe ee — ee lg 8 Multiply. 
=e ge ix 3 Combine like terms. 
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7. Write a polynomial function f of least degree that has rational coefficients, a 
leading coefficient of 1, and the zeros 4 and 1 — V5. 
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4.5 Exe rcises Dynamic Solutions available at BigildeasMath.com 


Vocabulary and Core Concept Check 


1. COMPLETE THE SENTENCE If a polynomial function f has integer coefficients, then every rational 


solution of f(x) = 0 has the form P where p is a factor of the and q is a factor of 
q 
the 


DIFFERENT WORDS, SAME QUESTION Which is different? Find “both” answers. 


Find the y-intercept of the graph 
(iv ee ak 


Find the x-intercepts of the graph 
OY = 20 eet 


Find all the real solutions of Find the real zeros of 
ee — 2 {ijSr = 2a 2) 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-12, solve the equation. (See Example I.) 21. USING EQUATIONS According to the Rational Root 
Theorem, which is not a possible solution of the 


See o> <= Cee Be = 
3. 2% 12z= 0 BG) = Aa ea) equation 2x* — 5x3 + 10x? — 9 = 0? 
A = oe Chen ee —_ 
5, 2x — 4x 2x 6. v 2v 16v 52 @® = —+ ©) = @® 3) 
7. 5w? = 50w 8. 9m = 27m 


22. USING EQUATIONS According to the Rational Root 
9. 34 = 60 =e eee Theorem, which is not a possible zero of the function 
TO) = 40 10 0 a ee 


4 = 2 
10. p*+40= 14p @® Be Gy = Ce Oe 
11. 12n? + 48n = —n3 — 64 
ERROR ANALYSIS In Exercises 23 and 24, describe and 
12. y? — 27 = 9y2 — 27y correct the error in listing the possible rational zeros of 
the function. 
In Exercises 13-20, find the zeros of the function. Then 23 
sketch a graph of the function. (See Example 2.) ; x 


13. A(x) =x°4+ 2% - 6x2 


f(x) = x8 + 5x2 — 9x— 45 


Possible rational zeros of f: 


14. f(x) = x4 -— 18x2 + 81 1,3,5,9,15,45 


15. p(x) = x© — 11x + 30x4 


24. 
x f(x) = 3x9 + 13x? - 41x48 
16. 9(x) = —2x° + 2x4 + 403 


Possible rational zeros of f: 


see ey Moe 
17. g(x) = —4x4 + 8x3 + 60x? oy fst Meee cy eam deere ie 
18. A(x) = —x — 2x? + 15x In Exercises 25-32, find all the real solutions of the 


equation. (See Example 3.) 
19. h(x) = —8-—3x2+9x4+9 " ai 


25. 2 4+2x2-17x+ 15=0 
20, p@) =x — Sx* — 4x + 20 
26. x» — 2x7 -—5x+6=0 
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Pai 


28. 


Ze: 


30. 


31; 


32. 


mo — 10x* + 19x + 30=0 
fae — Iilx— 30=0 
* — 6 —7x+60=0 

Beeler + 55x + 72 =0 
ex — 3x — 50x — 24 =0 


3x3 + x* — 38x + 24=0 


In Exercises 33-38, find all the real zeros of the 
function. (See Example 4.) 


33. 


34. 


So: 


36. 


3k 


38. 


ix) = x° — 2x* — 23x + 60 
g(x) = x? — 28x — 48 

h(x) = x2 + 10x? + 31x + 30 
ee > — 14x* + 55x — 42 
ee 20° — x2 — 27x + 36 


egy — 3x — 25x? + 58x — 40 


USING TOOLS In Exercises 39 and 40, use the graph to 
shorten the list of possible rational zeros of the function. 
Then find all real zeros of the function. 


39. 


fF) = 43 — 20x + 16 40. f(x) = 4° — 49x — 60 


In Exercises 41—46, write a polynomial function f of 
least degree that has a leading coefficient of 1 and the 
given zeros. (See Example 5.) 


41. 


43. 


45. 


47. 


48. 


=? 3.6 49>, —4.=355 
Se V7 AD TAG LNT 
=G.0,3 — V5 46. 0,5,-5+ V8 


COMPARING METHODS Solve the equation 
x3 — 4x2 — 9x + 36 = 0 using two different methods. 
Which method do you prefer? Explain your reasoning. 


REASONING Is it possible for a cubic function to have 
more than three real zeros? Explain. 


49. 


50. 


51. 


a2. 


DEE 
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PROBLEM SOLVING At a factory, molten glass is 
poured into molds to make paperweights. Each mold 
is a rectangular prism with a height 3 centimeters 
greater than the length of each side of its square base. 
Each mold holds 112 cubic centimeters of glass. What 
are the dimensions of the mold? 


MATHEMATICAL CONNECTIONS The volume of the 
cube shown is 8 cubic centimeters. 


a. Write a polynomial 
equation that you can 
use to find the value of x. 


b. Identify the possible 
rational solutions of the 
equation in part (a). 


c. Use synthetic division to find a rational solution of 
the equation. Show that no other real solutions exist. 


d. What are the dimensions of the cube? 


PROBLEM SOLVING Archaeologists discovered a 
huge hydraulic concrete block at the ruins of Caesarea 
with a volume of 

945 cubic meters. | 
The block is | 
x meters high by 

12x — 15 meters 
long by 12x — 21 
meters wide. What 
are the dimensions | & 
of the block? 


} 
| 
J 


MAKING AN ARGUMENT Your friend claims that 
when a polynomial function has a leading coefficient 
of 1 and the coefficients are all integers, every 
possible rational zero is an integer. Is your friend 
correct? Explain your reasoning. 


MODELING WITH MATHEMATICS During a 10-year 
period, the amount (in millions of dollars) of athletic 
equipment E sold domestically can be modeled by 
E(t) = —20t3 + 252¢2 — 280t + 21,614, where t is 
in years. 


a. Write a polynomial equation to find the year 
when about $24,014,000,000 of athletic 
equipment is sold. 


b. List the possible whole-number solutions of the 
equation in part (a). Consider the domain when 
making your list of possible solutions. 


c. Use synthetic division to find when 
$24,014,000,000 of athletic equipment is sold. 
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54. THOUGHT PROVOKING Write a third or fourth degree 58. WRITING EQUATIONS Write a polynomial function g 
polynomial function that has zeros at +2, Justify : of least degree that has rational coefficients, a leading 
your answer. coefficient of 1, and the zeros —2 + V7 and 3 + i, 


In Exercises 59-62, solve f(x) = g(x) by graphing and 
55. MODELING WITH MATHEMATICS You are designing a algebraic methods. 
marble basin that will hold a fountain for a city park. 


The sides and bottom of the basin should be 1 foot 59. Gan + en 1 eet | 
thick. Its outer length should be twice its outer width 
and outer height. What should the outer dimensions of 60) (GQ) = — 350° Fa oe 2 oe 


the basin be if it is to hold 36 cubic feet of water? 
61. f(x) = 8 — 4x2 + 4; ex) = -2x + 4 


dat 
PA #4 3 
62. {Gia 2 a — ee ee 
-, 
ae g ei) — i — 69 
, —. fe 63. MODELING WITH MATHEMATICS You are building 
2x a pair of ramps for a loading platform. The left ramp 


is twice as long as the right ramp. If 150 cubic feet 


of concrete are used to build the ramps, what are the 
56. HOW DO YOU SEE IT? Use the information in the i dimensions of each ramp? 


graph to answer the questions. 


64. MODELING WITH MATHEMATICS Some ice sculptures 
are made by filling a mold and then freezing it. You 


are making an ice mold for a school dance. It is to be 
a. What are the real zeros of the functionf? — - i shaped like a pyramid with a 


b. Write an equation of the quartic function in height | foot greater than the | 
factored form. length of each side of its x+1 


square base. The volume of the { 
ice sculpture is 4 cubic feet. 


57. REASONING Determine the value of k for each What are the dimensions x 
equation so that the given x-value is a solution. of the mold? 
a. x°— 6x? — Ix + k=0;x=4 65. ABSTRACT REASONING Let a, be the leading 
b. 2x3 + 7x2 — kx — 18 = 0:x = —6 coefficient of a polynomial function f and dy be the 


constant term. If a,, has r factors and ap has s factors, 
what is the greatest number of possible rational 
zeros of f that can be generated by the Rational Zero 
Theorem? Explain your reasoning. 


Mainta ining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


c. kx? — 35x? + 19x + 30=0:x =5 


Decide whether the function is a polynomial function. If so, write it in standard form and 
state its degree, type, and leading coefficient. (Section 4./) 


66. h(x) = —3x2 + 2x -94 V4x3 67. g(x) =2x3 — 7x2 — 3x71 +x 


68. f(x) = fx? + 2x3 — Act — V3 69. p(x) = 2x — 5x3 + 9x2 4-1 +1 


Find the zeros of the function. (Section 3.2) 


70. f(x) =7x2+42 9-71. g(x) = 9x2 +81 9-72. A(x) = 5x2 +40 39-73. f(x) = 8x2 - 1 
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The Fundamental Theorem of Algebra 


USING TOOLS 
STRATEGICALLY 


To be proficient in math, 
you need to use 
technology to enable you 
to visualize results and 
explore consequences. 


Essential Question How can you determine whether a polynomial 


equation has imaginary solutions? 


EXPLORATION 1 Batre Equations and Imaginary Solutions 


Work with a partner. Match each cubic polynomial equation with the graph of its 
related polynomial function. Then find al/ solutions. Make a conjecture about how you 
can use a graph or table of values to determine the number and types of solutions of a 
cubic polynomial equation. 


a. x — 3x7 +2x%+5=0 b. x2 — 2x7 --x+2=0 
ec 2-—2x?-4x+4=0 d. 3+ 5x27 + 8x +6=0 
e. 3 — 3x7 +x-3=0 f. 2 — 3x2 +2x=0 
A. B. 6 
=6 3 
my) 
G D. 6 
a 6 
=) 
E. F. 6 


6 | ptt) 


EXPLORATION 2 Quartic Equations and Imaginary Solutions 


Work with a partner. Use the graph of the related quartic function, or a table of 
values, to determine whether each quartic equation has imaginary solutions. Explain 
your reasoning. Then find a// solutions. 


a. xt — 23-72 +2x=0 bee — 1=0 
ec 74+x3-x-1=0 ; d. x4 — 3x°+32274+3x-2=0 


Communicate Your Answer 


3. How can you determine whether a polynomial equation has imaginary solutions? 


4. Is it possible for a cubic equation to have three imaginary solutions? Explain 
your reasoning. 
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46 Lesson What You Will Learn 


» Use the Fundamental Theorem of Algebra. 


Find conjugate pairs of complex zeros of polynomial functions. 
Core Vocabulary. Bb Use Descartes’s Rule of Signs. 
complex conjugates, p. 199 
| Previous The Fundamental Theorem of Algebra 


repeated solution 


The table shows several polynomial equations and their solutions, including 
| degree of a polynomial 


repeated solutions. Notice that for the last equation, the repeated solution x = — | 
solution of an equation is counted twice. 


| zero of a function 


conjugates a | 
L Equation ] Degree Solution(s) nie OM 
| _ solutions 


0 - i 

4 en, 2 

e-8=0 _ | hd eo 3 | 
Sa) Oe 3 eel 3 


In the table, note the relationship between the degree of the polynomial f(x) 
and the number of solutions of f(x) = 0. This relationship is generalized by the 
Fundamental Theorem of Algebra, first proven by German mathematician 

Carl Friedrich Gauss (1777-1855). 


G) Core Concept 


The Fundamental Theorem of Algebra 


Theorem If f(x) is a polynomial of degree n where n > 0, then the equation 
f(x) = 0 has at least one solution in the set of complex numbers. 


STUDY TIP 

The statements “the 
polynomial equation 
f(x) = 0 has exactly n 
solutions” and “the 
polynomial function f 
has exactly n zeros” 


are equivalent. 
YS The corollary to the Fundamental Theorem of Algebra also means that an nth-degree 


polynomial function f has exactly n zeros. 


Corollary If f(x) is a polynomial of degree n where n > O, then the equation 

F(x) = 0 has exactly n solutions provided each solution repeated 
twice is counted as two solutions, each solution repeated three times 
is counted as three solutions, and so on. 


“EXAMPLE 1 Finding the Number of Solutions or Zeros 


a. How many solutions does the equation x? + 3x + 16x + 48 = 0 have? 


b. How many zeros does the function f(x) = x4 + 6x3 + 12x? + 8x have? 


SOLUTION 


a. Because x? + 3x? + 16x + 48 = 0 is a polynomial equation of degree 3, it has 
three solutions. (The solutions are —3, 47, and —4i.) 


b. Because f(x) = x4 + 6x3 + 12x? + 8x is a polynomial function of degree 4, it has 
four zeros. (The zeros are —2, —2, —2, and 0.) 
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STUDY TIP 


Notice that you can use 
imaginary numbers to 
write (x2 + 4) as 

(x + 2/)(x — 2/). In general, 
(a2 + b) = (a + bi)(a — bi). 


Finding the Zeros of a Polynomial Function 
Find.all zeros of f(x) = x5 + x5 — 2x — 12x — 8. 


SOLUTION 


Step 1 Find the rational zeros of f. Because fis a polynomial function of degree 5, 
it has five zeros. The possible rational zeros are +1, +2, +4, and +8. Using 
synthetic division, you can determine that —1 is a zero repeated twice and 2 
is also a zero. 


Step 2 Write f(x) in factored form. Dividing f(x) by its known factors x + 1,x + 1, 
and x — 2 gives a quotient of x? + 4. So, 


FQ) = Geer = 2)? + 4). 


Step 3 Find the complex zeros of f. Solving x? + 4 = 0, you get x = +2. This 
means x2 + 4 = (x + 2i)(x — 2i). 


{@) =e Ae — 2) + 21) = 27) 
> From the factorization, there are five zeros. The zeros of f are 
eel Dope ANG 2, 


The graph of f and the real zeros are shown. Notice that only the real zeros appear 
as x-intercepts. Also, the graph of f touches the x-axis at the repeated zero x = —1 
and crosses the x-axis at x = 2. 
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1. How many solutions does the equation x4 + 7x? — 144 = 0 have? 

2. How many zeros does the function f(x) = x3 — 5x? — 8x + 48 have? 
Find all zeros of the polynomial function. 

3. f(x) =x + Tx? + 16x + 12 

4. f(x) = 0 — 3x4 + 5x3 — x? -— 6x + 4 


Complex Conjugates 


Pairs of complex numbers of the forms a + bi and a — bi, where b # 0, are called 


complex conjugates. In Example 2, notice that the zeros 2i and —2i are complex 
conjugates. This illustrates the next theorem. 


G) Core Concept 


The Complex Conjugates Theorem 


If fis a polynomial function with real coefficients, and a + bi is an imaginary 
zero of f, then a — bi is also a zero of f. 
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P EXAMPLE 3 | Using Zeros to Write a Polynomial Function 


Write a polynomial function f of least degree that has rational coefficients, a leading 
coefficient of 1, and the zeros 2 and 3 + i. 


SOLUTION 

Because the coefficients are rational and 3 + i is a zero, 3 — i must also be a zero by 
the Complex Conjugates Theorem. Use the three zeros and the Factor Theorem to 
write f(x) as a product of three factors. 


A= @-2]a— Cryin et) Write f(x) in factored form. 
= (= DIG — 3) = Tie Se Regroup terms. 
= (o> 23) aa Multiply. 
=(¢-—2)(e er Foy Expand binomial and use i2 = —1. 
=a 2)(97 Ox a) Simplify. 
=x — 0x7 Oe ee 0) Multiply. 
= ee 2 20) Combine like terms. 
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Write a polynomial function f of least degree that has rational coefficients, a 
leading coefficient of 1, and the given zeros. 


5. 145 6. Sle ay 7 VOny ese) 8. 2,2i1,4-— V6 


Descartes’s Rule of Signs 


French mathematician René Descartes (1596— 1650) found the following relationship 
between the coefficients of a polynomial function and the number of positive and 
negative zeros of the function. 


G) Core Concept 


Descartes’s Rule of Signs 


Let f(x) = a,x" + a,_,x""! + +++ +'a,x* + a,x + ay be a polynomial function 
with real coefficients. 


* The number of positive real zeros of fis equal to the number of changes in 
sign of the coefficients of f(x) or is less than this by an even number. 


¢ The number of negative real zeros of fis equal to the number of changes in 
sign of the coefficients of f(—x) or is less than this by an even number. 
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Using Descartes’s Rule of Signs 


Determine the possible numbers of positive real zeros, negative real zeros, and 
imaginary zeros for f(x) = x® — 2x° + 3x4 — 10x3 — 6x2 — 8x — 8. 


SOLUTION 
f(x) = 8 — 2° + 3x4 — 10x39 — 6x2 — 8x — 8. 
NF tS 
The coefficients in f(x) have 3 sign changes, so fhas 3 or | positive real zero(s). 
Fox) = (-x) aa + 3x) 1 6( =) — 8-2) — 8 
=a + 2p + Sx 4 10x, — Gxt Be 8 
The coefficients in f(—x) have 3 sign changes, so f has 3 or 1 negative zero(s). 


> The possible numbers of zeros for f are summarized in the table below. 


| Positive real zeros Negative real zeros |= Imaginary zeros — Total zeros 

= 3 jig 0 a 
3 1 | 2 | 6 

! | Se ee 
ae | i ro 


“EXAMPLE 5 MBRCHIBIG Application 


A tachometer measures the speed (in revolutions per minute, or RPMs) at which an 
engine shaft rotates. For a certain boat, the speed x (in hundreds of RPMs) of the 
engine shaft and the speed s (in miles per hour) of the boat are modeled by 


s(x) = 0.00547x° — 0.225x* + 3.62% — 11.0. 


What is the tachometer reading when the boat travels 15 miles per hour? 


SOLUTION 


Substitute 15 for s(x) in the function. You can rewrite the resulting equation as 
OC O00S4 7x 0,225x7 + 3.62% — 26.0. 


The related function to this equation is 

FQ) = 0.00547. 0.225x2 + 3.62x — 26.0. By 
Descartes’s Rule of Signs, you know f has 3 or 

1 positive real zero(s). In the context of speed, negative ~'° 
real zeros and imaginary zeros do not make sense, 

so you do not need to check for them. To approximate 

the positive real zeros of f, use a graphing calculator. 

From the graph, there is 1 real zero, x ~ 19.9. 


Zero 
X=19.863247 Y=0 


The tachometer reading is about 1990 RPMs. 
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Determine the possible numbers of positive real zeros, negative real zeros, and 
imaginary zeros for the function. 


Oe + 9x — 25 10. f@) = 3x* — Te + x? — 13x + 8 
11. WHAT IF? In Example 5, what is the tachometer reading when the boat travels 


20 miles per hour? 
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= 
4.6 Exercises Dynamic Solutions available at BigideasMatt.com 


Vocabulary and Core Concept Check 


1. COMPLETE THE SENTENCE The expressions 5 + i and 5 — are 


2. WRITING How many solutions does the polynomial equation (x + 8)°(x — 1) = 0 have? Explain. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-8, identify the number of solutions or 19. Degree: 2 20. Degree: 3 
zeros. (See Example 1.) 


3. x44+23-—472+x=0 4. S5y3—3y?+ 8y=0 
Sor — AP + 44— 1 = 0 6.9) 12 25 


Pes) —459° = 2s/ — 2 


8. A(x) = 5x* + 7x8 — x!2 


In Exercises 21-28, write a polynomial function f of 
least degree that has rational coefficients, a leading 
coefficient of 1, and the given zeros. (See Example 3.) 


In Exercises 9-16, find all zeros of the polynomial 
function. (See Example 2.) 


9.. f= x* —be Fie + Ge — 8 


Al, =S, —il, 2 22.) eles 
10. f(x) = x4 + 5x3 — 7x2 — 29x + 30 
25 onde 242 
W. 0 g(x) = xt — Ox? — 4 + 12 _ 
Ply rile 5) 26; 351,21 
12.. h@) = x° + 5x? — 4¢ — 20 
27. 2,1+i,2 — V3 28. 3,4+23,1+V7 


13. g(x) =x + 40 + Tx? + 16x 4+ 12 
| ERROR ANALYSIS In Exercises 29 and 30, describe and 
16 iG) ee ae Or 8 correct the error in writing a polynomial function with 


rational coefficients and the given zero(s). 
15. g(x) = x9 + 3x4 — 43 — 2x2 — 12x — 16 
29. Zeros: 2,1 +1 


16. f(x) =x° — 20x3 + 20x2 — 21x + 20 


f(x) = (x- 2)[x-(1 +i] 
ANALYZING RELATIONSHIPS In Exercises 17-20, 


=x(x—- 1-1) — 2(x-1-i 
determine the number of imaginary zeros for the “is ) (x ‘) | 
function with the given degree and graph. Explain =x? — x— ik 2x4 2 + 2i . 
your reasoning. =x" — (9 Fee a 


17. Degree: 4 18. Degree: 5 
30. Zero: 2 +i 


4 f(x) =[x—(2 +N] x4 (2 +i)] 


=(x-2-i(x+2+i) 
= x2 + 2x+ ix— 2x— 4 — 2i— ix — 2i— i? 
=x2-4i-3 
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at. 


SZ. 


OPEN-ENDED Write a polynomial function of degree 
6 with zeros 1, 2, and —i. Justify your answer. 


REASONING Two zeros of f(x) = x° — 6x? — 16x + 96 
are 4 and —4. Explain why the third zero must also be 
a real number. 


In Exercises 33-40, determine the possible numbers of 
positive real zeros, negative real zeros, and imaginary 
zeros for the function. (See Example 4.) 


33: 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


g(x) = x4 — x2 -—6 

mix) — —x + 5x7 + 12 

g(x) = 8 — 4x2 + 8x +7 
m= x — 2° — x2 + 6 

g(x) = x — 3x3 + &x — 10 

Bx) =x + Txt — 4x3 — 3x2 + Ox — 15 

Pie — X° + x? — 3x* + x9 + 5x2 + Ox — 18 

ix) — x! + 4x4 — 10x + 25 

REASONING Which is not a possible classification of 


zeros for f(x) = x — 4x3 + 6x2 + 2x — 6? Explain. 


(A) three positive real zeros, two negative real 
zeros, and zero imaginary zeros 


three positive real zeros, zero negative real 
zeros, and two imaginary zeros 


(©) one positive real zero, four negative real zeros, 
and zero imaginary zeros 


() one positive real zero, two negative real zeros, 
and two imaginary zeros 


USING STRUCTURE Use Descartes’s Rule of Signs 
to determine which function has at least | positive 
real zero. 


GQ f@) = x4 + 23 -— 9x2 -— 2x - 8 
f(x) = x4 + 4x9 + 8x2 + 16x + 16 


© fix) = -x4- 52-4 
@D fe) =x44+48 + 7x2 + 12x + 12 


MODELING WITH MATHEMATICS From 1890 to 2000, 
the American Indian, Eskimo, and Aleut population 

P (in thousands) can be modeled by the function 

P = 0.0048 — 0.2472 + 4.9t + 243, where t is the 
number of years since 1890. In which year did the 
population first reach 722,000? (See Example 5.) 


Section 4.6 


44. 


45. 


46. 


MODELING WITH MATHEMATICS Over a period of 
14 years, the number N of inland lakes infested with 
zebra mussels in a certain state can be modeled by 


N = —0.028474 + 0.593785 — 2.46412 + 8.33¢ — 2.5 


where ¢ is time (in years). In which year did the 
number of infested inland lakes first reach 120? 


MODELING WITH MATHEMATICS For the 12 years 
that a grocery store has been open, its annual 
revenue R (in millions of dollars) can be modeled 
by the function 


R= O0000l(—1* lz — 972i + 600r+ 13,650) 


where ¢ is the number of years since the store opened. 
In which year(s) was the revenue $1.5 million? 


MAKING AN ARGUMENT Your friend claims that 

2 — iis acomplex zero of the polynomial function 
f(x) = 8 — 2x? + 2x + 5i, but that its conjugate is 
not a zero. You claim that both 2 — i and its conjugate 
must be zeros by the Complex Conjugates Theorem. 
Who is correct? Justify your answer. 


47. MATHEMATICAL CONNECTIONS A solid monument 


with the dimensions shown is to be built using 
1000 cubic feet of marble. What is the value of x? 


if 


3) aR 2x 3ft 
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| 


48. THOUGHT PROVOKING Write and graph a polynomial 52. DRAWING CONCLUSIONS Find the zeros of each 
function of degree 5 that has all positive or negative function. 
real zeros. Label each x-intercept. Then write the (Ol 2 ree 


function in standard form. 
P= x — ix 6 


49. WRITING The graph of the constant polynomial BO) =a) 4 2 
function f(x) = 2 isa line that does not have any i) = Sey So se ee 
x-intercepts. Does the function contradict the 
Fundamental Theorem of Algebra? Explain. a. Describe the relationship between the sum of the 


zeros of a polynomial function and the coefficients 


of the polynomial function. 
50. HOW DO YOU SEE IT? The graph represents a 


polynomial function of degree 6. b. Describe the relationship between the product 


of the zeros of a polynomial function and the 
coefficients of the polynomial function. 


53. PROBLEM SOLVING You want to save money so you 
can buy a used car in four years. At the end of each 
summer, you deposit $1000 earned from summer jobs 
into your bank account. The table shows the value of 
your deposits over the four-year period. In the table, 
g is the growth factor 1 + 7, where r is the annual 
interest rate expressed as a decimal. 


a. How many positive real zeros does the function 
have? negative real zeros? imaginary zeros? 


Deposit 


b. Use Descartes’s Rule of Signs and your answers 
in part (a) to describe the possible sign changes in 
the coefficients of f(x). 


Ist Deposit 


| 2nd Deposit 


3rd Deposit 


51. FINDING A PATTERN Use a graphing calculator to 
graph the function f(x) = (x + 3)" forn = 2, 3, 4,5, 
6, and 7. 


4th Deposit 


a. Compare the graphs when n is even and n is odd. a. Copy and complete the table. 


b. Write a polynomial function that gives the value v 
of your account at the end of the fourth summer in 
terms of g. 


b. Describe the behavior of the graph near the zero 
x = —3 as n increases. 


c. Use your results from parts (a) and (b) to describe 
the behavior of the graph of g(x) = (x — 4)? near c. You want to buy a car that costs about $4300. 


a What growth factor do you need to obtain this 
amount? What annual interest rate do you need? 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Describe the transformation of f(x) = x? represented by g. Then graph each function. (Section 2./) 
54. 2(x) = —3x? 55. g(x) =(x*—-4)74+6 
56. g(x) = —(x -— 1)? 57. g(x) = 5(x + 4) 


Write a function g whose graph represents the indicated transformation of the graph of f. 
(Sections 1.2 and 2.1) 


58. f(x) = x; vertical shrink by a factor of 5 and a reflection in the y-axis 


59. f(x) = |x + 1| — 3; horizontal stretch by a factor of 9 


60. f(x) = x*; reflection in the x-axis, followed by a translation 2 units right and 7 units up 


204 Chapter 4 Polynomial Functions 


Transformations of Polynomial 


Functions 


LOOKING FOR 
STRUCTURE 


To be proficient in 
math, you need to see 
complicated things, 
such as some algebraic 
expressions, as being 
single objects or as 
being composed of 
several objects. 


Essential Question How can you transform the graph of a 


polynomial function? 


"EXPLORATION 1 Transforming the Graph of a Cubic Function 


Work with a partner. The graph of the cubic function 


A ee. 
fa) =x i 
is shown. The graph of each cubic function g 0 6 
represents a transformation of the graph of f. 
Write a rule for g. Use a graphing calculator 


to verify your answers. -4 


Work with a partner. The graph of the quartic function 


4 
fly = 34 : 
is shown. The graph of each quartic function g ~§ 6 
represents a transformation of the graph of f- 
Write a rule for g. Use a graphing calculator 


to verify your answers. 


Communicate Your Answer 


3. How can you transform the graph of a polynomial function? 


4. Describe the transformation of f(x) = x4 represented by g(x) = (x + 1)* + 3. 
Then graph g. 
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4.7 Lesson What You Will Learn 


Pb Describe transformations of polynomial functions. 


~ Write transformations of polynomial functions. 


Core Vocabulary... 


Previous Describing Transformations of Polynomial Functions 
polynomial function 


transformations 
\ 


You can transform graphs of polynomial functions in the same way you transformed 
graphs of linear functions, absolute value functions, and quadratic functions. Examples 
of transformations of the graph of f(x) = x4 are shown below. 


G Core Concept 


Transformation —— | f(x) Notation Examples 
Horizontal Translation | pen) —{x'— 5)4 5 units right 
Graph shifts left or right Fe ) g(x) = (x + 2)4 2 units left 
Vertical Translation i g(x) =x4+1 1 unit up 
Graph shifts up or down. fe) exy=x— 4 4 units down 
Reflection f(—x) g(x) = (—x)* =x* over y-axis 
Graph flips over x- or y-axis. —f(x) g(x) = —x4 over X-axis 
Horizontal Stretch or Shrink g(x) = (2x)* shrink by a 
factor of 4 
f(ax) 
Graph stretches away from g(x) = (4x)" stretch by a 
or shrinks toward y-axis. . factor of 2 
Vertical Stretch or Shrink g(x) = 8x4 stretch by a 
factor of 8 
a f(x) eo ; 
Graph stretches away from (402 Np shrink by a 
or shrinks toward x-axis. factor of j 


B22\.J8a6m Translating a Polynomial Function 


Describe the transformation of f(x) = x3 represented by g(x) = (x + 5)? + 2. 
Then graph each function. 


SOLUTION 


Notice that the function is of the form 
g(x) = (x — h)? + k. Rewrite the function 
to identify / and k. 


gx) = (ye 
f 
h k 


> Because h = —5 and k = 2, the graph of g 
is a translation 5 units left and 2 units up 
of the graph of f. 
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1. Describe the transformation of f(x) = x* represented by g(x) = (x — 3)* — 1. 
Then graph each function. 


—s 
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REMEMBER 


Vertical stretches and 
shrinks do not change the 
x-intercept(s) of a graph. 
You can observe this using 
the graph in Example 3(b). 


Transforming Polynomial Functions 


Describe the transformation of f represented by g. Then graph each function. 
a. f(x) = 4, g(x) = — 34 
SOLUTION 


a. Notice that the function is of b. Notice that the function is of 
the form g(x) = —ax*, where the form g(x) = (ax) + k, where 
i 


= a=2andk = -3. 


b. f(x) = ©, g(x) = (2x) — 3 


So, the graph of g isa > So, the graph of g is a 
reflection in the x-axis and a horizontal shrink by a factor of 
vertical shrink by a factor of ; and a translation 3 units down 
‘ of the graph of f. of the graph of f. 


Monitoring Progress ed) Help in English and Spanish at BigldeasMath.com 


2. Describe the transformation of f(x) = x3 represented by g(x) = 4(x + 2)°. Then 
graph each function. 


Writing Transformations of Polynomial Functions 


Writing Transformed Polynomial Functions 


Let f(x) = x3 + x? + 1. Write a rule for g and then graph each function. Describe the 
graph of g as a transformation of the graph of f- 


a. g(x) = f(—x) b. g(x) = 3f() 

SOLUTION 

a. g(x) = f(—x) 
erent) 
= =e + 1 


b. g(x) = 3f(x) 
= 303 + x2 + 1) 


eet Sk aS 


ei i les 


> The graph of g is a vertical stretch 
by a factor of 3 of the graph of f. 


The graph of g is a reflection 
in the y-axis of the graph of f. 
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Check 
5 
-2 
-3 
(x — 3) ft 
x ft 
208 Chapter 4 


EXAMPLE 4 


Writing a Transformed Polynomial Function 


Let the graph of g be a vertical stretch by a factor of 2, followed by a translation 3 
units up of the graph of f(x) = x* — 2x. Write a rule for g. 


SOLUTION 
Step 1 First write a function h that represents the vertical stretch of f- 
h(x) = 2 + f(x) Multiply the output by 2. 
= 267 — 2x7) Substitute x* — 2x? for f(x). 
) = 2x" — 4 Distributive Property 
1 Step 2 Then write a function g that represents the translation of h. 
| g(x) = h(x) + 3 Add 3 to the output. 
al =2y ar +4 Substitute 2x4 — 4x2 for h(x). 


> The transformed function is g(x) = 2x4 — 4x? + 3. 


Modeling with Mathematics 


The function V(x) = Bs — x* represents the volume (in cubic feet) of the square 


pyramid shown. The function W(x) = V(3x) represents the volume (in cubic feet) when 
x is measured in yards. Write a rule for W. Find and interpret W(10). 


x ft SOLUTION 


1. Understand the Problem You are given a function V whose inputs are in feet 
and whose outputs are in cubic feet. You are given another function W whose inputs 
are in yards and whose outputs are in cubic feet. The horizontal shrink shown by 
W(x) = V(3x) makes sense because there are 3 feet in 1 yard. You are asked to write 
a rule for W and interpret the output for a given input. 


2. Make a Plan Write the transformed function W(x) and then find W(10). 
3. Solve the Problem W(x) = V(3x) 


= 1(3x)3 — (3x)? Replace x with 3x in V(x). 
= 93 or Simplify. 
Next, find W(10). 
W(10) = 9(10)3 — 9(10)? = 9000 — 900 = 8100 


> When x is 10 yards, the volume of the pyramid is 8100 cubic feet. 


4. Look Back Because W(10) = V(30), you can check that your solution is correct 
by verifying that V(30) = 8100. 


V(30) = +(30)3 — (30)? = 9000 — 900 = 8100 J 
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3. Let f(x) = x° — 4x + 6 and g(x) = —f(x). Write a rule for g and then graph each 
function. Describe the graph of g as a transformation of the graph of f. 


4. Let the graph of g be a horizontal stretch by a factor of 2, followed by a 
translation 3 units to the right of the graph of f(x) = 8x> + 3. Write a rule for g. 


5. WHAT IF? In Example 5, the height of the pyramid is 6x, and the volume (in cubic 
feet) is represented by V(x) = 2x°. Write a rule for W. Find and interpret W(7). 


od 


Polynomial Functions 


a 
4.7 Exercises Dynamic Solutions avaiable at BigideasMatiicam 


Vocabulary and Core Concept Check 


a hE 


1. COMPLETE THE SENTENCE The graph of f(x) = (x + 2)3 isa translation of the 
graph of f(x) = x3. 


2. VOCABULARY Describe how the vertex form of quadratic functions is similar to the form 
f(x) = ax — h)? + k for cubic functions. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3—6, describe the transformation In Exercises 11-16, describe the transformation 
of f represented by g. Then graph each function. of f represented by g. Then graph each function. 
(See Example 1.) (See Example 2.) 

3. f@M=x, geQ)=x+3 , Mee hx) =x, g(x) = 2" 

eee (0) = (45) qe) = 2° 2) 3x8 

S (4) = 20) = «2p =1 13. f@) =, g(x) =54+1 

6. f(x) =x, e(%) = (x + 18-4 14. f(x) = x4, g(x) = 5x4 + 1 
ANALYZING RELATIONSHIPS In Exercises 7-10, match 15 fO) =x», ¢@) — F(x + 4) 
the function with the correct transformation of the 
graph of f. Explain your reasoning. 16. f() =x", g(x) = (2x)* —- 3 

y In Exercises 17-20, write a rule for g and then 
f graph each function. Describe the graph of g as a 


transformation of the graph of f. (See Example 3.) 
17. f(x) =x4+ 1,2) =f@ +2) 


18. f(x) =x — 2x + 3, g(x) = 3f(x) 


7. y= fx 2) Sy IO. 19. f(x) = 2x3 — 2x2 + 6, g(x) = —3f(x) 

ey —fx—2)+ 2 10. y=f@) -2 20. f(x) =x44+ 3 —- 1, (0) =f(-x) —5 

A. 21. ERROR ANALYSIS Describe and correct the error in 
graphing the function g(x) = (x + 2)* — 6. 

G. m 
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22. 


ERROR ANALYSIS Describe and correct the error in 


describing the transformation of the graph of f(x) = x° 


represented by the graph of g(x) = (3x) — 4. 


The graph of gis a horizontal shrink by 
a factor of 3, followed by a translation 
4 units down of the graph of f. 


In Exercises 23~—26, write a rule for g that represents 
the indicated transformations of the graph of f. 
(See Example 4.) 


23. 
24. 


Zo. 


26. 


27. 


28. 


29. 
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f(x) = x8 — 6; translation 3 units left, followed by a 
reflection in the y-axis 


f(x) = x4 + 2x + 6; vertical stretch by a factor of 2, 
followed by a translation 4 units right 


f(x) = x3 + 2x* — 9; horizontal shrink by a factor of “ 
and a translation 2 units up, followed by a reflection 
in the x-axis 


f(x) = 2x5 — x3 + x? + 4; reflection in the y-axis 
and a vertical stretch by a factor of 3, followed by a 
translation 1 unit down 


MODELING WITH MATHEMATICS The volume V 
(in cubic feet) of the pyramid is given 

by V(x) = x° — 4x. The function 
W(x) = V(3x) gives the 
volume (in cubic feet) 
of the pyramid when x 
is measured in yards. 
Write a rule for W. 
Find and interpret W(5). (See Example 5.) 


(2x — 4) ft <b" (3x + 6) ft 


MAKING AN ARGUMENT The volume of a cube with 
side length x is given by V(x) = x°. Your friend claims 
that when you divide the volume in half, the volume 
decreases by a greater amount than when you divide 
éach side length in half. Is your friend correct? Justify 
your answer. 


OPEN-ENDED Describe two transformations of the 
graph of f(x) = x° where the order in which the 
transformations are performed is important. Then 
describe two transformations where the order is not 
important. Explain your reasoning. 


Maintaining Mathematical Proficiency 


Find the minimum value or maximum value of the function. Describe the domain and range of the 
function, and where the function is increasing and decreasing. 


34. h(x) = @ + 5)* —-7 
37. 2(X) — te 2) 8) 
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35. fG@)=4—x 
38. h(x) = 5 — 12-3 


30. 


a1. 


32. 


33: 


Reviewing what you learned in previous grades and lessons 


THOUGHT PROVOKING Write and graph a 


4 


transformation of the graph of f(x) = x° — 3x4 + 2x — 4 © 


that results in a graph with a y-intercept of —2. 


PROBLEM SOLVING A portion of the path that a 
hummingbird flies while feeding can be modeled by 
the function 


fx) = —Ex(x — 4° — 7),0<5 x <7 


where x is the horizontal distance (in meters) and f(x) 
is the height (in meters). The hummingbird feeds each 
time it is at ground level. 


a. At what distances does the hummingbird feed? 


b. A second hummingbird feeds 2 meters farther 
away than the first hummingbird and flies twice 
as high. Write a function to model the path of the 
second hummingbird. 


HOW DO YOU SEE IT? 
Determine the 

real zeros of each 
function. Then describe 
the transformation of the 
graph of f that results 

in the graph of g. 


MATHEMATICAL CONNECTIONS 


Write a function V for the volume Ges 3) a 
(in cubic yards) of the right 
circular cone shown. Then 

3x yd 


write a function W that gives 
the volume (in cubic yards) 
of the cone when x is 
measured in feet. Find and interpret W(3). 


(Section 2.2) 
36. f(x) = 3 — 10)~ + 4) 
39: f@) = —2 4x — 1 


Analyzing Graphs of Polynomial 


Functions 


ATTENDING 
TO PRECISION 


To be proficient in math, 
you need to express 
numerical answers with 
a degree of precision 
appropriate for the 
problem context. 


Essential Question How many turning points can the graph of a 


polynomial function have? 


A turning point of the graph of 
a polynomial function is a point 
on the graph at which the 
function changes from 


t 


h 


turning point | 
ie —— 


“EXPLORATION 1 Approximating Turning Points 


Work with a partner. Match each polynomial function with its graph. Explain 
your reasoning. Then use a graphing calculator to approximate the coordinates of 
the turning points of the graph of the function. Round your answers to the nearest 
hundredth. 


* increasing to decreasing, or 


* decreasing to increasing. 


a. f(x) = 224+ 3x-4 b. fi) = 2 + 3x42 

€. {@) =° — 22 —x-+ 1 a. fG) = —P 0 

e. f(x) = x4 — 3x2 + 2x—-1 fae ox 3 
A. 4 B. 2 


Communicate Your Answer 


2. How many turning points can the graph of a polynomial function have? 


3. Is it possible to sketch the graph of a cubic polynomial function that has no 
turning points? Justify your answer. 
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4.8 Lesson 


Core Vocabulary. 


local maximum, p. 274 
local minimum, p. 274 
even function, p. 275 
odd function, p. 275 


Previous 
end behavior 
increasing 
decreasing 


symmetric about the y-axis 


What You Will Learn 


Ph Use x-intercepts to graph polynomial functions. 
® Use the Location Principle to identify zeros of polynomial functions. 


» Find turning points and identify local maximums and local minimums 
of graphs of polynomial functions. 


PR Identify even and odd functions. 


Graphing Polynomial Functions 


In this chapter, you have learned that zeros, factors, solutions, and x-intercepts are 
closely related concepts. Here is a summary of these relationships. 


Concept Summary 


Zeros, Factors, Solutions, and Intercepts 
Let f(x) = a,x” + a,_ jx"! + +++ + a,x + ap be a polynomial function. 
The following statements are equivalent. 


Zero: k is a zero of the polynomial function f. 


Factor: x — kis a factor of the polynomial f(x). 


Solution: & is a solution (or root) of the polynomial equation f(x) = 0. 


x-Intercept: If & is a real number, then k is an x-intercept of the graph of the 
polynomial function f. The graph of f passes through (k, 0). 


Using x-Intercepts to Graph a Polynomial Function 
Graph the function 

f(x) = F@ +3) — 2). 
SOLUTION 


Step 1 Plot the x-intercepts. Because —3 and 2 are zeros 
of f, plot (—3, 0) and (2, 0). 


Step 2 Plot points between and beyond the x-intercepts. 


x 54) = Onn 1 3 
g 2 
. FER EAESE 


Step 3 Determine end behavior. Because f(x) has three factors of the form x — k and 
a constant factor of 2, fis a cubic function with a positive leading coefficient. 
So, f(x) ~ -—© as x — —% and f(x) — + asx +0, 


Step 4 Draw the graph so that it passes through the plotted points and has the 
appropriate end behavior. 


Monitoring Progress ) Help in English and Spanish at BigideasMath.com 
Graph the function. 


1. f(x) = 3+ Da - 4) 2. f(x) = Zr + 2) — I) — 3) 


A TT 
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The Location Principle 


You can use the Location Principle to help you find real zeros of 
polynomial functions. 


G Core Concept 


The Location Principle 


If fis a polynomial function, and a and b are two real numbers such that f(a) < 0 
and f(b) > 0, then fhas at least one real zero between a and b. 


To use this principle to locate real zeros of a polynomial 
function, find a value a at which the polynomial function 
is negative and another value b at which the function is 
positive. You can conclude that the function has at least 
one real zero between a and b. 


Locating Real Zeros of a Polynomial Function 


Find all real zeros of 


7G) 6 oe — l7x— 6. 
SOLUTION 


Step 1 Use a graphing calculator to make a table. 


Step 2 Use the Location Principle. From the table 
shown, you can see that f(1) <0 and 
f(2) > 0. So, by the Location Principle, 
f has a zero between 1 and 2. Because fis a 
polynomial function of degree 3, it has 
three zeros. The only possible rational zero 
between | and 2 is a Using synthetic division, 
you can confirm that : is a zero. 


Step 3 Write f(x) in factored form. Dividing f(x) by its known factor x — ; gives a 
quotient of 6x? + 14x + 4. So, you can factor f(x) as 


fix) = (x — 3)(6x2 + 14x + 4) 
= (x = 3) 3x2 = if ep) 
= Ax —3)Gx + D@ + 2). 


> From the factorization, there are three zeros. The zeros of f are 


ail 
5s eat and! = 2. 


Check this by graphing f. 


Monitoring Progress a) Help in English and Spanish at BigideasMath.com 
3. Find all real zeros of f(x) = 18x3 + 21x? — 13x — 6. 
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> ¢ The y-coordinate of a turning point is a 


READING loca 


Local maximum and local 
minimum are sometimes 


Turning Points 


Another important characteristic of graphs of polynomial functions is that they have 
turning points corresponding to local maximum and minimum values. 


aaximum of the function when the fu nction is 
point is higher than all nearby points. decreasing 
local maximum 


function is 
increasing 
¢ The y-coordinate of a turning point is a 


* } ‘ VV 4 
referred to as relative local minimum of the function when the 
maximum and relative point is lower than all nearby points. 
L ini : . : Ries local minimum 
mI 21 The turning points of a graph help determine function is 
the intervals for which a function is increasing increasing 


214 


or decreasing. 


G Core Concept 


Turning Points of Polynomial Functions 
1. The graph of every polynomial function of degree n has at mostn — 1 
turning points. 


2. Ifapolynomial function of degree n has n distinct real zeros, then its graph 
has exactly n — 1 turning points. 


2 ieeaems Finding Turning Points 


Graph each function. Identify the x-intercepts and the points where the local 
maximums and local minimums occur. Determine the intervals for which each 
function is increasing or decreasing. 


a. {@) =x — 34° + 6 b. e@ySix4= Gr an 10x — 3 
SOLUTION 
25 a. Use a graphing calculator to graph the function. The graph of fhas one x-intercept 


and two turning points. Use the graphing calculator’s zero, maximum, and minimum 
features to approximate the coordinates of the points. 


> The x-intercept of the graph is-x ~ —1.20. The function has a local maximum 
2 at (0, 6) and a local minimum at (2, 2). The function is increasing when 
x0 x < Oand x > 2 and decreasing when 0 < x < 2. 


b. Use a graphing calculator to graph the function. The graph of g has four 
x-intercepts and three turning points. Use the graphing calculator’s zero, maximum, 
and minimum features to approximate the coordinates of the points. 


16 ~ The x-intercepts of the graph are x ~ —1.14, x ~ 0.29, x ~ 1.82, and 
x = 5.03. The function has a local maximum at (1.11, 5.11) and local 
- minimums at (—0.57, —6.51) and (3.96, —43.04). The function is increasing 
HC ee pcg a when —0.57 < x < 1.11 and x '> 3.96 and decreasing when x < —0.57 and 
~70 Dl ba <e 3: 9G: 
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4. Graph f(x) = 0.5x3 + x* — x + 2. Identify the x-intercepts and the points where 
the local maximums and local minimums occur. Determine the intervals for which 
the function is increasing or decreasing. 


Chapter 4 Polynomial Functions 


Even and Odd Functions 


G Core Concept 


Even and Odd Functions 


A function fis an even function when f(—x) = f(x) for all x in its domain. The 
graph of an even function is symmetric about the y-axis. 


A function f is an odd function when f(—x) = —f(x) for all x in its domain. The 
graph of an odd function is symmetric about the origin. One way to recognize 

a graph that is symmetric about the origin is that it looks the same after a 180° 
rotation about the origin. 


Even Function Odd Function 


For an €ven function, if (x, y)is onthe For an odd function, if (x, y) is on the 
graph, then (—x, y) is also on the graph. graph, then (—x, —y) is also on the graph. 


“EXAMPLE 4 Identifying Even and Odd Functions 


Determine whether each function is even, odd, or neither. 


a. f(x) =x — 7x b. g(x) = x4 + x2-1 c. A(x) = x3 +2 


SOLUTION 
a. Replace x with — x in the equation for f, and then simplify. 
eX) 78) ee a) = a) 
P Because f(—x) = —f(x), the function is odd. 
b. Replace x with —x in the equation for g, and then simplify. 
eet) (=x)? — 1 =i eal 2) 
> Because g(—x) = g(x), the function is even. 
c. Replacing x with —x in the equation for h produces 
New —xy + 2 = —Y + 2; 


Because h(x) = x2 + 2 and —A(x) = —x3 — 2, you can conclude that 
h(—x) # h(x) and h(—x) # —h(x). So, the function is neither even nor odd. 
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Determine whether the function is even, odd, or neither. 


5, f(x) = —x° +5 6. f(x) = x* — 5x3 me 7. fF) = 20 
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= 
4.8 Exercises Dynamic Sojutions available at BigideasMain 


Vocabulary and Core Concept Check 


1. COMPLETE THE SENTENCE A local maximum or Jocal minimum of a polynomial function occurs at 
a point of the graph of the function. 


2. WRITING Explain what a local maximum of a function is and how it may be different from the 
maximum value of the function. 


Monitoring Progress and Modeling with Mathematics 


ANALYZING RELATIONSHIPS In Exercises 3-6, match the ERROR ANALYSIS In Exercises 15 and 16, describe and 
function with its graph. correct the error in using factors to graph f. 


3. fo—te— lesa 2) 15. Gi ei 1) 
MG) = + 2G 
5 2x) =@ + D&@— De@FzZ 


6. fa) =G = 1*@ + 2) 


16. fa) =x2@— 3) 


In Exercises 17-22, find all real zeros of the function. 
(See Example 2.) 


7. {@) =x =44—774 


In Exercises 7-14, graph the function. (See Example 1.) 


7. fM=G@-27P@+) 8&8 fm=G@472%6+4" 


18. = x3 — 3x2 — 
9. k= Gs 17G = 0G — 3) IQ) = ee 2 


19. h(x) = 2x3 + 7x2 — 5x —4 
10. g(x) = 4 + 1)@ + 2x — 1) (x) 1M DOK 


90. wh = 48 = eo ee 
11. A(x) = 5x — 5)(x + 2)(x - 3) (x) = 4x3 — 2x? — 24x — 18 


21. = 43 + a 1 ae 6 
12. a(x) = 5 + 4x + 8)(x - 1) ea? atti 5 late 


22. ee ox 
13. A(x) = (« — 3)? +x + 1) fi) = 2agie 3x? — 32% als 
14. (Gl = G@— Yee — 2x +1) 
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In Exercises 23-30, graph the function. Identify the 38. ¢ The graph of fhas x-intercepts atx = —3,x = 1, 
x-intercepts and the points where the local maximums and x = 5. 

and local minimums occur. Determine the intervals for 
which the function is increasing or decreasing. 

(See Example 3.) e fhas a local minimum value when x 


23. g(x) = 22 + 8x2 — 3 when x = 4. 


e fhas a local maximum value when x = 1. 


— Daan 


In Exercises 39-46, determine whether the function is 


age | 
e220) — even, odd, or neither. (See Example 4.) 


25. h(x) = x4 -— 3x27 +x 39. h(x) = 4x7 40. g(x) = —2x6 + x 

26. f(x) =x —48 4+ x274+2 Ae) — ot 

eer) — 0.5% — 2x + 2.5 AQe f(x) = 3+ 3x? — x 

Zot Ole — 3x° + 5x AZ. g(x) = x2 + 5x41 

29. h(x) =x + 2x? — 17x -—4 AAD f= —x + 2x 9 

S0eete) — x* — 5x° + 2x7 + x 33 45. f(x) =x* — 12x 

In Exercises 31-36, estimate the coordinates of each 46. h(x) = x + 3x4 

turning point. State whether each corresponds to a local 

maximum or a local minimum. Then estimate the real 47. USING TOOLS When a swimmer does the 

zeros and find the least possible degree of the function. breaststroke, the function 

31. S = —24177 + 106026 — 1870t5 + 165024 

— 737t3 + 14442 — 2.437 

models the speed S (in meters per second) of the 
swimmer during one complete stroke, where ¢ is the 
number of seconds since the start of the stroke and 
0 <¢t< 1.22. Use a graphing calculator to graph 
the function. At what time during the stroke is the 

33 swimmer traveling the fastest? 

35, 


48. USINGTOOLS During a recent period of time, the 
number S (in thousands) of students enrolled in public 
schools in a certain country can be modeled by 
S = 1.64x3 — 102x* + 1710x + 36,300, where x is 


OPEN-ENDED In Exercises 37 and 38, sketch a graph of time (in years). Use a graphing calculator to graph the 


: ‘ A : ae function for the interval 0 < x < 41. Then describe 
| 1 funct h th en characteristics. 
Semen) tinction f having the giv how the public school enrollment changes over this 


37. © The graph of fhas x-intercepts at x = —4, x = 0, period of time. 
and x = 2. 


49. WRITING Why is the adjective local, used to describe 
the maximums and minimums of cubic functions, 
¢ fhas a local minimum value when x = —2. sometimes not required for quadratic functions? 


¢ fhas a local maximum value when x = 1. 
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50. HOW DO YOU SEE IT? The graph of a polynomial | 53. PROBLEM SOLVING Quonset huts are temporary, 
function is shown. aa all-purpose structures shaped like half-cylinders. 
You have 1100 square feet of material to build a 


quonset hut. 


a. The surface area S of a quonset hut is given by 
S = ar? + ar. Substitute 1100 for S and then 
write an expression for £ in terms of r. 


———— ey 


b. The volume V of a quonset hut is given by 
V= arb. Write an equation that gives Vas a 
function in terms of r only. 


c. Find the value of r that maximizes the volume of 


a. Find the zeros, local maximum, and local t 
the hut. 


minimum values of the function. 


b. Compare the x-intercepts of the graphs of y = f(x) 
and y = —f(x). 


c. Compare the maximum and minimum values of 
the functions y = f(x) and y = —f(). 


Namo 


51. MAKING AN ARGUMENT Your friend claims that the 
product of two odd functions is an odd function. Is 
your friend correct? Explain your reasoning. 


52. MODELING WITH MATHEMATICS You are making a 
rectangular box out of a 16-inch-by-20-inch piece of 
cardboard. The box will be formed by making the cuts 54. THOUGHT PROVOKING Write and graph a polynomial 


shown in the diagram and folding up the sides. You function that has one real zero in each of the intervals 
want the box to have the greatest volume possible. —2<x<-1,0<x<1,and4 <x <5. Istherea 
maximum degree that such a polynomial function can 
‘ ws “ . ] have? Justify your answer. 


Gin. 55. MATHEMATICAL CONNECTIONS A cylinder is 
inscribed in a sphere of radius 8 inches. Write an 
equation for the volume of the cylinder as a function 

x x of h. Find the value of h that maximizes the volume of 

———==-_ 0h the inscribed cylinder. What is the maximum volume 

of the cylinder? 


x x 


a. How long should you make the cuts? 
b. What is the maximum volume? 


c. What are the dimensions of the finished box? 


State whether the table displays linear data, quadratic data, or neither. Explain. (Section 2.4) 
56. 


Months, x 0 1 » 3 


Savings (dollars), y | 100 | 150 | 200 | 250 
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Modeling with Polynomial Functions 


USING TOOLS 
STRATEGICALLY 


To be proficient in 
math, you need to use 
technological tools to 
explore and deepen 
your understanding 
of concepts. 


Essential Question How can you find a polynomial model for 


real-life data? 


“EXPLORATION 1 


Modeling Real-Life Data 


Work with a partner. The distance a baseball travels after it is hit depends on the 
angle at which it was hit and the initial speed. The table shows the distances a 
baseball hit at an angle of 35° travels at various initial speeds. 


80 | 85 | 90 | 95 | 100 | 105 | 110 15 | 
| 
| 


247 | 275 | 304 | 334 | 365 


Initial speed, x 
(miles per hour) 


ay 


397 | 


Distance, y (feet) 194 | 220 


es | 


a. Recall that when data have equally-spaced x-values, you can analyze patterns in the 
differences of the y-values to determine what type of function can be used to model 
the data. If the first differences are constant, then the set of data fits a linear model. 
If the second differences are constant, then the set of data fits a quadratic model. 


Find the first and second differences of the data. Are the data linear or quadratic? 
Explain your reasoning. 


194 220 247 275 304 334 365 397 
A a a 


- 
lt 


x / \/ aN / Wt \ / 


{ e » 


aw 
—_ 
b. Use a graphing calculator to draw a scatter plot of the data. Do the data appear 


linear or quadratic? Use the regression feature of the graphing calculator to find a 
linear or quadratic model that best fits the data. 


400 


190 


c. Use the model you found in part (b) to find the distance a baseball travels when it 
is hit at an angle of 35° and travels at an initial speed of 120 miles per hour. 


d. According to the Baseball Almanac, “Any drive over 400 feet is noteworthy. 
A blow of 450 feet shows exceptional power, as the majority of major league 
players are unable to hit a ball that far. Anything in the 500-foot range is 
genuinely historic.” Estimate the initial speed of a baseball that travels a 
distance of 500 feet. 


Communicate Your Anewer 


2. How can you find a polynomial model for real-life data? 


3. How well does the model you found in Exploration 1(b) fit the data? Do you 
think the model is valid for any initial speed? Explain your reasoning. 
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4.9 Lesson 


Core Vocabulary... 


| finite differences, p. 220 


Previous 
scatter plot 


Check 


Check the end behavior of f. 
The degree of fis odd and 

a < 0. So, f(x) — + as 

x — —° and f(x) > —% as 
x — +00, which matches 


the graph. nA 


What You Will Learn 


> Write polynomial functions for sets of points. 
& Write polynomial functions using finite differences. 
P Use technology to find models for data sets. 


Writing Polynomial Functions for a Set of Points 


You know that two points determine a line and three points not on a line determine 
a parabola. In Example 1, you will see that four points not on a line or a parabola 
determine the graph of a cubic function. 


eS ioeaeee Writing a Cubic Function 


Write the cubic function whose graph is shown. 


SOLUTION 


Step 1 Use the three x-intercepts to write the 
function in factored form. 
F(x) = ax + 4)(x — I — 3) 
Step 2 Find the value of a by substituting the 
coordinates of the point (0, —6). 
—6 = a(0 + 4)(0 — 1)(0 — 3) 
—6 = 12a 
1 


—==a 


P The function is f(x) = —F(x + 4x — Dx - 3). 
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Write a cubic function whose graph passes through the given points. 


1 G48) O10), (2,0), G,, 0) 2udel 0) (OF = 1254270), (G0) 


Finite Differences 


When the x-values in a data set are equally spaced, the differences of consecutive 
y-values are called finite differences. Recall from Section 2.4 that the first and 
second differences of y = x? are: 


equally-spaced x-values 


yiel4iilfo Se ee 
., oS Ge 
Se S/W 

2 » 2 »} 


first differences: 


second differences: 


Notice that y = x? has degree two and that the second differences are constant and 
nonzero. This illustrates the first of the two properties of finite differences shown on 
the next page. 
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G) Core Concept 


Properties of Finite Differences 


1. Ifa polynomial function y = f(x) has degree n, then the nth differences of 
function values for equally-spaced x-values are nonzero and constant. 


2. Conversely, if the nth differences of equally-spaced data are nonzero and 
constant, then the data can be represented by a polynomial function of 
degree n. 


The second property of finite differences allows you to write a polynomial function 
that models a set of equally-spaced data. 


Writing a Function Using Finite Differences 


T 1 
\ 


Use finite differences to | | ae | yi | | | 
determine the degree of the s i Coa | oe? | é 
polynomial function that fits f(x) | 1 | 4 10 | 20 | 35 | 56 | 84 | 
the data. Then use technology 

to find the polynomial function. 


SOLUTION 


Step 1 Write the function values. Find the first differences by subtracting 
consecutive values. Then find the second differences by subtracting 
consecutive first differences. Continue until you obtain differences that 
are nonzero and constant. 


FUY 2 FC) 74) FG) £6) fC) Write function values for 


1 4 10 20 35 56° 84 equally-spaced x-values. 
ee ae 7 
3 6 10a 2155 28 
NE a 
A a ye \/ 


First differences 
Second differences 
Third differences 


Because the third differences are nonzero and constant, you can model the 
data exactly with a cubic function. 


Step 2 Enter the data into a graphing calculator and use 
cubic regression to obtain a polynomial function. y=ax3+bx2+cex+d 


- 1666666667 
5 


is is : 
> Because 5 ~ 0.1666666667, = = 0.5, and 5333333332 
t = Q.333333333, a polynomial function that d=0 
R2=1 
fits the data exactly is 


ees a Lege 
FO) = Gr + 5x" + 5x. 
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3. Use finite differences to 
determine the degree of the 
polynomial function that fits 
the data. Then use technology 
to find the polynomial function. 
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Finding Models Using Technology 


In Examples 1 and 2, you found a cubic model that exactly fits a set of data. In many 
real-life situations, you cannot find models to fit data exactly. Despite this limitation, 
you can still use technology to approximate the data with a polynomial model, as 
shown in the next example. 


SS 7NVJeaem Real-Life Application 


The table shows the total U.S. biomass energy consumptions y (in trillions of 
British thermal units, or Btus) in the year ¢, where t = 1 corresponds to 2001. Find 
a polynomial model for the data. Use the model to estimate the total U.S. biomass 
energy consumption in 2013. 


Step 1 Enter the data into a graphing Step 2 Use the cubic regression feature. 
calculator and make a scatter The polynomial model is 


recat suggest a y = —2.54583 + 51.952 — 118.1¢ + 2732. 


According to the U.S. Department 
of Energy, biomass includes 
“agricultural and forestry 
residues, municipal solid wastes, 
industrial wastes, and terrestrial 
and aquatic crops grown solely 
for energy purposes.” Among the 


4500 


y=ax3+bx2+cex+d 
a=-2.545325045 
b=51.95376845 


c=-118.1139601 
d=2732.141414 
R2=.9889472257 


uses for biomass is production of 2500 

electricity and liquid fuels such 

as ethanol. Step 3 Check the model by graphing Step 4 Use the trace feature to 
it and the data in the same estimate the value of the 
viewing window. model when ¢t = 13. 
4500 5000 


Y1=-2..5453250453256x*3+_ 


o [LX213 a 1¥=4384. 7677) 14 
2500 2000 


> The approximate total U.S. biomass energy consumption in 2013 was about 
4385 trillion Btus. 
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Use a graphing calculator to find a polynomial function that fits the data. 
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4.9 Exercises Dynamic Solutions available at Bigideas Mali con 


Vocabulary and Core Concept Check 


1. COMPLETE THE SENTENCE When the x-values in a set of data are equally spaced, the differences of | 
consecutive y-values are called 


2. WRITING Explain how you know when a set of data could be modeled by a cubic function. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3—6, write a cubic function whose graph is 11. (—2, 968), (—1, 422), (0, 142), (1, 26), (2, —4), 
shown. (See Example 1.) (3, —2), (4, pa (5, 2) (6, 16) 


ewes 0), (2,6), (3, 2); (4, 6), (6, 129.6, —10), 
(7, —114), (8, —378), (9, —904) 


13. ERROR ANALYSIS Describe and correct the error in 
writing a cubic function whose graph passes through 
the given points. 


x (—6, 0), (1, 0), (3, 0), (0, 54) 


54 = a(O - 6)(0 + 1)(0 + 3) 
54 = —18a 
a=-3 
f(x) = —3(x — G)(x + 1)(x + 3) 


14. MODELING WITH MATHEMATICS The dot patterns 
show pentagonal numbers. The number of dots in the 
nth pentagonal number is given by f(n) = 5n(3n ENE 
Show that this function has constant second-order 

In Exercises 7-12, use finite differences to determine differences. 


the degree of the polynomial function that fits the data. 
Then use technology to find the polynomial function. | 
(See Example 2.) ran ‘A 


15. OPEN-ENDED Write three different cubic functions 
that pass through the points (3, 0), (4, 0), and (2, 6). 
Justify your answers. 


16. MODELING WITH MATHEMATICS The table shows 
the ages of cats and their corresponding ages in 
human years. Find a polynomial model for the data 

ete 914). 95, —3/),(—2, 21), (—1, 7), (0; —L, for the first 8 years of a cat’s life. Use the model to 

Mio.t2, —47), (>, —289), (4, —933) estimate the age (in human years) of a cat that is 3 
years old. (See Example 3.) 


10. (—6, 744), (—4, 154), (—2, 4), (0, —6), (2, 16), 
(4, 154), (6, 684), (8, 2074), (10, 4984) 


Age of cat, x 


] 
4°6 | US | 
32 | 40 | 44 | 48 | 


{ 
J 


Human years, y 
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17. MODELING WITH MATHEMATICS The data in the 20. MAKING AN ARGUMENT Your friend states that it 


table show the average speeds y (in miles per hour) is not possible to determine the degree of a function 
of a pontoon boat for several different engine speeds given the first-order differences. Is your friend 

x (in hundreds of revolutions per minute, or RPMs). correct? Explain your reasoning. 

Find a polynomial model for the data. Estimate the 

average speed of the pontoon boat when the engine 21. WRITING Explain why you cannot always use finite 
speed is 2800 RPMs. differences to find a model for real-life data sets. 


cubic polynomial function. Choose values for A, B, 

and C such that the distance from A to B is less than 
or equal to the distance from A to C. Then write the 
function using the A, B, and C values you chose. 


| — a 


22. THOUGHT PROVOKING A, B, and C are zeros of a 
Set 


18. HOW DO YOU SEE IT? The graph shows typical 
speeds y (in feet per second) of a space shuttle 


gececnds Mflerivasteunched. 23. MULTIPLE REPRESENTATIONS Order the polynomial 


functions according to their degree, from least 
to greatest. 


A. f(x) = —3x +2241 


Space Launch 


> NO 
[=] o 
[=] So 
So os 


> 
Ge 
are) 
ey 
aa 
vo = 
= 0 
ios 
=o 
“ wo 
= 


(=) 


40 60 80 100x 
Time (seconds) 


a. What type of polynomial function models the | 
data? Explain. 


b. Which nth-order finite difference should be | C. 
constant for the function in part (a)? Explain. 


19. MATHEMATICAL CONNECTIONS The table shows the D. 
number of diagonals for polygons diagonal 
with n sides. Find a polynomial 
function that fits the data. Determine 
the total number of diagonals in 


the decagon shown. 24. ABSTRACT REASONING Substitute the expressions 
Zoe + loz +2, .. eect Orn the function 
Number of | f(x) = ax? + bx* + cx + d to generate six equally- 
sides, n Bae | es spaced ordered pairs. Then show that the third-order 
Number of differences are constant. 
diagonals, d 0 | 2 | 3 | 9 | 4) 20 


Ma intaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Solve the equation using square roots. (Section 3.1) 


25..°x7 = 6 = 30 26. 5x? — 38 = 187 
27. 2% — 3)? = 24 28. 3x+ 5 =4 
Solve the equation using the Quadratic Formula. (Section 3.4) 

29. 2x? + 3x=5 30. 2x2 +5 = 2x 
31, 2257 = tI 32. 4x— 20 = 37 
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4.5-4.9 What Did You Learn? 


Core Vocabulary 

repeated solution, p. 190 local minimum, p. 2/4 finite differences, p. 220 
complex conjugates, p. 199 even function, p. 2/5 

local maximum, p. 214 odd function, p. 2/5 

Core Concepts 

Section 4.5 

The Rational Root Theorem, p. /9/ The Irrational Conjugates Theorem, p. 193 
Section 4.6 

The Fundamental Theorem of Algebra, p. 198 Descartes’s Rule of Signs, p. 200 

The Complex Conjugates Theorem, p. 199 

Section 4.7 

Transformations of Polynomial Functions, p. 206 Writing Transformed Polynomial Functions, p. 207 
Section 4.8 

Zeros, Factors, Solutions, and Intercepts, p. 212 Turing Points of Polynomial Functions, p. 214 
The Location Principle, p. 2/3 Even and Odd Functions, p. 2/5 

Section 4.9 

Writing Polynomial Functions for Data Sets, p. 220 Properties of Finite Differences, p. 221 


Mathematical Practices 


1. Explain how understanding the Complex Conjugates Theorem allows you to construct your argument in 
Exercise 46 on page 203. 


2. Describe how you use structure to accurately match each graph with its transformation in Exercises 7—10 
on page 209. 


poor cc crcl cnn: Penienmance Task - ------------ 


For the Birds — 
Wildlife Management 


How does the presence of humans affect the population of 
sparrows in a park? Do more humans mean fewer sparrows? 

Or does the presence of humans increase the number of sparrows 
up to a point? Are there a minimum number of sparrows that 

can be found in a park, regardless of how many humans 

there are? What can a mathematical model tell you? ope 


; hee 
To explore the answers to these questions and more, go to mae 
BigldeasMath.com. ones 


eG 6c 0 RTOS 225 


a 
Chapter Review Dynamic Solutions available at BigideasMath.com 


41 Graphing Polynomial Functions (pp. 157-164) 


Graph f(x) = x3 + 3x? — 3x — 10. 


To graph the function, make a table of values and plot the corresponding 
points. Connect the points with a smooth curve and check the end behavior. 


an —3 ae ae E zs 
yfeo| 1 | 0 | -3 | -10] -9 | 4 | 38 


The degree is odd and the leading coefficient is positive. 
So, f(x) — —~ as x > —~ and f(x) > +2 as x > +0, 


Decide whether the function is a polynomial function. If so, write it in standard form and state 
its degree, type, and leading coefficient. 


1. h(x) = —x8 + 2x2 — 15x? 2. DGl=~% oe lor aes 


Graph the polynomial function. 
3. ha) = 2+ 6 —5 4. [Q) =3° 9 SH piGa) = Sse qa oe ae 


Adding, Subtracting, and Multiplying Polynomials (pp. 165-172) 


a. Multiply (x — 2), (x — 1), and (x + 3) in a horizontal format. 
@= Da — Ge. 3) = 3 a) 
= (2 = 3x 2) = Sees 
he on 2k Sa ee 
=e + 6 
b. Use Pascal’s Triangle to expand (4x + 2)4. 
The coefficients from the fourth row of Pascal’s Triangle are 1, 4, 6, 4, and 1. 
(Ax + 2)* = 1(4x)* + 4(4x)3(2) + 6(4x)2(2)* + 4(4x)(2)3 + 1(2)4 
= 256x* a 12e eae 128% + 16 


Find the sum or difference. 
6. (4x3 — 12x2 — 5) — (—8x2 + 4x4 3) 
7. (x4 + 3x3 — x2 + 6) + (2x4 — 3x + 9) 
8. (3x2 + 9x + 13) — (2 — 2x 4+ 12) 
Find the product. 
9. (2y2 + 4y — 7)(y + 3) 10. (2m + ny 1 es 4 2G ANS — 3) 


Use Pascal’s Triangle to expand the binomial. 
rnd 4)* 13. Bsct23 14,(z 4 1)8 
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4.3 Dividing Polynomials (pp. 173-178) 
Use synthetic division to evaluate f(x) = —2x3 + 4x? + 8x + 10 when x = —3. 
= 6) ||P 4 8 10 
62-30 66 
—2 S022) 76 


The remainder is 76. So, you can conclude from the Remainder Theorem that f(—3) = 76. 
You can check this by substituting x = —3 in the original function. 


Divide using polynomial long division or synthetic division. 


15. @2+2+3x-4) > G22 +1) 
16. (x4 + 3x3 — 4x2 + 5x 4+ 3) + (? +244) 
7. G4 ~x2-7)+ (+4) 


18. Use synthetic division to evaluate g(x) = 4x3 + 2x* — 4 when x = 5. 


4.4 | Factoring Polynomials = (pp. 179-186) 


a. Factor x4 + 8x completely. 


x4+ 8x = x(x3 + 8) Factor common monomial. 
= x(x3 + 23) Write x2 + 8 as a? + b°. 
= x(x + 2)(x2 — 2x + 4) © Sum of Two Cubes Pattern 


b. Determine whether x + 4 is a factor of f(x) = x5 + 4x4 + 2x + 8. 
Find f(—4) by synthetic division. 
—4 1 4 0 0 2 8 
| —4 0 0 8 
l 0 0 0 2 0 


> Because f(—4) = 0, the binomial x + 4 is a factor of f(x) = x9 + 4x4 + 2x + 8. 


Factor the polynomial completely. 
19. 64x7—8 20. 222 — 127" + 10z 2a fa — 8a + 28 
22. Show that x + 2 is a factor of f(x) = x4 + 2x3 — 27x — 54. Then factor f(x) completely. 
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45. Solving Polynomial Equations (pp. 789-796) 


a. Find all real solutions of x? + x2 — 8x — 12 = 0. 


Step 1 List the possible rational solutions. The leading coefficient of the polynomial 
f(x) = x3 + x2 — 8x — 12 is 1, and the constant term is —12. So, the possible 
rational solutions of f(x) = 0 are 

yoth ana? + 


le 


Step 2 Test possible solutions using synthetic division until a solution is found. 


A 1 ions —12 2 1 1 8.12 
2 6 —4 sat 22 


l 3 -—2 -16 1-1 -6 0 
f(2) + 0, so x — 2 is not a factor of f(x). f(—2) = 0, s0 x + 2 is a factor of f(x). 


Step 3 Factor completely using the result of synthetic division. 


(x + 2)(x? —x— 6) =0 Write as a product of factors. 
Ge 2 eH oe Factor the trinomial. 
~ So, the solutions are x = —2 and x = 3. 


b. Write a polynomial function f of least degree that has rational coefficients, a leading coefficient 
of 1, and the zeros —4 and 1 Bs V2, 


By the Irrational Conjugates Theorem, 1 — V2 must also be a zero of ¥ 


I) = Gee 4ylx— (1 + V2) [x - G - v2)] Write f(x) in factored form. 
=(«+ 4) (x oi v2 lo = 1) v2] Regroup terms. 
Se ee Via Multiply. 
=(o4 4) 1G? = 2x + 1) = 2] Expand binomial. 
= Ga ie 2 1) Simplify. 
ee Multiply. 
= 2 — x = 4 Combine like terms. 


Find all real solutions of the equation. 
23. 0x + 3x7 - 10x -24=0 24. ae 


Write a polynomial function f of least degree that has rational coefficients, a leading coefficient 
of 1, and the given zeros. 


poi 3. 26.923, V5 7) ae ee 


28. You use 240 cubic inches of clay to make a sculpture shaped as a rectangular prism. The width 
is 4 inches less than the length and the height is 2 inches more than three times the length. What 
are the dimensions of the sculpture? Justify your answer. 
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The Fundamental Theorem of Algebra (pp. 197-204) 


Find all zeros of f(x) = x4 + 2x3 + 6x? + 18x — 27. 


Step 1 Find the rational zeros of f. Because fis a polynomial function of degree 4, it has four zeros. 
The possible rational zeros are +1, +3, +9, and + 27. Using synthetic division, you can 
determine that 1 is a zero and —3 is also a zero. 


Step 2 Write f(x) in factored form. Dividing f(x) by its known factors x — 1 and x + 3 givesa 
quotient of x? + 9. So, 


ff) =(«— Da + 3)@?2 + 9). 


Step 3 Find the complex zeros of f. Solving x* + 9 = 0, you get x = +3i. This means 
x*+9=(x+ 31x — 30). 


i) =@- Vea + DG Sse — 37) 
From the factorization, there are four zeros. The zeros of fate Woe ol, andor. 


Write a polynomial function / of least degree that has rational coefficients, a leading 
coefficient of 1, and the given zeros. 

29. 3,1 + 2i ~ 30. -1,2, 4: 31. —5, —4, 1 — iV3 
Determine the possible numbers of positive real zeros, negative real zeros, and imaginary 


zeros for the function. 


Sea) —x*— 10x38 33. f(x) = —6x* — x8 + 3x2 + 2x + 18 


Transformations of Polynomial Functions (pp. 205-270) 


Describe the transformation of f(x) = x3 represented by g(x) = (x — 6)° — 2. Then graph 
each function. 


Notice that the function is of the form g(x) = (x — h)? + k. 
Rewrite the function to identify A and k. 


BO )ea(e = 6) + (2) 
h k 


Because h = 6 and k = —2, the graph of g is a translation 
6 units right and 2 units down of the graph of f. 


Describe the transformation of f represented by g. Then graph each function. 


34. f(x) = x, 2(x) = (—xP? +2 35. f(x) = x4, a(x) = —(« + 9)4 


Write a rule for g. 


36. Let the graph of g be a horizontal stretch by a factor of 4, followed by a translation 
3 units right and 5 units down of the graph of f(x) = x + 3x. 


37. Let the graph of g be a translation 5 units up, followed by a reflection in the y-axis of 
the graph of f(x) = x4 — 2x3 — 12. 
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Analyzing Graphs of Polynomial Functions = (pp. 271-278) 


Graph the function f(x) = x(x + 2)(x — 2). Then estimate the points 
where the local maximums and local minimums occur. 


Step 1 Plot the x-intercepts. Because —2, 0, and 2 are zeros of f, 
plot (—2, 0), (0, 0), and (2, 0). 


Step 2 Plot points between and beyond the x-intercepts. 


Step 3 Determine end behavior. Because f(x) has three factors of the 
form x — k and a constant factor of 1, fis a cubic function 
with a positive leading coefficient. So f(x) — —% as x 4 —o% 
and f(x) > + asx +0, 


Minimum 


Step 4 Draw the graph so it passes through the plotted points and X=1.15 
has the appropriate end behavior. 


> The function has a local maximum at (— 1.15, 3.08) and a local minimum at (1.15, —3.08). 
Graph the function. Identify the x-intercepts and the points where the local maximums and local 
minimums occur. Determine the intervals for which the function is increasing or decreasing. 


38. f(x) = —2° — 3x7 -1 39. f@) =a 3r — tee 


Determine whether the function is even, odd, or neither. 


AQ. f(x) = 2x9 + 3x Al. sjasr 7 42. h(x) = x6 + 3x5 


Modeling with Polynomial Functions (pp. 279-224) 


Write the cubic function whose graph is shown. 


Step 1 Use the three x-intercepts to write the function in 
factored form. 


Ak = Ge ONG tae ee) 


Step 2 Find the value of a by substituting the coordinates of 
the point (0, —12). 


=12=a0 70 Dio) 
=12 = =6a 


2=a 
p> The function is f(x) = 2 + 3)(x + I — 2). 


43. Write a cubic function whose graph passes through the points (—4, 0), (4, 0), (0, 6), and (2, 0). 


44. Use finite differences to determine the degree of 
the polynomial function that fits the data. Then use 
technology to find the polynomial function. 
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Write a polynomial function f of least degree that has rational coefficients, a leading 
coefficient of 1, and the given zeros. 


eos = yD 2, = oed: 3] 


Find the product or quotient. 
3. (x5 — 4)? — 7x + 5) 4. (3x+-— 23 -—x- 1) + (? -— 2x41) 
Bate — 3x7 + Sx — 1) + (x + 2) Gamer + 3)? 


7. The graphs of f(x) = x4 and g(x) = (x — 3)* are shown. 
a. How many zeros does each function have? Explain. 


b. Describe the transformation of f represented by g. 


c. Determine the intervals for which the function g is increasing or decreasing. 


8. The volume V (in cubic feet) of an aquarium is modeled 
by the polynomial function V(x) = x3 + 2x?,- 13x + 10, 
where x is the length of the tank. 
a. Explain how you know x = 4 is not a possible rational zero. 
b. Show that x — 1 is a factor of V(x). Then factor V(x) completely. 
c. Find the dimensions of the aquarium shown. 


Volume = 3 ft? 


9. One special product pattern is (a — b)? = a* — 2ab + b?. Using 
Pascal’s Triangle to expand (a — b)? gives la* + 2a(—b) + 1(—b)?. 
Are the two expressions equivalent? Explain. 


10. Can you use the synthetic division procedure that you learned in this chapter to 
divide any two polynomials? Explain. 


11. Let T be the number (in thousands) of new truck sales. Let C be the number 
(in thousands) of new car sales. During a 10-year period, T and C can be modeled 
by the following equations where f is time (in years). 


T= 234 — 3308 + 35002 — 7500r + 9000 
C = 1414 — 330° + 24007 — 5900t + 8900 


a. Find anew model S for the total number of new vehicle sales. 


b. Is the function S even, odd, or neither? Explain your reasoning. 


12. Your friend has started a golf caddy business. The table shows the profits p (in dollars) of 
the business in the first 5 months. Use finite differences to find a polynomial model for the 
data. Then use the model to predict the profit after 7 months. 


Chapter 4 


Chapter Test 


231 


Cumulative Assessment 


1. The synthetic division below represents f(x) + (x — 3). Choose a value for m so that 
x — 3 is a factor of f(x). Justify your answer. 


34 93 
3 |1 -3 m 3 a 
3 0 am 

1 0 
-1 l 


2. Analyze the graph of the polynomial function to determine the sign of the leading 
coefficient, the degree of the function, and the number of real zeros. Explain. 


3. Which statement about the graph of the equation 12(x — 6) = —(y + 4)? is not true? 
(A) The vertex is (6, —4). 
(B) The axis of symmetry is y = —4. 
(©) The focus is (3, —4). 
(> The graph represents a function. 
4. A parabola passes through the point shown in the graph. The equation of the axis 
of symmetry is x = —a. Which of the given points could lie on the parabola? If the 


axis of symmetry was x = a, then which points could lie on the parabola? Explain 
your reasoning. 


Se ie 


(34) ) Gan) 5,0] 
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Select values for the function to model each transformation of the graph of 


f(x) = x. 
g(x) = (x - a) + 
a. The graph is a translation 2 units up and 3 units left. 


b. The graph is a translation 2 units right and 3 units down. 


c. The graph is a vertical stretch by a factor of 2, followed by a translation 
2 units up. 


d. The graph is a translation 3 units right and a vertical shrink by a factor of s. 
followed by a translation 4 units down. 


. The diagram shows a circle inscribed in a square. The area of the shaded region is 
21.5 square meters. To the nearest tenth of a meter, how long is each side of the square? 


a 
Sd 


CA) 4.6 meters 8.7 meters ©) 9.7 meters (@) 10.0 meters 


. Classify each function as even, odd, or neither. Justify your answer. 


a. f(x) = 3x5 b. f(x) = 43 + 8x 
c. f(x) = 3x + 127+ 1 d. f(x) = 2x4 
e. f(x) =x!! — x! f. f(x) = 2x8 + 4x4 + x2 -—5 


. The volume of the rectangular prism shown is given by V = 2x3 + 7x? — 18x — 63. 
Which polynomial represents the area of the base of the prism? 


@ 22x+x-21 
2x2 + 21 —x 
> 13x +21 + 2x? 
@ 2x2 — 21 — 13x 


. The number R (in tens of thousands) of retirees receiving Social Security benefits is 
represented by the function 


R10 286° — 4.6872 + 8.894403, OS 7s 10 


where t represents the number of years since 2000. Identify any turning points on the 
given interval. What does a turning point represent in this situation? 
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, SEE the Big Idea 


Maintaining Mathematical Proficiency 


Properties of Integer Exponents 


Seen? 
Simplify the expression s 


os x7 ee 


es | say 
xample 2 Simplify the expression Ele 


mi em\ 
(tom 


\ 22 © m?> 


Rewriting Literal Equations 


Example 3 Solve the literal equation —5y — 2x = 10 for y. 


—5\ Se 


Dy P38 ae 


Solve the literal equation for y. 


7. 4x t+y=2 8. x—iy=-l 9. 2y —9 = 13x 


10. 2xy + 6y = 10 11. 8x —4xy=3 12. 6x + 7Txy = 15 


13. ABSTRACT REASONING Is the order in which you apply properties of exponents important? 
Explain your reasoning. 


Dynamic Solutions available at BigldeasMath.com 


Mathematical 
Practices 


| Mathematically proficient students express numerical answers precisely. 


Using Technology to Evaluate Roots 


G) Core Concept 


Evaluating Roots with a Calculator 


Example 
| square root h 
8. m. 


Square root: V64 = 8 (64) 


[ cube root ) —~> 3/(64) 
4*J (256) 
5% (32) 


Cube root: V64 =4 


ae suri root aa 
Fourth root: W256 = 4 \Sonene oot 


Fifth root: */30 = 2 [fifth root |” 


a 


Approximating Roots 


Evaluate each root using a calculator. Round your answer to two decimal places. 


a. V50 b. V50 ce. V50 d. V50 


SOLUTION 


V50 ~ 7.07 Round down. 
7.071067812 


3 
1/50 ~ 3.68 Round down. 3.684031499 


V50 = 2.66 Round up. parte eis 


: 2.186724148 
V50 = 2.19 Round up. 


Monitoring Progress 


1. Use the Pythagorean Theorem to find 
the exact lengths of a, b, c, and d 
in the figure. 


. Use a calculator to approximate each length 
to the nearest tenth of an inch. 


. Use aruler to check the reasonableness of 
your answers. 
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nth Roots and Rational Exponents 


CONSTRUCTING 
VIABLE ARGUMENTS 


results. 


To be proficient in math, 
you need to understand 
and use stated definitions 
and previously established 


ee 


Essential Question How can you use a rational exponent to 


represent a power involving a radical? 
Previously, you learned that the nth root of a can be represented as 
Va =aln Definition of rational exponent 


for any real number a and integer n greater than 1. 


Exploring the Definition of a 


‘EXPLORATION 1 
Rational Exponent 


Work with a partner. Use a calculator to show that each statement is true. 


a, V9 = 912 b. V2 = 212 c. V8 = 813 
d. V3 = 313 e. V16 = 164 f. V/12 = 1214 


Writing Expressions in 


"EXPLORATION 2 
Rational Exponent Form 


Work with a partner. Use the definition of a rational exponent and the properties of 
exponents tO write each expression as a base with a single rational exponent. Then use 
a calculator to evaluate each expression. Round your answer to two decimal places. 


Sample 
oe 4A(2/3) 
(Wa) = (4132 2.5198421 
= 42/3 
252 
a. (V5) 
a. (10)" e. (VI5)° ft. (Wan) 


“EXPLORATION 3: 


Writing Expressions in Radical Form 


Work with a partner. Use the properties of exponents and the definition of a 
rational exponent to write each expression as a radical raised to an exponent. Then use 
a calculator to evaluate each expression. Round your answer to two decimal places. 

3 2 
Sample 523 = (513)? = (W5) ~ 2.92 
ae b. 6°" Cadleee 


d. 10-2 e. 1167 20" 


Communicate Your Answer 


4. How can you use a rational exponent to represent a power involving a radical? 
5. Evaluate each expression without using a calculator. Explain your reasoning. 
a, 43? bi a2) @.)625""" 
d. 493” em i2a”° f. 100s: 
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5.1 Lesson 


Core Vocabulary... 


| nth root of a, p. 238 
index of a radical, p. 238 
Previous 
square root 
cube root 
exponent 


UNDERSTANDING 
MATHEMATICAL 
TERMS 

| When nis even and a>QO, 


| there are two real roots. 
| The positive root is called 


What You Will Learn 


» Find nth roots of numbers. 
» Evaluate expressions with rational exponents. 
Pm Solve equations using nth roots. 


nth Roots 


You can extend the concept of a square root to other types of roots. For example, 2 is 
a cube root of 8 because 2° = 8. In general, for an integer n greater than 1, if b” = a, 
then b is an nth root of a. An nth root of a is written as a, where n is the index of 
the radical. 


You can also write an nth root of a as a power of a. If you assume the Power of a 
Power Property applies to rational exponents, then the following is true. 


(al/2)2 = iiZenz— gig 
(a!)3 = Qfl/3)°3 = gl=q 
(a\/4)4 = gil/4)°4 = gl=@q 


Because a!/” is a number whose square is a, you can write Va = a!, Similarly, 
3 7 i . 
Va = a'3 and Wa = a", In general, Ya = a’ for any integer n greater than 1. 


G Core Concept 


Real nth Roots of a 
Let n be an integer (n > 1) and let a be a real number. 


n is an even integer. n is an odd integer. 
a<0 Noreal nth roots a<0 Onereal nth root: Ya = al” 
a=0 One real nth root: VO = 0 | a=0 One real nth root: V0 =0 


the principal root. 
a ie a>0O Tworeal nth roots: #Va = ta!” | a>O One real nth root: Wa = al” 


SS dN 204k Finding nth Roots 


Find the indicated real nth root(s) of a. 


a n=3,a= —216 bh n=4,a= 81 
SOLUTION 
a. Because n = 3 is odd and a = —216 < 0, —216 has one real cube root. 


Because (—6)? = —216, you can write V—216 = —6 or (—216)"3 = —6. 


b. Because n = 4 is even and a = 81 > O, 81 has two real fourth roots. 
Because 34 = 81 and (—3)4 = 81, you can write +V/81 = +3 or +8114 = +3. 


Monitoring Progress ) Help in English and Spanish at BigideasMath.com 
Find the indicated real nth root(s) of a. 

1. n=4,a= 16 2. n=2,a= —49 

3. n=3,a=—-125 4. n=5,a = 243 
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Rational Exponents 


A rational exponent does not have to be of the form uy Other rational numbers, such 
n 


5 1 : 
as 5 and ~ ap can also be used as exponents. Two properties of rational exponents are 


shown below. 


G Core Concept 


Rational Exponents 
Let a!” be an nth root of a, and let m be a positive integer. 


qrin = (al/nym = (Ya) 


qryn (aiinym (Wa ie 


“EXAMPLE 2 Evaluating Expressions with Rational Exponents 


Evaluate each expression. 


aul Ge2 b. 32-345 
SOLUTION 
Rational Exponent Form Radical Form 
a. 1632 = (1612)3 = 43 = 64 1632 = (Vi6) = 43 = 64 
a2 (B2)°)2 ee 8 32 ( ¥/32)° os 
When using a calculator to approximate an nth root, you may want to rewrite the nth 
COMMON ERROR root in rational exponent form. 

Be sure to use parentheses 
to enclose a rational es aNViitaem Approximating Expressions with Rational 
exponent: 94(1/5) ~ 1.55. Exponents 
Without them, the 
calculator evaluates a Evaluate each expression using a calculator. Round your answer to two decimal places. 
power and then divides: a. ole b. 1238 a (Wz) 
o71/5 = 1.8. 

SOLUTION 

a. gis = 1.55 ; 94(1/5) 

b. 1238 ~ 2.54 a. 1.551845574 

3 : 
c. Before evaluating (W7) , rewrite the 7A(3/4) gg 
expression in rational exponent form. 4.305517071 


(W7) = 794 ~ 4.30 


Monitoring Progress «) Help in English and Spanish at BigideasMath.com 
Evaluate the expression without using a calculator. 


Bae 6. Jit eet $18 


Evaluate the expression using a calculator. Round your answer to two decimal 
places when appropriate. 


9, 62 10. 64-23 11. (76) 12. (W/=30) 
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Solving Equations Using nth Roots 


To solve an equation of the form u” = d, where u is an algebraic expression, take the 
nth root of each side. 


@e\"isnae ms Solving Equations Using nth Roots 


Find the real solution(s) of (a) 4x> = 128 and (b) (x — 3)* = 21. 


SOLUTION 
a. 4x° = 128 Write original equation. 
x> = 32 Divide each side by 4. 
x= V32 ; Take fifth root of each side. 
COMMON ERROR = Simplify. 


When n is even anda > 0, 
be sure to consider both 


the positive and negative b. (x — 3)4 = 21 Write original equation. 
nth roots of a. 


The solution is x = 2. 


x-3=+V21 Take fourth root of each side. 
x=3+V21 Add 3 to each side. 
x=34+V21 or x=3-V21 Write solutions separately. 
x=~5.14 or x ~ 0.86 Use a calculator. 


~ The solutions are x ~ 5.14 and x ~ 0.86. 


SONiseaem Real-Life Application 


A hospital purchases an ultrasound machine for $50,000. The hospital expects the 
useful life of the machine to be 10 years, at which time its value will have depreciated 
to $8000. The hospital uses the declining balances method for depreciation, so the 
annual depreciation rate r (in decimal form) is given by the formula 


I/n 
=i 
C 


In the formula, n is the useful life of the item (in years), S is the salvage value (in 
dollars), and C is the original cost (in dollars). What annual depreciation rate did the 
hospital use? 


SOLUTION 


The useful life is 10 years, son = 10. The machine depreciates to $8000, so S = 8000. 
The original cost is $50,000, so C = 50,000. So, the annual depreciation rate is 


S I/n 8000 1/10 4 1/10 
a4 (gfar— (amon (aa 
C 50,000 Sr la ee 


> The annual depreciation rate is about 0.167, or 16.7%. 


Monitoring Progress ) Help in English and Spanish at BigideasMath.com 


Find the real solution(s) of the equation. Round your answer to two decimal 
places when appropriate. 


13. 8x7 = 64 14. 5x = 512 15. (x+5)#=16 16. @-2P=—14 
17. WHAT IF? In Example 5, what is the annual depreciation rate when the salvage 


value is $6000? 


— 
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5.1 Exe rcises Dynamic Solutions available at BigldeasMath.com 


Vocabulary and Core Concept Check 


1. VOCABULARY Rewrite the expression a~*” in radical form. Then state the index of the radical. 


2. COMPLETE THE SENTENCE For an integer 7 greater than 1, if b” = a, then b is a(n) of a. 


3. WRITING Explain how to use the sign of a to determine the number of real fourth roots of a and the | 
number of real fifth roots of a. 


WHICH ONE DOESN'T BELONG? Which expression does nor belong with the other three? Explain 
your reasoning. 


anny | (Wa)” Ya = | aun 


Monitoring Progress and Modeling with Mathematics 


In Exercises 5-10, find the indicated real nth root(s) USING STRUCTURE In Exercises 21-24, match the 
of a. (See Example 1.) equivalent expressions. Explain your reasoning. 
' 4 
5. n=3,a=8 6. n=5.a=-1 21. (W5) A. 5714 
3 
7, n=2,a=0 8. n=4,a= 256 22. (V5) B. 543 
Che — 3), “= —s2y) oh w= 6, a=-—7/29 23. Sele GS —51/4 
V5 
In Exercises 11-18, evaluate the expression without : 
using a calculator. (See Example 2.) 24g 5 D. 53/4 
i 12.78 


In Exercises 25-32, evaluate the expression using a 
calculator. Round your answer to two decimal places 


13. 25°? 14. 81%" when appropriate. (See Example 3.) 
15. (—243)"5 16. (—64)43 25. 32,768 26. V/1695 
ies >> 13 16° 2] ED eee 28.35" 
ERROR ANALYSIS In Exercises 19 and 20, describe and 29. 20,736*° 30. 86-°° 
correct the error in evaluating the expression. 3 x6 
31. (1/187) 32. (W/-8) 
iy 27213 = (271/3)2 
MATHEMATICAL CONNECTIONS In Exercises 33 and 34, 
= 92 find the radius of the figure with the given volume. 
= 61 33. V=216 ft? 34. V = 1332 cm? 


20. 3 
x 2564/3 = (¢/256) —_- 
= 45 9 cm 
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In Exercises 35—44, find the real solution(s) of the 47. NUMBER SENSE Between which two consecutive 


equation. Round your answer to two decimal places integers does V/125 lie? Explain your reasoning. 

when appropriate. (See Example 4.) 

35. x3= 125 3608s = 1080 48. THOUGHT PROVOKING In 1619, Johannes Kepler 
published his third law, which can be given by ’ 

37. x + me 70 38. (x —5)4 = 256 d* = t’, where d is the mean distance (in astronomical | 
units) of a planet from the Sun and f is the time 

30. x2 46 40. 7x4 = 56 (in years) it takes the planet to orbit the Sun. It takes 
Mars 1.88 years to orbit the Sun. Graph a possible 

A1. x6 + 36 = 100 A2. x3+40 =25 location of Mars. Justify your answer. (The diagram 
shows the Sun at the origin of the xy-plane and a 

Aa 1x4 = A4. 1,3 3G possible location of Earth.) 


45. MODELING WITH MATHEMATICS When the average 
price of an item increases from p, to p, over a period 
of n years, the annual rate of inflation r (in decimal 


9 


I/n 
form) is given by r = (72) — 1. Find the rate of 
1 


Not drawn to scale 


inflation for each item in the table. (See Example 5S.) 


| Price in | Price in 49, PROBLEM SOLVING A weir is a dam that is built 
1913 2013 
| across a river to regulate the flow of water. The flow 
$0.016 | $0.627 rate QO (in cubic feet per second) can be calculated 

‘ . using the formula Q = 3.367£h*”, where £ is the 
$0.251 $2.693 length (in feet) of the bottom of the spillway and h 
$0.373 $1.933 is the depth (in feet) of the water on the spillway. 
Determine the flow rate of a weir with a spillway that | 


is 20 feet long and has a water depth of 5 feet. 


Item 


Potatoes (Ib) 


- Ham (Ib) 


| 
| 
| Eggs (dozen) | 


46. HOW DO YOU SEE IT? The graph of y = x" is shown 
in red. What can you conclude about the value of n? 
Determine the number of real nth roots of a. Explain 
your reasoning. 


50. REPEATED REASONING The mass of the particles that 
a river can transport is proportional to the sixth power 
of the speed of the river. A certain river normally 
flows at a speed of 1 meter per second. What must its 
speed be in order to transport particles that are twice 
as massive as usual? 10 times as massive? 100 times 
as massive? 


| Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Simplify the expression. Write your answer using only positive exponents. (Skills Review Handbook) 


fi 
51. 5-54 52 (uae 53. (22)-3 54. ce 


Write the number in standard form. (Ski//s Review Handbook) 


55.5 X 107 


56,54. 102 
7. 8.2 X 107! 58. 6.93 X 106 
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Properties of Rational Exponents 


and Radicals 


USING TOOLS 
STRATEGICALLY 


To be proficient in math, 
you need to consider the 
tools available to help you 
check your answers. For 
instance, the following 
calculator screen shows 


that V4 - V/2 and V8 


are equivalent. 


(34 (4)) GYC2)) 
34(8) 


Essential Question How can you use properties of exponents to 


simplify products and quotients of radicals? 


EXPLORATION 1 Reviewing Properties of Exponents 


Work with a partner. Let a and b be real numbers. Use the properties of exponents 
to complete each statement. Then match each completed statement with the property 
it illustrates. 


Statement Property 
aq 2= a#0 A. Product of Powers 
b. (ab)* = B. Power of a Power 
(Gy = C. Power of a Product 
d. a eat= D. Negative Exponent 
3 
= (F) = b#0 E. Zero Exponent 
a® 
f. a = ,at#0 F. Quotient of Powers 
“a 
g. = ,a#0 G. Power of a Quotient 


EXPLORATION 2 Simplifying Expressions with 
Rational Exponents 


Work with a partner. Show that you can apply the properties of integer exponents 
to rational exponents by simplifying each expression. Use a calculator to check your 
answers. 


a. 52/3 « §4/3 b. 315 . 34/5 Cc. (42/3)3 
gs/2 7213 
d. (10!)4 e. gi2 f. 7513 


EXPLORATION 3 Simplifying Products and 
Quotients of Radicals 


Work with a partner. Use the properties of exponents to write each expression as a 
single radical. Then evaluate each expression. Use a calculator to check your answers. 


a. V3 -V12 ev Cay ab) oy Re Ve) 
_ V98 . V4 ? W625 
1 W1024 V5 


Communicate Your Answer 


4. How can you use properties of exponents to simplify products and quotients 
of radicals? 


5. Simplify each expression. 


3 
a. V27 ° V6 b. = ec. (51/2 a 1614)2 
AV be) 
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Se) CT What You Will Learn 


> Use properties of rational exponents to simplify expressions with 
rational exponents. 


Core Vocabulary... Use properties of radicals to simplify and write radical expressions 


simplest form of a radical, in simplest form. 


p. 245 
conjugate, p. 246 Properties of Rational Exponents 
like radicals, p. 246 The properties of integer exponents that you have previously learned can also be 
Previous applied to rational exponents. 


exponents 65) Core Concept 


rationalizing the . ; PF be 7 : 
denominator roperties of Rational Exponents 


absolute value Let a and b be real numbers and let m and n be rational numbers, such that the 


| 
properties of integer 
a quantities in each property are real numbers. 


Property Name Definition Example 
pao Product of Powers | a™ eg? = qmtn 512 . 53/2 = §(1/2 + 3/2) = §2 = 25 

COMMON ERROR Power of aPower | (a”)" = a™" (352)2 = 362 °2) = 35 = 243 
When you multiply powers, Bavener «Product (aby" = a™hm (16 © 9)'2 = 162.912 = 4.3 =12 
do not multiply the | 
exponents. For example, a a Dilad eyeake = ale 
Ba geek a0) Negative Exponent a yet 3612 6 

Zero Exponent @=laeo 213° = 1 

; f a” = Ain == {() Ae = 4(5/2 — 1/2) = 42 = 16 
Quotient of Powers ae re Lama | qin = =4= 
a\" _ am BIN POTS as 
Power of a Quotient | ( =| pm 64 Gal weg 
EXAMPLE Using Properties of Exponents 


Use the properties of rational exponents to simplify each expression. 


a. 714 2 7'2 = J+ 1/2) — 73/4 


b. (6)? . 41/2 = (61/2)2 4 (41/3)2 = 6(1/2 °2) 4 40 2= 61. 42/3 = § « 42/3 


c. (4 . 35)-5 = [(4 is 3)p]- 5 = (125)- 5 = {25°(-15)] = 19-1 = is 
oe =e 
d. 318 = 313 = = §(1—-1/3) = §2/3 
42u3\" _ | (42\'° | ; 2 
e. (ee si ) = ( (2)"] = (71/)2 = 7(1/3 *2) = 72/3 
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Simplify the expression. 


3/4. 91/2 3 
i 2 2 2. 314 
1/2\3 
Ee ee) A. (513 » 71/43 
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Simplifying Radical Expressions 
The Power of a Product and Power of a Quotient properties can be expressed using 


radical notation when m = 2 for some integer n greater than 1. 


G Core Concept 


Properties of Radicals 


Let a and b be real numbers and let n be an integer greater than 1. 


Property Name Definition 


Product Property 


ny \ ay a 169 eat 
Quotient Property | nj = — b#0 _ V162 = 2 =V81 =3 
| b b | v2 . 
Using Properties of Radicals 
Use the properties of radicals to simplify each expression. 
a. V12 -V18 = V12 18 = V216 =6 Product Property of Radicals 
4 
V8 
b. Mg) V16 =2 Quotient Property of Radicals 
ae 


An expression involving a radical with index » is in simplest form when these three 
conditions are met. 

¢ No radicands have perfect nth powers as factors other than 1. 

¢ No radicands contain fractions. 

¢ No radicals appear in the denominator of a fraction. 

To meet the last two conditions, rationalize the denominator by multiplying 


the expression by an appropriate form of | that eliminates the radical from 
the denominator. 


“EXAMPLE 3 


Writing Radicals in Simplest Form 


Write each expression in simplest form. 


Sem 
a. V135 | | b. sal 
V8 
SOLUTION 
a. V135 =V27-5 Factor out perfect cube. 
=WV27 «V5 Product Property of Radicals 
= 3V5 Simplify. 
2) 5 Sy, 
b. ba = 2 . ves Make the radicand in the denominator a perfect fifth power. 
8 V8 V4 
Sie 
ae Product Property of Radicals 
V32 
5 
= es simplify. 
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For a denominator that is a sum or difference involving square roots, multiply both the 
numerator and denominator by the conjugate of the denominator. The expressions 


aVb + cVd and aVb — cVd 


are conjugates of each other, where a, b, c, and d are rational numbers. 


82. i288 Writing a Radical Expression in Simplest Form 


Write in simplest form. 
5+ V3 
SOLUTION 
ey) pale The conjugate of 5 + V3 is5 — V3. 
5+V3 5+V3 5-V3 
= Win 
= ils v3) Sum and Difference Pattern 
2 (v3) 
=> ae Simplify. 


Is. To add or 


Radical expressions with the same index and radicand are like radica 
subtract like radicals, use the Distributive Property. 


EXAMPLE 5 Adding and Subtracting Like Radicals and Roots 


Simplify each expression. 


aay 10: 7/10) b. 2(8"/5) + 10(8"%) avian 7 
SOLUTION 


a. V10 + 7/10 = (1 + 7)V10 = 8V'10 
b. 2(8"5) + 10(8"/5) = (2 + 10)(8"5) = 12(8"5) 
c. V54 — V2 = W/27 2 V2 - V2 = 302 - 12 = GB - DV2/= 292 
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Simplify the expression. 


3 
By oT pees 7. W104 Hee 
oF 4 
9, = 10. 712 —V12 11. 4(923) + 8(923) 12. V5 + V/40 
6 


The properties of rational exponents and radicals can also be applied to expressions 
involving variables. Because a variable can be positive, negative, or zero, sometimes 
absolute value is needed when simplifying a variable expression. 


Example 
W57 = 5 and W/(—5)' = —5 
1/34 = 3 and W(—3)* = 3 


Absolute value is not needed when all variables are assumed to be positive. 


When n is odd 


When n is even 
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STUDY TIP 


You do not need to 
take the absolute value 
of y because y is 

being squared. 


COMMON ERROR 


You must multiply both 
the numerator and 
denominator of the 
fraction by \/y so that 
the value of the fraction 
does not change. 


Simplifying Variable Expressions 


Simplify each expression. 


= 
a. \/64y6 2 


y’ 
SOLUTION 


a. /64y9 = WHG28 = V4 « V/O23 = 4y? 


8 a5 4655 v2 
Vox) 


Writing Variable Expressions in Simplest Form 


Write each expression in simplest form. Assume all variables are positive. 


1/3 
a. Vaakbl4cs Ree cee 
ys ax: 47-6 


SOLUTION 
a. Vaaep4s = V4aa3bb*c5 Factor out perfect fifth powers. 
= Vasps « V4a3h4 Product Property of Radicals 
= abcV/4a3b' Simplify. 
3 
y 
ae. vy Make denominator a perfect cube. 
Vt V8 WV) 
xv/y 
= Product Property of Radicals 
Vy? 
xv : 
sae Simplify. 
ve 


14xy!/3 4 a 
a sae z= Tx(1-3/4)y1B2-(—6) = 7x14 y1/3.26 
Zz 


Adding and Subtracting Variable Expressions 


Perform each indicated operation. Assume all variables are positive. 


a. 5Vy + 6\V/y b. 12 V 22> "ar 15422 


SOLUTION 
a. 5Vy + 6Vy = (5 + 6)Vy = lly 
Boy ee S42 = 1970/2? — 39 = (19r — 322 = 92/22 
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Simplify the expression. Assume all variables are positive. 


5/10 3/4 == = 
13. 279° 14. ies 5. 16. V9ws — wVw3 
ey, 
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Dynamic Solutions available at BigldeasMath.com 


5.2 Exercises 


Vocabulary and Core Concept Check 


1. WRITING How do you know when a radical expression is in simplest form? 


2. WHICH ONE DOESN'T BELONG? Which radical expression does not belong with the other three? 
Explain your reasoning. 


14 
V5 


Vil 3°/9x 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-12, use the properties of rational 
exponents to simplify the expression. (See Example 1.) 


3. (92)1/3 


9. (3-28 n 31/3)-1 


92/3 « 162/3 
42/3 


In Exercises 13-20, use the properties of radicals to 


4. (12214 


7 
ain 


10. (512 ; 5~3/2)—14 


75/4 


simplify the expression. (See Example 2.) 


1a 2 « V72 


15. V6 -W8 
3 
17. wee 
V2 
SVrae Sa 
CoS 9/2: 
pe 
V2 


In Exercises 21-28, write the expression in simplest 
form. (See Example 3.) 


21. 1/567 
PEL 8 
4 
25. . 
27. oe 
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14. V16 «<2 
16. V8 -V8 


18. —— 


20. 


22. 1/288 


24. 


26. ¢ 
\ 


28. j/—— 


493/8 . 4Q7/8 


In Exercises 29-36, write the expression in simplest 
form. (See Example 4.) 


29, 30. 
leeve Paes 
3, = 32, —!! 
3-V2 9-V6 
33. ee 34; 
WET SE i) . V8+V7 
[> 
35 ee aoe a 
V5 — V5 10 = V9 


In Exercises 37—46, simplify the expression. 
(See Example 5.) 


37. 9V11 + 3V11 38. 3V/5 — 125 
39. 3(11'4) + 9(11"4) — 40.-:13(834) — 4(83/4) 
41. 5V12 — 19V3 42. 27V6 + 7V150 
43. V224+3V7 aa, 72 —V/128 


45. 5(2413)— 4313) 46. 514 + 6(405"4) 


47. ERROR ANALYSIS Describe and correct the error in 


simplifying the expression. 


x 3/12 +512 =(3 + 5)V24 
= 8/24 
=8V8+3 
=8-2V3 
=16V3 


Rational Exponents and Radical Functions 


48. MULTIPLE REPRESENTATIONS Which radical 


expressions are like radicals? 


GY) (52/9)3/2 ) ; 
(Vs) 


yy 514s — V/875 
CH 7780 — 20/405 


© W625 
@ V5 +35 


In Exercises 49-54, simplify the expression. 


(See Example 6.) 
49. \/81y8 50. V64r3r6 
10 pl6 
a [yee 
Vn 1624 
6h n)8p7 
53. (52> . Jf 
; (8 a eg te 
55. ERROR ANALYSIS Describe and correct the error in 
simplifying the expression. 
xX 3(64n2 _ Vean'2 
6  6r— 
g 4 /gé 
6/96, (h2)@ 
a 6 
g® 
2H? 
g 
56. OPEN-ENDED Write two variable expressions 


involving radicals, one that needs absolute value in 
simplifying and one that does not need absolute value. 
Justify your answers. 


In Exercises 57—64, write the expression in simplest 
form. Assume all variables are positive. (See Example 7.) 


57. 


59. 


63. 


V81alb!2c9 58. V/125r459F 


5 160m® 

= 60. 
Vw VWs Bey Vie 
v25wis RAG 
18w!/39/4 64. Tx 3/4 ysi22—2/3 
WTyAByll2 56x72 yl4 


Section 5.2 


In Exercises 65-70, perform the indicated operation. 
Assume all variables are positive. (See Example 8.) 


65. 12v/y + Wy 


66. 


67. 


68. 


69. 


70. 


11V2z — 5V2z 
Sie 572 

Vv m! + 3m78 

v l6wl? + SEN 


(p'? « pli) — V/16p3 


MATHEMATICAL CONNECTIONS In Exercises 71 and 72, 
find simplified expressions for the perimeter and area of 
the given figure. 


eA. 


73. 


74. 


Properties of Rational Exponents and Radicals 


72. 
x3 
3 1/3 
2x2/3 


Ax1/3 


MODELING WITH MATHEMATICS The optimum 
diameter d (in millimeters) of the pinhole in a pinhole 
camera can be modeled by d = 1.9[(5.5 X 1074) 2]!2, 
where 4 is the length (in millimeters) of the camera 
box. Find the optimum pinhole diameter for a camera 
box with a length of 10 centimeters. 


MODELING WITH MATHEMATICS The surface area S$ 
(in square centimeters) of a mammal can be modeled 
by S = km, where m is the mass (in grams) of the 
mammal and k is a constant. The table shows the 
values of k for different mammals. 


a) 


} 


Mam mal 
Value of k 


a. Find the surface area of a bat whose mass is 
32 grams. 


— 


b. Find the surface area of a rabbit whose mass is 
3.4 kilograms (3.4 X 10? grams). 


c. Find the surface area of a human whose mass is 
59 kilograms. 


249 
me 


75. MAKING AN ARGUMENT Your friend claims it is not 78. HOW DO YOU SEE IT? Without finding points, match 
possible to simplify the expression 7\ 11 — 9\ 44 the functions f(x) = \ 64x? and g(x) = 6a with 
because it does not contain like radicals. Is your friend their graphs. Explain your reasoning. 
correct? Explain your reasoning. 

B. 

76. PROBLEM SOLVING The apparent magnitude of a star 


is a number that indicates how faint the star is in 
my 


: 2 
relation to other stars. The expression > 5] 0m tells 


how many times fainter a star with apparent magnitude 
m, is than a star with apparent magnitude m). 


6 


Apparent 


«| 


Star : Constellation 
magnitude 
—— — een 
i } 
Vega | 0.03 Lyra ; 
: : | 79. REWRITING A FORMULA You have filled two round 
Altair Ui id) Aquila : : ; 
| balloons with water. One balloon contains twice as 
Deneb | 125 Cygnus | much water as the other balloon. 
7 a Mr ect a. Solve the formula for the volume of a sphere, 
° ¢ t > fainter 1: tair t! ? jee cues : 
a. How many times fainter is Altair than Vega v= torr, feac 
b. How many times fainter is Deneb than Altair? b. Substitute the expression for r from part (a) 


into the formula for the surface area of a sphere, 


c. How many times fainter is Deneb than Vega? 
S = 4m’. Simplify to show that § = (477)!2V)2. 


c. Compare the surface areas of the two water 
balloons using the formula in part (b). 


80. THOUGHT PROVOKING Determine whether the 
expressions (x?)!/6 and (x!/)? are equivalent for all 
values of x. 


Altair / 


81. DRAWING CONCLUSIONS Substitute different 
combinations of odd and even positive integers for 
mand n in the expression Vx”. When you cannot 
assume x is positive, explain when absolute value is 
needed in simplifying the expression. 


77. CRITICAL THINKING Find a radical expression for 
the perimeter of the triangle inscribed in the square 
shown. Simplify the expression. 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Identify the focus, directrix, and axis of symmetry of the parabola. Then graph the equation. 
(Section 2.3) 


82. y = 2x2 83. y2=—-x 84. y? = 4x 


Write a rule for g. Describe the graph of g as a transformation of the graph of f. (Section 4.7) 
85. f(x) = x* — 3x? — 2x, o(x) = —f@) 86. f(x) = — x, ex) =f) -3 


87. fa) =x — 4, s(x) = f(x — 2) 88. f(x) = x4 + 2x3 — 4x2, o(x) = f(2x) 
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Graphing Radical Functions 


LOOKING FOR 
STRUCTURE 


To be proficient in math, 
you need to look closely 
to discern a pattern or 
structure. 


Essential Question How can you identify the domain and range 


of a radical function? 


“EXPLORATION { Identifying Graphs of Radical Functions 


Work with a partner. Match each function with its graph. Explain your reasoning. 
Then identify the domain and range of each function. 


a. f(x) = Vx b. f@) = Vx ce. f(x) = Vr d. f(x) = Wx 
A. 


“EXPLORATION 2 Identifying Graphs of Transformations 


Work with a partner. Match each transformation of f(x) = Vx with its graph. 
Explain your reasoning. Then identify the domain and range of each function. 


a. g(x) =Vxt+2 b. gx)=Vx—-2 c& ex) =Vxt+2—-2 de ox) =—Vet2 


A. B. 4 


Communicate Your Answer 


3. How can you identify the domain and range of a radical function? 


4. Use the results of Exploration 1 to describe how the domain and range of a radical 
function are related to the index of the radical. 
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5.3 Lesson 


radical function, p. 252 


Previous 
transformations 
parabola 

circle 


<a 


| STUDY TIP 
A power function has the 


| form y = ax, where a is 

| areal number and bisa 
rational number. Notice 

| that the parent square 

| root function is a power 

function, where a = 1 

—alayel{e) = i. 


LOOKING FOR 
STRUCTURE 


Example 1(a) uses x-values 
that are multiples of 4 

so that the radicand is 

an integer. 
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What You Will Learn 


B® Graph radical functions. 
~ Write transformations of radical functions. 
> Graph parabolas and circles. 


obit sulla Radical Functions 


adic: ction contains a radical expression with the independent variable in 
the macreane When the radical is a square root, the function is called a square root 
function. When the radical is a cube root, the function is called a cube root function. 


G Core Concept 


Parent Functions for Square Root and Cube Root Functions 


The parent function for the family of The parent function for the family of 
square root functions is f(x) = Vx. - cube root functions is f(x) = Wx. 


Domain: x 2 0, Range: y 2 0 Domain and range: All real numbers 


“EXAMPLE 1 


Graphing Radical Functions 


Graph each function. Identify the domain and range of each function. 


SOLUTION 


a. Make a table of values and sketch the graph. 


* ae 


al 0 sil [iat [ia] 2 


ae 16 


> The radicand of a square root must 
be nonnegative. So, the domain is x 2 0. 
The range is y > 0. 


b. Make a table of values and sketch the graph. 


+ 


0 | | 2 
0 -3 | -3.78 


The radicand of a cube root can be any real 
number. So, the domain and range are all 
real numbers. 


Rational Exponents and Radical Functions 


In Example 1, notice that the graph of fis a horizontal stretch of the graph of the 
parent square root function. The graph of g is a vertical stretch and a reflection in 
the x-axis of the graph of the parent cube root function. You can transform graphs of 
radical functions in the same way you transformed graphs of functions previously. 


G) Core Concept 


Transformation f(x) Notation Examples 
Horizontal Translation g(x) = Vx — 2 2 units right 
) | IO | eres } 
Graph shifts left or right. g(x) = Vx+3 3 units left 
Vertical Translation g(x) = Vx +7 7 units up 
Graph shifts up or down. eat eC= Vx —1 1 unit down 
Reflection f(—x) g(x) = Vx in the y-axis 
Graph flips over x- or y-axis. —f(x) ge) = =e in the x-axis 
Horizontal Stretch or Shrink g(x) = V3x shrink by a 
l 
Graph stretches away from flax) factor of 5 
| factor of 2 
Vertical Stretch or Shrink | g(x) = 4Vx stretch by a 
Graph stretches away from fa) | factor of 4 
4 ; a f(x 
or shrinks toward x-axis. 8 ae ‘Vg MuebyA 
| factor of : 


Transforming Radical Functions 


Describe the transformation of frepresented by g. Then graph each function. 


a. f(x) = Vx, (x) = Vx -—3 +4 b. f(x) = Wx, e(x) = V—8x 
LOOKING FOR SOLUTION 
STRUCTURE a. Notice that the function 1s of the form b. Notice that the function is of the form 
In Example 2(b), you can g(x) = Vx —h + k, where h = 3 and g(x) = Vax, where a = —8. 
k=4, 
oc the Product Property B So, the graph of g is a horizontal 
of Radicals to RS > So, the graph of g is a translation shrink by a factor of i and a 
gx) = ~2Vvx. So, you can 3 units right and 4 units up of reflection in the y-axis of the 
also describe the graph the graph of f graph of f. 


of g as a vertical stretch 
by a factor of 2 anda 
reflection in the x-axis 
of the graph of f. 
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1. Graph g(x) = Vx + 1. Identify the domain and range of the function. 


2. Describe the transformation of f(x) = Wx represented by g(x) = — vx — 2. 
Then graph each function. 


~ 
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Check 
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Self-Portrait of 
NASA's Mars Rover Curiosity 


Writing Transformations of Radical Functions 


“EXAMPLE 3 Modeling with Mathematics 


The function E(d) = 0.25Vd approximates the number of seconds it takes a dropped 
object to fall d feet on Earth. The function M(d) = 1.6 + E(d) approximates the 


| number of seconds it takes a dropped object to fall d feet on Mars. Write a rule for M. 
' How long does it take a dropped object to fall 64 feet on Mars? 


_ SOLUTION 


' 1. Understand the Problem You are given a function that represents the number of 


seconds it takes a dropped object to fall d feet on Earth. You are asked to write a 
similar function for Mars and then evaluate the function for a given input. 


; 2. Makea Plan Multiply E(d) by 1.6 to write a rule for M. Then find M(64). 
. 3. Solve the Problem M(d) = 1.6 « E(d) 


= 1.6 +0.25Vd Substitute 0.25Vd for E(d). 
= 0.4Vd Simplify. 
Next, find M(64). 
M(64) = 0.4V64 = 0.4(8) = 3.2 
> It takes a dropped object about 3.2 seconds to fall 64 feet on Mars. 
4. Look Back Use the original functions to check your solution. 


E(64) = 0.25V64 = 2 M(64) = 1.6 + E(64) = 1.6 «2 = 3.2 / 


“EXAMPLE 4 Writing a Transformed Radical Function 


Let the graph of g be a horizontal shrink by a factor of 2 followed by a translation 
3 


3 units to the left of the graph of f(x) = Vx. Write a rule for g. 
SOLUTION 


Step 1 First write a function fA that represents the horizontal shrink of f. 


h(x) = f(6x) Multiply the input by 1 + 2 = 6. 
= Vox Replace x with 6x in f(x). 


Step 2 Then write a function g that represents the translation of h. 


g(x) = h(x + 3) Subtract —3, or add 3, to the input. 
= Vv G(x + 3) Replace x with x + 3 in A(x). 
= Vox + 18 Distributive Property 


> The transformed function is g(x) = V 6x + 18. 
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3. WHAT IF? In Example 3, the function M(d) = 2.4 « E(d) approximates the 
number of seconds it takes a dropped object to fall d feet on the Moon. Write a 
rule for NV. How long does it take a dropped object to fall 25 feet on the Moon? 


4. In Example 4, is the transformed function the same when you perform the 
translation followed by the horizontal shrink? Explain your reasoning. 


Rational Exponents and Radical Functions 


Graphing Parabolas and Circles 


To graph parabolas and circles using a graphing calculator, first solve their equations 
for y to obtain radical functions. Then graph the functions. 


Graphing a Parabola (Horizontal Axis of Symmetry) 


Use a graphing calculator to graph y? = x. Identify the vertex and the direction that 
the parabola opens. 


SOLUTION 
Step 1 Solve for y. 
sy? = x Write the original equation. 
y? = 2x Multiply each side by 2. 
STUDY TIP =O; Take square root of each side. 
Notice y, is a function Step 2 Graph both radical functions. 
and y, is a function, but 2 
5 2 = x is not a function. y= V2x y; 
Yy = —V2x i is 
> The vertex is (0, 0) and the parabola Y2 
Pp 
opens right. = 


Ses Niaeaeems § Graphing a Circle (Center at the Origin) 


Use a graphing calculator to graph x* + y? = 16. Identify the radius and the intercepts. 


SOLUTION 
Step 1 Solve for y. 
Soa = 160 Write the original equation. 
y? = 16 — x? Subtract x2 from each side. 
y= +V16 — x2 Take square root of each side. 


Step 2. Graph both radical functions using 
a Square viewing window. 


= eee yy 
= V16 — x? 
YI x 6 5 
yy = —V16 — x2 Y> 
> The radius is 4 units. The x-intercepts -6 


are +4. The y-intercepts are also +4. 
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5. Use a graphing calculator to graph —4y? = x + 1. Identify the vertex and the 
direction that the parabola opens. 


6. Use a graphing calculator to graph x? + y? = 25. Identify the radius and 
the intercepts. 
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= 
5.3 Exercises Dynamvc Solutions available at BigideasMath.com 


‘Vocabulary and Core Concept Check 


1. COMPLETE THE SENTENCE Square root functions and cube root functions are examples of 
functions. 


2. COMPLETE THE SENTENCE When graphing y = aV/x — h + k, translate the graph of y = aWx 
h units and k units . 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-8, match the function with its graph. In Exercises 19-26, describe the transformation of 
3. fx) =\ ae ae eee ee a g. Then graph each function. 
5. f(x) =Vx-3 6. g(x) = vx —-3 19. f(x) = vx, a(x) = Vx +148 
7. Wx) =Vx+3 -3 8. f(x) = Vx—-3 +3 20. f(x) = Vx, g(x) = 2Vx—1 
A. B. 21. f(x) = v%, g(x) = -VWx - 1 
22. fix) = Vx, a(x) = Vx + 4-5 
23 ee (= 5 (—-3)!? 
é 24. f(x) = x!, g(x) = 3x13 + 6 
. 25. f(x) = Wx, (x) =2Vx+5—4 
26. f(x) = Vx, g(x) = V—32x + 3 
27. ERROR ANALYSIS Describe and correct the error in 
E. graphing f(x) = Vx-—2-2. 


In Exercises 9-18, graph the function. Identify the 
domain and range of the function. (See Example 1.) 


9. h(x) =Vx +4 10. g(x) =vx-5 28. ERROR ANALYSIS Describe and correct the error in 


“ae . describing the transformation of the parent square root 
11... 2(2) = 2x 12. f(xy) = V—5x 


13. ga) =1Vx-3 14. f(x) =1Vx+ 6 


function represented by g(x) = Ay ae 3k 


The graph of gis a horizontal shrink by 
15. f@) = (6x)'2 +3 16. g(x) = —3@ + 1)! a factor of | and a translation 3.units 


a = ve ae ee ax up of the parent square root function. 
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USING TOOLS In Exercises 29-34, use a graphing 
calculator to graph the function. Then identify the 
domain and range of the function. 


29. g(x) = Vx? +x 30. A(x) = Vx? — 2x 
31. fa) =Vxe4x 32. fix) = V3e — x 
33. f@)=V2e+x+1 34. A= ee —3x +4 


ABSTRACT REASONING In Exercises 35-38, complete the 
statement with sometimes, always, or never. 


35. The domain of the function y = avx is x20; 
36. The range of the function y = av*x is y20. 


37. The domain and range of the function 


= Vx —h + kare all real numbers. 


38. The domain of the function y = aV—x + k 
is x 0 


39. PROBLEM SOLVING The distance (in miles) a pilot 
can see to the horizon can be approximated by 
E(n) = 1.22Vn, where n is the plane’s altitude 
(in feet above sea level) on Earth. The function 
M(n) = 0.75E(n) approximates the distance a pilot 
can see to the horizon n feet above the surface of 
Mars. Write a rule for M. What is the distance a pilot 
can see to the horizon from an altitude of 10,000 feet 
above Mars? (See Example 3.) 


40. MODELING WITH MATHEMATICS ‘The speed 
(in knots) of sound waves in air can be modeled by 


v(K) = 643.855 Vea a - 


where K is the air temperature (in kelvin). The speed 
(in meters per second) of sound waves in air can be 
modeled by 


v(K) 
1.944" 
Write a rule for s. What is the speed (in meters per 


second) of sound waves when the air temperature is 
305 kelvin? 


s(K) = 


In Exercises 41-44, write a rule for g described by the 
transformations of the graph of f. (See Example 4.) 


41. Let g bea vertical stretch by a factor of 2, followed by 
a translation 2 units up of the graph of f(x) = Vx + 3. 


42. Let g bea reflection in the y-axis, followed by a 
translation 1 unit right of the graph of f(x) = 2Vx—1. 


43. Let g be a horizontal shrink by a factor of 2, followed 
by a translation 4 units left of the graph of A x) = Véx. 


44. Let g be a translation | unit down and 5 units right, 
followed by a reflection in the x-axis of the graph of 


f(x) = <i om . 


In Exercises 45 and 46, write a rule for g. 


45. 


In Exercises 47-50, write a rule for g that represents the 
indicated transformation of the graph of f. 


AT. f(x) = 2vx, 2(x) = f(x + 3) 


48. f(x) = a — 1, g(x) = —f(@) + 9 


A) = VA 22x) = — 27(x + 5) 
50. f(x) = Vx2 + 10x, a(x) = if(—x) + 6 


In Exercises 51-56, use a graphing calculator to graph 
the equation of the parabola. Identify the vertex and the 
direction that the parabola opens. (See Example 5.) 


51. sy? =x 52. 3y? =x 


53. —8y?+2=x 54. 2y*=x-4 


55. x+8=ziy? 56. sx=yr—4 

In Exercises 57-62, use a graphing calculator to graph 
the equation of the circle. Identify the radius and the 
intercepts. (See Example 6.) 


57. xa 7 = 9 See ey 4 


59. 1 —y* =x 60. 64 —x*=y? 


61) ye — 36 62. x2 = 100 — y? 
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63. MODELING WITH MATHEMATICS The period of a 67. 


pendulum is the time the pendulum takes to complete 
one back-and-forth swing. The period T (in seconds) 
can be modeled by the function T = 1.1 1V2 , where 
£ is the length (in feet) of the pendulum. Graph the 
function. Estimate the length of a pendulum with a 
period of 2 seconds. Explain your reasoning. 


64. HOW DO YOU SEE IT? Does the graph represent a 
square root function or a cube root function? Explain. 
What are the domain and range of the function? 


65. PROBLEM SOLVING For a drag race car with a total 
weight of 3500 pounds, the speed s (in miles per hour) 
at the end of a race can be modeled by s = 14.8y/p, 
where p is the power (in horsepower). Graph 
the function. 


a. Determine the power of a 3500-pound car that 
reaches a speed of 200 miles per hour. 


b. What is the average rate of change in speed as 
the power changes from 1000 horsepower to 
1500 horsepower? 


66. THOUGHT PROVOKING The graph of a radical 
function f passes through the points (3, 1) and (4, 0). 
Write two different functions that could represent | 
f(@ + 2) + 1. Explain. 


Solve the equation. Check your solutions. 
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68. 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


(Skills Review Handbook) 


69. |3x+2|=5 70. |4x+9|=—-7 71. |2x —6| = |x| 72. |x+8|=|2x+2| 
Solve the inequality. (Section 3.6) 
feex + ix+12<0 74. x2= 10x +2524 (75. Qe eae 169 oe 


MULTIPLE REPRESENTATIONS The terminal velocity 
v,(in feet per second) of a skydiver who weighs 
140 pounds is given by 


v, = 33.7 a 


where A is the cross-sectional surface area (in square 
feet) of the skydiver. The table shows the terminal 
velocities (in feet per second) for various surface areas 
(in square feet) of a skydiver who weighs 165 pounds. 


- Cross-sectional Terminal 
surface area, A velocity, v; 
I | 432.9 
3 : 249.9 
5 193.6 
i 163.6 


a. Which skydiver has a greater terminal velocity for 
each value of A given in the table? 


b. Describe how the different values of A given in 
the table relate to the possible positions of the 
falling skydiver. 


MATHEMATICAL CONNECTIONS The surface area S 
of a right circular cone with a slant height of | unit 
is given by S = mr + arr’, where r is the radius of 
the cone. 


1 unit 


a. Use completing the square to show that 


1 Tw 
0 
VaV 4 2 
b. Graph the equation in part (a) using a graphing 

calculator. Then find the radius of a right circular 
cone with a slant height of 1 unit and a surface 


r= 


Og : 
area of a square units. 


Rational Exponents and Radical Functions 


5.1-5.3 What Did You Learn? 


Core Vocabulary 

nth root of a, p. 238 conjugate, p. 246 
index of a radical, p. 238 like radicals, p. 246 
simplest form of a radical, p. 245 radical function, p. 252 
Core Concepts 


Section 5.1 


Real nth Roots of a, p. 238 
Rational Exponents, p. 239 


Section 5.2 


Properties of Rational Exponents, p. 244 
Properties of Radicals, p. 245 


Section 5.3 


Parent Functions for Square Root and Cube Root Functions, p. 252 
Transformations of Radical Functions, p. 253 


Mathematical Practices 


1 
2 
3. 
4 


ae. - Study Skills 


oPe ror eo Sa oo oe 


. How can you use definitions to explain your reasoning in Exercises 21-24 on page 241? 


How did you use structure to solve Exercise 76 on page 250? 
How can you check that your answer is reasonable in Exercise 39 on page 257? 


How can you make sense of the terms of the surface area formula given in Exercise 68 on page 258? 


Analyzing Your Errors 
Application Errors 


What Happens: You can do numerical problems, but you 
struggle with problems that have context. 


How to Avoid This Error: Do not just mimic the steps 

of solving an application problem. Explain out loud what 
the question is asking and why you are doing each step. 
After solving the problem, ask yourself, “Does my solution 
make sense?” 
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5.1-5.3 Quiz 


Find the indicated real nth root(s) of a. (Section 5.1) 
1. n=4,a= 81 2. n=5,a = —1024 


3. Evaluate (a) 16° and (b) 1252 without using a calculator. Explain your reasoning. 
(Section 5.1) 


Find the real solution(s) of the equation. Round your answer to two decimal places. 
(Section 5.1) 


4. 2x = 1458 5s (+ 6) = 28 


Simplify the expression. (Section 5.2) 


/4\6 Ga 
agi" 7. ee oo G16 — sno 
Ge 5 


10. Simplify ¥/x°y8z!6. (Section 5.2) 


Write the expression in simplest form. Assume all variables are positive. (Section 5.2) 


ye ; 
11. \/216p° Py ae 13. Wntg + Inw/q 
Vm 


14. Graph f(x) = 2v/x + 1. Identify the domain and range of the function. (Section 5.3) 


Describe the transformation of the parent function represented by the graph of g. 
Then write a rule for g. (Section 5.3) 


15. 


18. Use a graphing calculator to graph x = 3y* — 6. Identify the vertex and direction the 
parabola opens. (Section 5.3) 


19. A jeweler is setting a stone cut in the shape of a regular octahedron. A regular octahedron 
is a solid with eight equilateral triangles as faces, as shown. The formula for the volume 
of the stone is V = 0.47s°, where s is the side length (in millimeters) of an edge of the 
stone. The volume of the stone is 161 cubic millimeters. Find the length of an edge of 
the stone. (Section 5.1) 


20. An investigator can determine how fast a car was traveling just prior to an accident using SPEED 
the model s = 4Vd, where s is the speed (in miles per hour) of the car and d is the length 
(in feet) of the skid marks. Graph the model. The length of the skid marks of a car is LIMIT 
90 feet. Was the car traveling at the posted speed limit prior to the accident? Explain you 3 5 
reasoning. (Section 5.3) 
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Solving Radical Equations 


and Inequalities 


LOOKING FOR 
STRUCTURE 


To be proficient in math, 
you need to look closely 
to discern a pattern 

or structure. 


Essential Question How can you solve a radical equation? 


EXPLORATION 1 Solving Radical Equations 


Work with a partner. Match each radical equation with the graph of its related 
radical function. Explain your reasoning. Then use the graph to solve the equation, 
if possible. Check your solutions. 


a. Vx-1-1=0 b. V2x +2 —Vx+4=0 ce. V9—- x =0 
d. Vx+2—x=0 e. V-x +2 —x=0 f. V3x7+1=0 
A. 4 B. 4 
={3) 6 10) 6 
—4 -4 
Cc 4 D. 4 
—6 6 -6 6 
ait -4 
E 4 F 4 
-6 6 =6 6 
=4 =A 


"EXPLORATION 2 


Solving Radical Equations 


Work with a partner. Look back at the radical equations in Exploration 1. Suppose 
that you did not know how to solve the equations using a graphical approach. 


a. Show how you could use a numerical approach to solve one of the equations. 
For instance, you might use a spreadsheet to create a table of values. 


b. Show how you could use an analytical approach to solve one of the equations. For 
instance, look at the similarities between the equations in Exploration 1. What first 
step may be necessary so you could square each side to eliminate the radical(s)? 
How would you proceed to find the solution? 


Communicate Your Answer 


3. How can you solve a radical equation? 


4. Would you prefer to use a graphical, numerical, or analytical approach to solve 
the given equation? Explain your reasoning. Then solve the equation. 


Views = Vx—2 = I 
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S54 Lesson What You Will Learn 


& Solve equations containing radicals and rational exponents. 


- V | Pb Solve radical inequalities. 


radical equation, p. 262 Solving Equations 
extraneous solutions, p. 263 


Equations with radicals that have variables in their radicands are called radical 


Previous equations. An example of a radical equation is 2Vx + 1 = 4. 
rational exponents 


| radical expressions © Core Concept 


| 
| 
| 


solving quadratic equations 
Solving Radical Equations 


To solve a radical equation, follow these steps: 


Step 1 Isolate the radical on one side of the equation, if necessary. 


Step 2 Raise each side of the equation to the same exponent to eliminate the 
radical and obtain a linear, quadratic, or other polynomial equation. 


Step 3 Solve the resulting equation using techniques you learned in previous 
chapters. Check your solution. 


SSONVI0eR Solving Radical Equations 


Solve (a) 2Vx + 1 = 4 and (b) V2x — 9 — 1 =2. 
SOLUTION 
a. 2Vxt+1=4 Write the original equation. 
Check Vxt+1=2 Divide each side by 2. 
pe Yes ab es 4 (Ve+1) =22 Square each side to eliminate the radical. 
2v4 2 4 x+1=4 Simplify. 
ee J x=3 Subtract 1 from each side. 
> The solution is x = 3. 
b. V2x-9-1=2 Write the original equation. 
V2x-9 = Add 1 to each side. 
Check A ae=o) = 33 Cube each side to eliminate the radical. 
#208) -9 -1=2 2x —9 = 27 Simplify. 
</99 aa af 2 2x = 36 Add 9 to each side. 
2=2 J x= 18 Divide each side by 2. 


> The solution is x = 18. 


Monitoring Progress ) Help in English and Spanish at BigldeasMath.com 
Solve the equation. Check your solution. 


1. Vx -9=-6 2. Vx+25 =2 3. 2Vx—-3=4 
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a a 


ATTEND TO \ 
PRECISION 


To understand how 
extraneous solutions can 
be introduced, consider 
the equation Vx = — 
This equation has no 
real solution; however, 
you obtain x = 9 after 
squaring each side. 


Solving a Real-Life Problem 


In a hurricane, the mean sustained wind velocity v (in meters per second) can be 
modeled by v(p) = 6. 3V 1013 —7 p, where p is the air pressure (in millibars) at the 
center of the hurricane. Estimate the air pressure at the center of the hurricane when 
the mean sustained wind velocity is 54.5 meters per second. 


SOLUTION 
Wp) = 6.3V1013 — p Write the original function. 
54.5 = 63/1013 — p Substitute 54.5 for v(p). 
8.65 ~ V/1013 — p Divide each side by 6.3. 


————— 


8.652 ~ (1/1013 — p) 


Square each side. 


74.8 ~ 1013 —p Simplify. 
—938.2 = —p Subtract 1013 from each side. 
938.2 = p Divide each side by —1. 


> The air pressure at the center of the hurricane is about 938 millibars. 
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4. WHAT IF? Estimate the air pressure at the center of the hurricane when the mean 
sustained wind velocity is 48.3 meters per second. 


Raising each side of an equation to the same exponent may introduce solutions Se: are 
not solutions of the original equation. These solutions are called extraneous solution 
When you use this procedure, you should always check each apparent eomunone in te 
original equation. 


EXAMPLE ; Solving an Equation with an Extraneous Solution 


Solve x + 1 = V7x + 15. 


i] 


SOLUTION 
= V7x +15 


(x + 12 = (Vix + 15) 
xw4+2x+1=7x4+ 15 


eel Write the original equation. 


Square each side. 


Expand left side and simplify right side. 


oe 1 0) Write in standard form. 
C= eZ) = Factor. 
x-7=0 or x+2=0 Zeco-Product Property 
x=7 or x=-2 Solve for x. 
. (=e 
Check 7+1= V7) + 15 =—24 1=— V7(-2) + 15 
? ? 
8 = V64 Se 
—_ = Cem vo —-1#1 x ; 
> The apparent solution x = —2 is extraneous. So, the only solution is x = 7. 
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ANOTHER METHOD 


You can also graph each 
side of the equation and 
find the x-value where the 
graphs intersect. 


Intersection 
X=-1 
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| EXAMPLE 4 | Solving an Equation with Two Radicals 


Solve Vx +2 +1=V3—x. 
SOLUTION 
Vet 24+1=V3—-x 
(Ve+2 +1) =(V3—x) 
x+2+Wxt2+1=3-x 


Write the original equation. 


Square each side. 


Expand left side and simplify right side. | 


2Vx + 2 = —2x Isolate radical expression. 
Vx+2=-x Divide each side by 2. 
eo) = (—x)? Square each side. 
a 2 oe Simplify. 
0=x7—x7 2 Write in standard form. 
0=@-—De Factor. 


x-2=0 or x+1=0 Zero-Product Property 


Solve for x. 


x=2 or x=-I 


—|> > The apparent solution x = 2 is extraneous. So, the only solution is x = —1. 
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Solve the equation. Check your solution(s). 


5. Vl0x+9=x+3 6. V2x+5=Vx+7 Th Woe sh = 2 = Woe = 2 


When an equation contains a power with a rational exponent, you can solve the 
equation using a procedure similar to the one for solving radical equations. In this 
case, you first isolate the power and then raise each side of the equation to the 
reciprocal of the rational exponent. 


Solving an Equation with a Rational Exponent 
Solve (2x)3/4 + 2 = 10. 
SOLUTION 


(2x)34 + 2 = 10 Write the original equation. 


(2x)?4 = 8 Subtract 2 from each side. 
[(2x)3/4]43 = 843 Raise each side to the four-thirds. 
2x = 16 Simplify. 


x=8 Divide each side by 2. 


> The solution is x = 8. 


Rational Exponents and Radical Functions 


! j} Solving an Equation with a Rational Exponent 


Solve (x + 30)!2 = x. 


SOLUTION 
(@ + 30)!2=x% Write the original equation. 
[(x + 30)!/2]2 = x2 Square each side. 
x + 30 = 3% Simplify. 
0=7 == 20 Write in standard form. 
0 = (x — 6)(x + 5) Factor. 
x—6=0 or x+5=0 Zero-Product Property 

x=6 or x=-5 Solve for x. 

> The apparent solution x = —5 is extraneous. So, the only solution is x = 6. 
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Solve the equation. Check your solution(s). 


8. (3x)13 = -3 ao Ge iahes — x 10Siuca2) 4 = 8 


Solving Radical Inequalities 


To solve a simple radical inequality of the form Wu < d, where u is an algebraic 
expression and d is a nonnegative number, raise each side to the exponent n. This 
procedure also works for >, <, and 2. Be sure to consider the possible values of 
the radicand. 


2eigeaeee Solving a Radical Inequality 


DOWER i. sabe 


SOLUTION 
Step 1 Solve for x. 
3Vx-—1< 12 Write the original inequality. 
Vx-1<4 Divide each side by 3. 
cal = 16 Square each side. 
Dae) Add 1 to each side. 


Step 2 Consider the radicand. 
= 1 = 0 The radicand cannot be negative. 


an | Add 1 to each side. 


> So, the solution is 1 < x < 17. 
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11. Solve (a) 2Vx — 3 > 3.and (b)4Vx+1 <8. 
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5.4 Exercises Dynamic Solutions available at BifitdeasMaih.com 


‘Vocabulary and Core Concept Check 


1. VOCABULARY Is the equation 3x — V2 = V6 aradical equation? Explain your reasoning. 


2. WRITING Explain the steps you should use to solve Vx + 10 < 15. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-12, solve the equation. Check your In Exercises 15-26, solve the equation. Check your 
solution. (See Example 1.) solution(s). (See Examples 3 and 4.) 
3. V5x+1=6 4. V3x+ 10 =8 15. x—6 = V3x 16. x — 10 = V9x 
5. Vx—16 = 6. Vx-10=-7 17. V44—2x=x-10 18. V2x+30=x+3 
fe 2) 24 =| 19. V83—1=2x-1 20. V3—82 =2x 
8. 8V10x —15=17 21. V4xt+1=Vxt+10 22. V3x—3-—Vx+ 12=0 
9, 1V3x+ 10=8 10. V2x —-2=0 23. W2x—5 — V8x+ 1 =0 
1. We+7=15 12. W4x — 13 = -15 24. Vxt+5=2V2x+6 25. V3x—-8+1=Vx4t5 
13. MODELING WITH MATHEMATICS Biologists 26, Ve 2 = 2 ye 
have discovered that the shoulder height h (in 
centimeters) of a male Asian elephant can be modeled In Exercises 27—34, solve the equation. Check your 
by h = 62.5V/t + 75.8, where t is the age (in years) of solution(s). (See Examples 5 and 6.) 
the elephant. Determine the age of an elephant with a 7 23 = 28. 43/2 = 32 
shoulder height of 250 centimeters. (See Example 2.) ae mae 2 
| ee 29. 314+3=0 30. 2x34 — 14=40 
31. G46) =~ 32°56 —-%)?— 2-0 


33. 20+ 11f@—=a243 34°56Gy 4) 


ERROR ANALYSIS In Exercises 35 and 36, describe and 
correct the error in solving the equation. 


35: xX | i5 


S 
VBx— 8) =4 
3x-8=4 | 

14. MODELING WITH MATHEMATICS In an amusement 

park ride, a rider suspended by cables swings back ee i 

and forth from a tower. The maximum speed v (in a 

meters per second) of the rider can be approximated 

by v = \/2gh, where h is the height (in meters) at the 30: 8x"'2= 1000 

top of each swing and g is the acceleration due to x 8(x°/2)2/3 = 10002/3 

gravity (g ~ 9.8 m/sec”). Determine the height at the 8x=100 

top of the swing of a rider whose maximum speed is 

15 meters per second. St = 
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In Exercises 37-44, solve the inequality. (See Example 7.) 


38. Wx—-4<5 


40. WWxel<9 


37. 2Vx-—5>3 

39. 4Vx—2 > 20 

41. 2x+3<8 

AV eT > 3 

43. -2Vx+4<12 
44. —0.25Vx —6 < -3 
45. MODELING WITH MATHEMATICS The length £ 


(in inches) of a standard nail can be modeled by 
£ = 54d*/2, where d is the diameter (in inches) of 


the nail. What is the diameter of a standard nail that 


is 3 inches long? 


46. DRAWING CONCLUSIONS “Hang time” is the time 


you are suspended in the air during a jump. Your 
hang time ¢ (in seconds) is given by the function 


t = 0.5Vh, where his the height (in feet) of the jump. 


Suppose a kangaroo and a snowboarder jump with 
the hang times shown. 


a. Find the heights that the snowboarder and the 
kangaroo jump. 


b. Double the hang times of the snowboarder and the 
kangaroo and calculate the corresponding heights 


of each jump. 


c. When the hang time doubles, does the height of 


the jump double? Explain. 


USING TOOLS In Exercises 47-52, solve the nonlinear 


system. Justify your answer with a graph. 


aie = x— 3 48. y>=4x+17 
wx — 3 y=xts5 

49. +y?=4 50) x7 +2 — 2 
mae 2 5 ax+ 2 

51. e+ y=1 52. + y?=4 
y=ig-1 yy=xt+2 


Section 5.4 


—_—— 


53: 


54. 


55: 


56. 


Solving Radical Equations and Inequalities 


PROBLEM SOLVING The speed s (in miles per hour) 
of a car can be given by s = \/30fd, where fis the 
coefficient of friction and d is the stopping distance 
(in feet). The table shows the coefficient of friction 
for different surfaces. 


Surface Coefficient of friction, f | 

os dry asphalt O72 | 
wet asphalt 0.30 
snow 0.30 
ice 0.15 


a. Compare the stopping distances of a car traveling 
45 miles per hour on the surfaces given in 
the table. 


b. You are driving 35 miles per hour on an icy road 
when a deer jumps in front of your car. How far 
away must you begin to brake to avoid hitting the 
deer? Justify your answer. 


MODELING WITH MATHEMATICS The Beaufort 
wind scale was devised to measure wind speed. The 
Beaufort numbers B, which range from 0 to 12, can 
be modeled by B = 1.69Vs + 4.25 — 3.55, where 
s is the wind speed (in miles per hour). 


r Beaufort number | Force of wind 
0 | calm 
3 gentle breeze 
6 strong breeze 
. | strong gale 
12 | hurricane 4 


a. What is the wind speed for B = 0? B = 3? 
b. Write an inequality that describes the range of 


wind speeds represented by the Beaufort model. 


USING TOOLS Solve the equation x — 4 = V2x. 
Then solve the equation x — 4 = —V2x. 


a. How does changing V2x to -V2x change the 
solution(s) of the equation? 


b. Justify your answer in part (a) using graphs. 
MAKING AN ARGUMENT Your friend says it is 
impossible for a radical equation to have two 


extraneous solutions. Is your friend correct? 
Explain your reasoning. 
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57. USING STRUCTURE Explain how you know the 


58. 


59; 


60. 
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radical equation Vx + 4 = —5 has no real solution 
without solving it. 


HOW DO YOU SEE IT? Use the graph to find the 


solution of the equation 2Vx — 4 = —Vx-—1 +4. 
Explain your reasoning. 


WRITING A company determines that the price p of 
a product can be modeled by p = 70 — V0.02x + 1, 
where x is the number of units of the product 
demanded per day. Describe the effect that raising 
the price has on the number of units demanded. 


THOUGHT PROVOKING City officials rope off a 
circular area to prepare for a concert in the park. 


They estimate that each person occupies 6 square feet. 


Describe how you can use a radical inequality to 
determine the possible radius of the region when 
P people are expected to attend the concert. 


— 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Perform the indicated operation. 


64. (x? — 2x? + 3x + 1) + (x4 -— 7x) 
66. (x3 + 2x2 + 1)(x2 + 5) 


(Section 4.7) 
68. g(x) =f(-—x) +4 


Chapter 5 


61. 


62. 


63. 


(Section 4.2 and Section 4.3) 
65. (2x9 + x4 — 4x2) — (5 — 3) 

67. (2 xe 1 16 
Let f(x) = x9 — 4x? + 6. Write a rule for g. Describe the graph of g as a transformation of 
the graph of f. 
a 0) ites = @ 


MATHEMATICAL CONNECTIONS The Moeraki 
Boulders along the coast of New Zealand are stone 
spheres with radii of approximately 3 feet. A formula 
for the radius of a sphere is 

i = I oS 

2\a 

where S is the surface area of the sphere. Find the 
surface area of a Moeraki Boulder. 


PROBLEM SOLVING You are trying to determine 
the height of a truncated pyramid, which cannot be 
measured directly. The height h and slant height @ 
of the truncated pyramid are related by the 


formula below. ‘ 


A\ | 


h 


| 


In the given formula, b, and b, are the side lengths 
of the upper and lower bases of the pyramid, 
respectively. When # = 5, b, = 2, and b, = 4, what 
is the height of the pyramid? 


9 1 9 
= ,hAe-+— + — 74 
f= \l + by — by) 


4 


REWRITING A FORMULA A burning candle has a 
radius of r inches and was initially hp inches tall. After 
t minutes, the height of the candle has been reduced to 
h inches. These quantities are related by the formula 


kt 
\ ar(hy — h) 


r= 


where k is a constant. Suppose the radius of a 
candle is 0.875 inch, its initial height is 6.5 inches, 
and k = 0.04. 


a. Rewrite the formula, solving for / in terms of f. 


b. Use your formula in part (a) to determine the 
height of the candle after burning 45 minutes. 


70. 2G) = =/@— 1) 6 


Rational Exponents and Radical Functions 


Performing Function Operations 


MAKING SENSE 
OF PROBLEMS 


To be proficient in math, 
you need to check your 
answers to problems using 
a different method and 
continually ask yourself, 
“Does this make sense?” 


Essential Question How can you use the graphs of two functions to 


sketch the graph of an arithmetic combination of the two functions? 


Just as two real numbers can be combined by the operations of addition, subtraction, 
multiplication, and division to form other real numbers, two functions can be combined 
to form other functions. For example, the functions f(x) = 2x — 3 and g(x) = x? — 1 
can be combined to form the sum, difference, product, or quotient of fand g. 


fx) + g(x) = 2x -3) ¢ (2-1 = 2+ 2-4 sum 

ool roa = 1 Dy — 2 difference 

F(X) © o(x) = (2x — 32 — 1) = 28 — 3x2 — 2x +3 “product 
ne = at quotient 


EXPLORATION 1 Graphing the Sum of Two Functions 


Work with a partner. Use the graphs of fand g to sketch the graph of f + g. 
Explain your steps. 


Sample Choose a point on the 
graph of g. Use a compass or a ruler 
to measure its distance above or 
below the x-axis. If above, add the 
distance to the y-coordinate of the 
point with the same x-coordinate 

on the graph of f. If below, subtract 
the distance. Plot the new point. 
Repeat this process for several 
points. Finally, draw a smooth curve 
through the new points to obtain the 
graph of f + g. 


Communicate Your Answer 


2. How can you use the graphs of two functions to sketch the graph of an arithmetic 
combination of the two functions? 


3. Check your answers in Exploration 1 by writing equations for f and g, adding the 
functions, and graphing the sum. 
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55S Lesson What You Will Learn 


Pe Add, subtract, multiply, and divide functions. 


Core Vocabulary... Operations on Functions 


| ae evious You have learned how to add, subtract, multiply, and divide polynomial expressions. 
domain These operations can also be defined for functions. 
scientific notation 


G) Core Concept 


Operations on Functions 


Let f and g be any two functions. A new function can be defined by performing 
any of the four basic operations on f and g. 


Operation Definition | Example: f(x) = 5x, g(x) = x + 2 

Addition | (fF + 8G) =f@) + a) | (f+ 8)@) =Sxt+ @+2)= or +2 

Subtraction | CG = 9) =f) — 8) | = = as — CF 2) HS -— 2 

Multiplication | (fg)(x) = f(~) + g@) (fg)(x) = Sx(x + 2) = 5x? + 10x 
wisi | (f\y = £0) ih) ee 

Division | (E}oo e(x) (E}oo = 


The domains of the sum, difference, product, and quotient functions consist of 
the x-values that are in the domains of both fand g. Additionally, the domain 
of the quotient does not include x-values for which g(x) = 0. 


Ea¢\"iueaems Adding Two Functions 


Let f(x) = 3Vx and g(x) = —10vVx. Find (f + g)(x) and state the domain. Then 
evaluate the sum when x = 4. 


SOLUTION 
(f + g(x) = f(x) + g(x) = 3Vx + (—10Vx) = (3 — 10)Vx = —7Vx 


The functions f and g each have the same domain: all nonnegative real numbers. So, 
the domain of f + g also consists of all nonnegative real numbers. To evaluate f + g 
when x = 4, you can use several methods. Here are two: 


Method 1 Use an algebraic approach. 
When x = 4, the value of the sum is 
(f + g)(4) = -7V4 = -14, 
Method 2. Use a graphical approach. 4 


Enter the functions y, = 3Vx , —2 
y2 = —10Vx , and y; = y, + yp 

in a graphing calculator. Then 

graph y3, the sum of the two 
functions. Use the trace feature 

to find the value of f + g when 

x = 4. From the graph, 

(f+ g\(4 = -14. 


The value of 
(f + g)(4) is —14. 


—20 
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ANOTHER WAY 


The domain 
of fg is all 
nonnegative 


real numbers, 


In Example 4, you can also 


evaluate (Fli06 as 


to0- 


#(16) 
g(16) 


Subtracting Two Functions 


Let f(x) = 3x3 — 2x2 + 5 and g(x) = x° — 3x? + 4x — 2. Find (f — g)(x) and state the 
domain. Then evaluate the difference when x = —2. 


SOLUTION 
Of — g)(x) = f(x) — g(x) = 3x8 — 2x? + 5 — 3 — 3x? + 4x — 2) = 2x3 + 22 — 4 +7 


The functions f and g each have the same domain: all real numbers. So, the domain of 
f — g also consists of all real numbers. When x = —2, the value of the difference is 


it 2) a Aaa) (2)? — 4(— 2) 7 = 3. 


Multiplying Two Functions 


Let f(x) = x? and g(x) = Vx. Find (fg)(x) and state the domain. Then evaluate the 
product when x = 9. 


SOLUTION 
(fade) = fx) » g(x) = (Vx) = 22(x!2) = x41) = x52 


The domain of f consists of all real numbers, and the domain of g consists of all 
nonnegative real numbers. So, the domain of fg consists of all nonnegative real 
numbers. To confirm this, enter the functions y, = x*, y, = Vx, andy; = y, * y,ina 
graphing calculator. Then graph y3, the product of the two functions. It appears from 
the graph that the domain of fg consists of all nonnegative real numbers. When x = 9, 
the value of the product is 


Cee =O) = > = 243. 


e¢\Vi28aem Dividing Two Functions 


Let f(x) = 6x and g(x) = x34. Find [Elon and state the domain. Then evaluate the 
quotient when x = 16. 8 


SOLUTION 
Dy Je Gk aay aya 
(Zoo g(x) a 2% = 


The domain of f consists of all real numbers, and the domain of g consists of all 
nonnegative real numbers. Because g(0) = 0, the domain of = f; is restricted to all 


positive real numbers. When x = 16, the value of the quotient is 


(£}6) = = 6(16)!4 = 6(24)14 = 
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1. Let f(x) = —2x29 and g(x) = 7x9. Find (f + g)(x) and (f — g)(x) and state the 
domain of each. Then evaluate (f + g)(8) and (f — g)(8). 


2. Let f(x) = 3x and g(x) = x!5, Find (fg)(x) and [E}oo and state the domain of 


each. Then evaluate (fg)(32) and (£ | 
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“EXAMPLE 5 Performing Function Operations Using Technology 


Let f(x) = Vx and g(x) = V9 — x?. Use a graphing calculator to evaluate (f + g)(x), 
(f — g)(x), (fg)(x), and (Eloo when x = 2. Round your answers to two decimal places. 
& 


SOLUTION 

: = = aaa) © ¥1(2)+Y2¢2) 
Enter the functions y, = Vx and y, 0 — xin easter 
a graphing calculator. On the home screen, enter ¥1€2)-Y2(2) 
y,(2) + y>(2). The first entry on the screen shows ¥1(2) *Y2 eae 
that y,(2) + y,(2) = 3.65, so (f + g)(2) = 3.65. F iyyncoe ee 
Enter the other function operations as shown. 632455532 


Here are the results of the other function 
operations rounded to two decimal places: 


(f — g)(2) ~ —0.82 (fg)(2) ~ 3.16 (Ela = 0.63 


Solving a Real-Life Problem 


For a white rhino, heart rate r (in beats per 
minute) and life span s (in minutes) are related 
to body mass m (in kilograms) by the functions 


r(m) = 241m-®25 
and 


s(m) = (6 X 10%)m°-. 


a. Find (rs)(m). 


b. Explain what (rs)(m) represents. 


SOLUTION 
a. (rs)(m) = r(m) « s(m) Definition of multiplication 
= 241m-9251(6 X 10%)m?2] Write product of r(m) and s(m). 
= 241(6 X 10°)m 025+ 0.2 Product of Powers Property 
= (1446 X 10°)m-0.05 Simplify. 
= (1.446 X 10?)m—9.0 Use scientific notation. 


b. Multiplying heart rate by life span gives the total number of heartbeats over the 
lifetime of a white rhino with body mass m. 
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3. Let f(x) = 8x and g(x) = 2x°”. Use a graphing calculator to evaluate (f + g)(x), 


(f — g)(x), (fg)(x), and (E}oo when x = 5. Round your answers to two decimal 
places. g 


4. In Example 5, explain why you can evaluate (f + g)(3), (f — g)(3), and (fg)(3) 
but not (£\c. 
& 
5. Use the answer in Example 6(a) to find the total number of heartbeats over the 
lifetime of a white rhino when its body mass is 1.7 X 10° kilograms. 


Rational Exponents and Radical Functions 


5.5 Exercises 


Dynamic Solutions available at BigildeasMath.com 


Vocabulary and Core Concept Check 


1. WRITING Let fand g be any two functions. Describe how you can use f, g, and the four basic 


operations to create new functions. 


2. WRITING What x-values are not included in the domain of the quotient of two functions? 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-6, find (f + g)(x) and ( f — g)(x) and 
state the domain of each. Then evaluate f + ¢ and f — g 
for the given value of x. (See Examples 1 and 2.) 


3. f(x) = —S5VXx, g(x) = 19x; x = 16 
A. f(x) = V2x, o(x) = -11V 2x; x = —4 
5. f(x) = 6x — 4x2 — 7x3, 2(x) = 9x* — Sxsx = 1 


Gee) — tle 2x", o(x) = —7x — 3x2 + 43% =2 


In Exercises 7-12, find ( fg)(x) and [EJ and state the 
domain of each. Then evaluate fg and ; for the given 


value of x. (See Examples 3 and 4.) 


7. f(x) = 23, 9(x) = Wx; x = -27 

8. f(x) = x4, ge) = 3Vx3;x=4 

9. f(x) = 4x, g(x) = 9x!?2;x = 9 
10. f(x) = 1123, g(x) = 7x78; x = —-8 
WW FG) = 7x3, g(x) = —14x!5; x = 64 
12. f(x) = 4°, 9(x) = 2x!2; x = 16 


USING TOOLS In Exercises 13-16, use a graphing 
calculator to evaluate (f + g)(x), (f — g)(x), (fg)(x), and 


[Elo when x = 5. Round your answers to two decimal 
places. (See Example 5.) 
13. f(x) = 4+; e(x) = 24x34 


14. f(x) = 7°; 9(x) = 49x25 
agen) — —2x!9; o(x) = 5x!” 


16. f(x) = 4x12; a(x) = 6x34 
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ERROR ANALYSIS In Exercises 17 and 18, describe and 
correct the error in stating the domain. 


17. 
f(x) = x1/2 and g(x) = x°/2 
The domain of fg is all 
real numbers. 

18. 


x f(x) = x° and g(x) = x? — 4 
The domain of f is all 


real numbers except x = 2. 


19. MODELING WITH MATHEMATICS From 1990 to 
2010, the numbers (in millions) of female F and 
male M employees from the ages of 16 to 19 
in the United States can be modeled by 
F(t) = —0.007#2 + 0.10¢ + 3.7 and 
M(t) = 0.000122 — 0.00972 + 0.114 + 3.7, where ¢ is 
the number of years since 1990. (See Example 6.) 


a. Find (F + M)(t). 
b. Explain what (F + M)(f) represents. 

20. MODELING WITH MATHEMATICS From 2005 to 2009, 
the numbers of cruise ship departures (in thousands) 


from around the world W and Florida F can be 
modeled by the equations 


W(t) = —5.83338 + 17.432 + 509.1t + 11496 
F(t) = 12.56 — 60.297 + 136.6t + 4881 
where f¢ is the number of years since 2005. 
a. Find (W — F(t). 
b. Explain what (W — F)(t) represents. 
21. MAKING AN ARGUMENT Your friend claims that 
the addition of functions and the multiplication of 


functions are commutative. Is your friend correct? 
Explain your reasoning. 
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22. HOW DO YOU SEE IT? The graphs of the functions 26. REWRITING A FORMULA For a mammal that weighs 
f(x) = 3x2 — 2x — 1 and g(x) = 3x + 4 are shown. . w grams, the volume b (in milliliters) of air breathed 
Which graph represents the function f + g? the in and the volume d (in milliliters) of “dead space” 
function f — g? Explain your reasoning. (the portion of the lungs not filled with air) can be 

modeled by 


b(w) = 0.007w and d(w) = 0.002w. 


The breathing rate r (in breaths per minute) of a 
mammal that weighs w grams can be modeled by 


1.1 0-734 
b(w) — dw) 


r(w) = 


Simplify r(w) and calculate the breathing rate 
for body weights of 6.5 grams, 300 grams, and 
70,000 grams. 


27. PROBLEM SOLVING A mathematician at a lake throws 
a tennis ball from point A along the water’s edge to 
point B in the water, as shown. His dog, Elvis, first 
runs along the beach from point A to point D and then 
swims to fetch the ball at point B. 


23. REASONING The table shows the outputs of the two 
functions f and g. Use the table to evaluate (f+ g)(3), 


(fae Ue)oend [Ehoy 


eae) oo | 1 | 2 | ata / 
‘ i 
f(x)| —-2 | -4; 0 | 10 | 26 
Bey) -1 | -3 |— 13 | —31 | - Al a. Elvis runs at a speed of about 6.4 meters per 
second. Write a function r in terms of x that 


represents the time he spends running from point 


24. THOUGHT PROVOKING Is it possible to write two A to point D. Elvis swims at a speed of about 
functions whose sum contains radicals, but whose 0.9 meter per second. Write a function s in terms 
product does not? Justify your answers. of x that represents the time he spends swimming 

een cs, from point D to point B. 


b. Write a function ¢ in terms of x that represents the 
total time Elvis spends traveling from point A to 
point D to point B. 


25. MATHEMATICAL CONNECTIONS 
A triangle is inscribed in a square, 


as shown. Write and simplify a x 

function r in terms of x that c. Use a graphing calculator to graph t. Find the 
represents the area of the 7 value of x that minimizes ¢. Explain the meaning 
shaded region. of this value. 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Solve the literal equation for n. (Skills Review Handbook) 


28. 3xn — 9 = 6y 29. 5z = 7n + 8nz 


300 on = 6: Seanad 


i 


Determine whether the relation is a function. Explain. (Skills Review Handbook) 
32.764); G, 6); (1,4), @, —1) 33... (1, 2), (3e7),0; 2)-(- 1 
BAO) tee 3) (47 0) (an) 35a) 2) nyse rian) 
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Inverse of a Function 


CONSTRUCTING 
VIABLE 
ARGUMENTS 

To be proficient in math, 
you need to reason 
inductively and make a 
plausible argument. 


Essential Question How can you sketch the graph of the inverse of 


a function? 


ieee elem Graphing Functions and Their Inverses 


Work with a partner. Each pair of functions are inverses of each other. Use a 
graphing calculator to graph f and g in the same viewing window. What do you notice 
about the graphs? 


a. f(x) = 4x + 3 b. f@) =x +1 
g(x) === a(x) =Vx—1 
> (OSS ADO ao 2 
g(x) =x7+3,x20 
wa a) Ss 
g(x) = 
ti 4 


“EXPLORATION 2 Sketching Graphs of Inverse Functions 


Work with a partner. Use the graph of f to sketch the graph of g, the inverse function 
of f, on the same set of coordinate axes. Explain your reasoning. 


Communicate Your Answer 


3. How can you sketch the graph of the inverse of a function? 


4. In Exploration 1, what do you notice about the relationship between the equations 
of fand g? Use your answer to find g, the inverse function of 


fx) = 2x — 3. 


Use a graph to check your answer. 
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5.6 Lesson 


Core Vocabulary... 


Previous 

input 

output 

inverse operations 
reflection . 

line of reflection 


| 


What You Will Learn 


> Explore inverses of functions. 
~ Find and verify inverses of nonlinear functions. 
& Solve real-life problems using inverse functions. 


inverse functions, p. 277 


Exploring Inverses of Functions 


You have used given inputs to find corresponding outputs of y = f(x) for various types 
of functions. You have also used given outputs to find corresponding inputs. Now you 
will solve equations of the form y = f(x) for x to obtain a general formula for finding 
the input given a specific output of a function f. 


eo Viseameg \WVriting a Formula for the Input of a Function 


Let f(x) = 2x + 3. 
a. Solve y = f(x) for x. 


b. Find the input when the output is —7. 


SOLUTION 

a. y=2x+3 Set y equal to f(x). 
2x Subtract 3 from each side. 
y - 22 53 Divide each side by 2. 


b. Find the input when y = —7. 


Check aot = 2 Substitute —7 for y. 
ec 2 
fC5) = 2 =a Subtract. 
=—-10+3 - 
=-5 Divide. 


--1o 
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P So, the input is —5 when the output is —7. 
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Solve y = f(x) for x. Then find the input(s) when the output is 2. 
1. faj=x—2 2. f(x) = 2x? 3. (a) ——x 


In Example 1, notice the steps involved after substituting for x in y = 2x + 3 and after 


substituting for y in x = 7 


Se A oa . 
Step 1 Multiply by 2. Step 1 Subtract 3. 
Step 2 Add 3. inverse operations Step 2 Divide by 2. 
in the reverse order 


Rational Exponents and Radical Functions 


Notice that these steps undo each other. Functions that undo each other are called 
inverse functions. In Example 1, you can use thé equation solved for x to write the 
inverse of f by switching the roles of x and y. 


UNDERSTANDING 


aa oO f(x) = 2x + 3 original function g(x) = — inverse function 


Because inverse functions interchange the input and output values of the original 
function, the domain and range are also interchanged. 


The term inverse functions 
does not refer to a new 


type of function. Rather, Original function: f(x) = 2x + 3 
it describes any pair of 
[ —2 -1 0 1 ys 


functions that are inverses. od be 
1 | 3 5 7 


Inverse function: g(x) = “3s 
iy Pez 
dacs 2 
oe § ae 


The graph of an inverse function is a reflection of the graph of the original function. 
The line of reflection is y = x. To find the inverse of a function algebraically, switch 
the roles of x and y, and then solve for y. 


Finding the Inverse of a Linear Function 
Find the inverse of f(x) = 3x — 1. 


SOLUTION 


Method 1 Use inverse operations in the reverse order. 


f= 3x- 1 Multiply the input x by 3 and then subtract 1. 


To find the inverse, apply inverse operations in the reverse order. 


g(x) = Z 5 ! Add 1 to the input x and then divide by 3. 
P The inverse of fis g(x) = ~ oa . or g(x) = 2 + i 


Method 2 Set y equal to f(x). Switch the roles of x and y and solve for y. 


5X — Set y equal to f(x). 
x=3y-1 Switch X and y. 
x+1=3y Add 1 to each side. 
z 3 a y Divide each side by 3. 
P The inverse of fis g(x) = ~ as a or g(x) = 3x + > 


Monitoring Progress @) Help in English and Spanish at BigldeasMath.com 
Find the inverse of the function. Then graph the function and its inverse. 
Ae fx) = 2 5. f(x) = —x+1 6. f(x) =4x-2 


—- 
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Inverses of Nonlinear Functions 


In the previous examples, the inverses of the linear functions were also functions. 
However, inverses are not always functions. The graphs of f(x) = x? and f(x) = 2° are 
shown along with their reflections in the line y = x. Notice that the inverse of f(x) = x° 
is a function, but the inverse of f(x) = x? is not a function. 


When the domain of f(x) = x? is restricted to only nonnegative real numbers, the 
inverse of fis a function. 


SN "i2aaeee Finding the Inverse of a Quadratic Function 


Find the inverse of f(x) = x2, x > 0. Then graph the function and its inverse. 


SOLUTION 
f(x) = x? Write the original function. 
y=xr Set y equal to f(x). 
x=y v4 Switch x and y. 
tVx =y Take square root of each side. 
STUDY TIP : 
If the domain of f were The domain of fis restricted to nonnegative 
; restricted to x < 0, then values of x. So, the range of the inverse must 
the inverse would be also be restricted to nonnegative values. 


g(x) = —vx. 
a ——_—_|> So, the inverse of fis g(x) = Vx. 


You can use the graph of a function f to determine whether the inverse of fis a function 
by applying the horizontal line test. 


G) Core Concept 


Horizontal Line Test 


The inverse of a function fis also a function if and only if no horizontal line 
intersects the graph of f more than once. 


Inverse is a function Inverse is not a function 


VAT Y Af 
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| EXAMPLE 4 | Finding the Inverse of a Cubic Function 


Consider the function f(x) = 2x3 + 1. Determine whether the inverse of fis a function. 
Then find the inverse. 


SOLUTION 
Graph the function f. Notice that no horizontal line (xy = 2x8 +1 
intersects the graph more than once. So, the inverse fix) = 28 + 1) 
of fis a function. Find the inverse. ; 
y=2x34+1 Set y equal to f(x). 
x=2y+1 Switch x and y. 
x—1=2y3 Subtract 1 from each side. 
= a _ y3 Divide each side by 2. 
GY) Sas 1 _ : 
7 Take cube root of each side. 


® So, the inverse of fis g(x) = «ot 
Finding the Inverse of a Radical Function 


Consider the function f(x) = 2Vx — 3. Determine whether the inverse of fis a 
function. Then find the inverse. 


SOLUTION 


Graph the function f. Notice that no horizontal line 
intersects the graph more than once. So, the inverse 
of fis a function. Find the inverse. 


y=2Vx-—3 Set y equal to f(x). 

x=2Vy—3 Switch x and y. 

= (2V/y _ 3)" Square each side. 

x? = A(y — 3) Simplify. 

x —Ay— 12 . Distributive Property 
x? =r 12 = 4y Add 12 to each side. 
ix +3=y Divide each side by 4. 


Because the range of fis y 2 0, the domain of the inverse must be restricted to x 2 0. 


> So, the inverse of fis g(x) = rea + 3, where x > 0. 
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Find the inverse of the function. Then graph the function and its inverse. 


fa ——xr,x« <0 8. G5— x + 4 9. f(x) = Vx +2 
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[ R EASONING 
ABSTRACTLY 


Inverse functions undo 
each other. So, when you 
evaluate a function for a 
specific input, and then 
evaluate its inverse using 
the output, you obtain the 
original input. 


Let f and g be inverse functions. If f(a) = b, then g(b) = a. So, in general, 
fe@)) == ana s(x) ==. 


EXAMPLE 6. Verifying Functions Are Inverses 


Verify that f(x) = 3x — 1 and g(x) = z . : are inverse functions. 
SOLUTION 
Step 1 Show that f(g(x)) = x. Step 2 Show that g( f(x)) = x. 
flew) = f(* <4} a see? 
Sue = ilar It 
+1 = 
a 
: _ 3x 
= sear Il = i 3 


Monitoring Progress ) Help in English and Spanish at BigideasMath.com 


Determine whether the functions are inverse functions. 


10. fa) =x + 5, es) =x—5 11. f(x) = 8x3, 2(x) = W/2x 


Solving Real-Life Problems 


In many real-life problems, formulas contain meaningful variables, such as the radius r 
in the formula for the surface area S of a sphere, S = 47°. In this situation, switching 
the variables to find the inverse would create confusion by switching the meanings of S$ 
and r. So, when finding the inverse, solve for r without switching the variables. 


Solving a Multi-Step Problem 


Find the inverse of the function that represents the surface area of a sphere, S = 477°. 
Then find the radius of a sphere that has a surface area of 1007 square feet. 


SOLUTION 
Step 1 Find the inverse of the function. 


S = 47r 


5. = [100m 
4a i : 4a 


Step 2 Evaluate the inverse when 
S = 1007. 
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> The radius of the sphere is 5 feet. 
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12. The distance d (in meters) that a dropped object falls in t seconds on Earth is 
represented by d = 4.9t?. Find the inverse of the function. How long does it take 
an object to fall 50 meters? 


Rational Exponents and Radical Functions 


5.6 Exercises Dynamic Solutions available at BigideasMath.com 


Vocabulary and Core Concept Check 


1. VOCABULARY In your own words, state the definition of inverse functions. 


2. WRITING Explain how to determine whether the inverse of a function is also a function. 


3. COMPLETE THE SENTENCE Functions f and g are inverses of each other provided that f(g(x)) = and 
sg) — __. 


4. DIFFERENT WORDS, SAME QUESTION Which is different? Find “both” answers. 


Let f(x) = 5x — 2. Solve y = f(x) for x and then | Write an equation that represents a reflection of 
switch the roles of x and y. the graph of f(x) = 5x — 2 in the x-axis. 


Write an equation that represents a reflection of ~ 


the graph of f(x) = 5x — 2 in the line y = x. | Find the inverse of f(x) = Sx — 2. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 5-12, solve y = f(x) for x. Then find the 22. REASONING Determine whether each pair of 
input(s) when the output is —3. (See Example 1.) functions f and g are inverses. Explain your reasoning. 
a(t) = 3x45 ° 6. f(x) = —7x-2 * sz alee -; 
7 f(x) = 3x -—3 8. [G4 —2y +1 foo —2 | J | 4 ih | 10 
Bae) = 3x° 10. f(x) =2x4-5 _——__— — 
11. fa) =@—2P—-7 


12. f(x) =(x—5)3-1 


In Exercises 13-20, find the inverse of the function. Then 
graph the function and its inverse. (See Example 2.) 


13. f(x) = 6x 14. f(x) = —3x 

15. f(x) = -2x +5 16. f(x) = 6x — 3 
17. f(x) = -5x+4 18. f(@) =}x-1 
19. f(x) =ix—-} 20. fix)=—tx+} 


21. COMPARING METHODS Find the inverse of the 
function f(x) = —3x + 4 by switching the roles of x 
and y and solving for y. Then find the inverse of the 
function f by using inverse operations in the reverse 
order. Which method do you prefer? Explain. 
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In Exercises 23-28, find the inverse of the function. Then 
graph the function and its inverse. (See Example 3.) 


23. f(x) = 4x7,x <0 24. fx) = 9x7,x<0 


25. {@) Se): 26. f(x) = (x + 4) 
27. fix) = 2x4,x20 28. f(x) = —x5,x >0 


ERROR ANALYSIS In Exercises 29 and 30, describe and 
correct the error in finding the inverse of the function. 


29; 
x f(x) = —x+3 
¥— =a 
—x=yt3 
=X So ay 
o x f(x) = $x?, x20 
y= 5x? 
x= iy? 
7x=y* 
+V7x=y 


USING TOOLS In Exercises 31-34, use the graph to 
determine whether the inverse of f is a function. Explain 
your reasoning. 


31. 10 32. 10 
if 
=5 8 
1 -8 
33 6 34. 6 
ii f 
=\ 5 8 b 
—10 -8 


In Exercises 35—46, determine whether the inverse of 
fis a function. Then find the inverse. (See Examples 4 
and 5.) 

35. fx) =x-1 36. f(x) = -x+3 
37. f@®) =Vxt4 38. f(x) = Vx —6 
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39. f(x) = 2Vx—5 40. f(x) =2x2-5 
41. f(y =xA4+2 42. f(x) =28 —5 
43) 4@) = 3VEP 1 Ce aS = 
= 1 Ss Aca 
45. fix) =5%° 46. fix) = -3\ 


47. WRITING EQUATIONS What is the inverse of the 
function whose graph is shown? 


@ a(x) =5x- 6 
g(x) = =x +6 


OQ vie a © 


@D ew =sxt 12 
48. WRITING EQUATIONS What is the inverse of 
f@) = -yx8? 


@ gx) = —42 
© ge) =—-4vx 


g(x) = 4x 
D ex) = V—-4x 


In Exercises 49-52, determine whether the functions are 
inverses. (See Example 6.) 


49. f(x) = 2x — 9, g(x) = - +9 


50. fa) ‘ Fear 


are) 
5 


51. f(x) = i , g(x) = 5x5 — 9 


52. fa) = 12 4, oa) = ( : a 

53. MODELING WITH MATHEMATICS The maximum hull 
speed v (in knots) of a boat with a displacement hull 
can be approximated by v = 1.34V2, where £ is the 
waterline length (in feet) of the boat. Find the inverse 
function. What waterline length is needed to achieve a 
maximum speed of 7.5 knots? (See Example 7.) 


Waterline length 


_—— 
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54. MODELING WITH MATHEMATICS Elastic bands 
can be used for exercising to provide a range of 
resistance. The resistance R (in pounds) of a band 


can be modeled by R = =L — 5, where L is the total 


length (in inches) of the stretched band. Find the 


59. REASONING You and a friend are playing a number- 


guessing game. You ask your friend to think of a 
positive number, square the number, multiply the 
result by 2, and then add 3. Your friend’s final answer 
is 53. What was the original number chosen? Justify 


inverse function. What length of the stretched band your answer. 

provides 19 pounds of resistance? 

60. MAKING AN ARGUMENT Your friend claims that 
every quadratic function whose domain is restricted 
to nonnegative values has an inverse function. Is your 
friend correct? Explain your reasoning. 


unstretched 


61. PROBLEM SOLVING When calibrating a spring scale, 
you need to know how far the spring stretches for 


stretched various weights. Hooke’s Law states that the length a 
spring stretches is proportional 
to the weight attached spring with 
to it. A model for one unweighted weight 
ANALYZING RELATIONSHIPS In Exercises 55-58, match scale is # = 0.5w + 3, spring attached 


the graph of the function with the graph of its inverse. where # is the total 


We 


length (in inches) of the = . = T 
stretched spring and w a ii a == 4 
is the weight (in pounds) A 0.5w = ile 


of the object. 


fi \S 
> Oe 
a. Find the inverse ona » 
function. Describe 
; Not drawn to scale 4 
what it represents. 


b. You place a melon on the scale, and the spring 
stretches to a total length of 5.5 inches. Determine 
the weight of the melon. 


c. Verify that the function 2 = 0.5w + 3 and the 
inverse model in part (a) are inverse functions. 


62. THOUGHT PROVOKING Do functions of the form 
y = xn, where m and n are positive integers, have 
inverse functions? Justify your answer with examples. 


63. PROBLEM SOLVING At the start of a dog sled race 
in Anchorage, Alaska, the temperature was 5°C. By 
the end of the race, the 
temperature was — 10°C. 
The formula for converting 
temperatures from degrees 
Fahrenheit F to degrees 


Celsius C is C = 3(F — 32). 


a. Find the inverse function. 
Describe what it represents. 


b. Find the Fahrenheit temperatures at the start and 
end of the race. 


c. Use a graphing calculator to graph the original 
function and its inverse. Find the temperature that 
is the same on both temperature scales. 
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64. PROBLEM SOLVING The surface area A (in square 69. DRAWING CONCLUSIONS Determine whether the 
meters) of a person with a mass of 60 kilograms can statement is true or false. Explain your reasoning. 
be approximated by A = 0.2195h°29%, where h is the 


: : a. If f(x) = x" and n is a positive even integer, then 
height (in centimeters) of the person. FO) P e 


the inverse of fis a function. 
a. Find the inverse function. Then estimate the height 
b 
of a 60-kilogram person who has a body surface 
area of 1.6 square meters. 


. If f(x) = x" and nis a positive odd integer, then 
the inverse of fis a function. 


b. Verify that function A and the inverse model in 


part (a) are inverse functions. 70. HOW DO YOU SEE IT? The graph of the function f 


is shown. Name three points that lie on the graph of 


USING STRUCTURE In Exercises 65-68, match the the inverse of f- Explain your reasoning. 
function with the graph of its inverse. 


65. f(x) =Vx—4 


66. f(x) = Vx +4 
67. f(x) =Vx+1-3 


6S.97e) — Vx P38 


A. 


71. ABSTRACT REASONING Show that the inverse of any 
linear function f(x) = mx + b, where m # 0, is also 
a linear function. Identify the slope and y-intercept of 
the graph of the inverse function in terms of m and b. 


72. CRITICAL THINKING Consider the function f(x) = —x. ' 


a. Graph f(x) = —x and explain why it is its own 
inverse. Also, verify that f(x) = —x is its own 
inverse algebraically. 


b. Graph other linear functions that are their own 
inverses. Write equations of the lines you graphed. 


c. Use your results from part (b) to write a general 
equation describing the family of linear functions 
that are their own inverses. 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Simplify the expression. Write your answer using only positive exponents. (Ski//s Review Handbook) 


4 
paces) ~ 74, 23-22 7S 76. (2) 


Describe the x-values for which the function is increasing, decreasing, positive, 
and negative. (Section 4.1) 
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5.4-5.6 What Did You Learn? 


Core Vocabulary 


radical equation, p. 262 
extraneous solutions, p. 263 
inverse functions, p. 277 


Core Concepts 


Section 5.4 


Solving Radical Equations, p. 262 
Solving Radical Inequalities, p. 265 


Section 5.5 
Operations on Functions, p. 270 


Section 5.6 


Exploring Inverses of Functions, p. 276 
Inverses of Nonlinear Functions, p. 278 
Horizontal Line Test, p. 278 


Mathematical Practices 


1. How did you find the endpoints of the range in part (b) of Exercise 54 on page 267? 
2. How did you use structure in Exercise 57 on page 268? 

3. How can you evaluate the reasonableness of the results in Exercise 27 on page 274? 
4 


How can you use a graphing calculator to check your answers in Exercises 49-52 on page 282? 


es Performance Task --- 
i ’ - segarelion a sat I Zh 
aT he Tabl Siri 
| Turning the Tables . = 9.) 
I ad (m=) 4x3 xdos 
/ . ee. WU AISE 55,24 

I In this chapter, you have used properties of rational exponents Dee a 
I and functions to find an answer to the problem. Using those T wes ang herd 
I same properties, can you find a problem to the answer? 8) — 
i How many problems can you find? / Bice t vee P 
I : ‘A ; 3 
i ls el ‘ Qe Y 
; To explore the answers to these questions and more, SNE ae ane 

go to BigldeasMath.com. Ey Bee 7’ 
ree ony 
i 
XN 


meme eee eee 
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a 
Chapter Review Dynamic Solutions available at BigideasMath.com 


5.4 | nth Roots and Rational Exponents = (pp. 237-242) 


a. Evaluate 8% without using a calculator. 


Rational Exponent Form Radical Form 
4 
g43 = (g15)4 = 24 = 16 gt3 = (Wg) =24 = 16 


b. Find the real solution(s) of x4 — 45 = 580. 


x4 — 45 = 580 Write original equation. 
x* = 625 Add 45 to each side. 
x= +V625 Take fourth root of each side. 
b= SesOtae = = 5 Simplify. 
The solutions are x = 5 andx = —5. 


| Evaluate the expression without using a calculator. 
| 1. 872 2. 992 3. (—27)-% 


when appropriate. 


{ 
Find the real solution(s) of the equation. Round your answer to two decimal places 
| 4. °+17=35 5. 7x3 = 189 6. (x + 8)*= 16 | 


Properties of Rational Exponents and Radicals = (pp. 243-250) 


1/3 
a. Use the properties of rational exponents to simplify eS : 


213 
1/3 1/3 
Ce | = (4) EE =e y= ste | 


- 


b. Write V16x!3y827 j in simplest form. 


| 
V16x!3y827 = W/16x!2xy8e4z3 Factor out perfect fourth powers. 
= V16x!2y874 « Vx23 Product Property of Radicals 
| Vx23 Simplify. 
Simplify the expression. 
el 8. V3-Ve 5a 
2-V9 
10. 4V8 +3V8 11. 2V48 — V3 12, (523 « 23/2)12 
Simplify the expression. Assume all variables are positive. 
13. V/12529 14, i 15. V1028 — 22V40z 
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5.3 Graphing Radical Functions (pp. 257-258) 


Describe the transformation of f(x) = Vx represented by g(x) = Wx +5. 
Then graph each function. 

Notice that the function is of the form 

g(x) = aVx — h, where a = 2 and h = —5. 


So, the graph of g is a vertical stretch 
by a factor of 2 and a translation 5 units 
left of the graph of f. 


Describe the transformation of f represented by g. Then graph each function. 
16. f(x) = Vx, g(x) = —2vx 17. f(x) = Vx, eX) = Wx — 6 


18. Let the graph of g be a reflection in the y-axis, followed by a translation 7 units to the right 
of the graph of f(x) = Vx. Write a rule for g. 


19. Use a graphing calculator to graph 2y* = x — 8. Identify the vertex and the direction that the 
parabola opens. 


t/ 


20. Use a graphing calculator to graph x? + y* = 81. Identify the radius and the intercepts. 


5.4 Solving Radical Equations and Inequalities (pp. 261-268) 


Solve 6Vx + 2 < 18. 
Step 1 Solve for x. 


6Vx +2 < 18 Write the original inequality. Check 
Vx+2 <3 Divide each side by 6. 30 —" 
Dae!) Square each side. 
aa) Subtract 2 from each side. 6/x 4 2| 
Step 2 Consider the radicand. ~4\"Thterseetion | 
y+ 20 The radicand cannot be negative. <—" : 
R22 Subtract 2 from each side. if wm ab : —" us 


> So, the solution is —2 < x < 7. 


Solve the equation. Check your solution. 
21. 4V2x +1 =20 22. V4x-4=VSx-1-1 23. (6x)27 = 36 
Solve the inequality. 


Zam sVx +2 > 17 25. 2Vae oe 24 26. 7Vx —3 221 


27. Inatsunami, the wave speeds (in meters per second) can be modeled by s(d) = V9.8d, where 
d is the depth (in meters) of the water. Estimate the depth of the water when the wave speed is 
200 meters per second. 


Chapter 5 Chapter Review 287 


288 


Performing Function Operations (pp. 269-274) 


Let f(x) = 2x°/? and g(x) = x". Find aa and state the domain. Then evaluate 
the quotient when x = 81. g 


AG y =P) = 28 9 ,00-14) = 2,54 


ra x) a 
The functions f and g each have the same domain: all nonnegative real numbers. Because g(0) = 0 


the domain of f is restricted to all positive real numbers. 
§ 
When x = 81, the value of the quotient is 
(é \en = = 2(81)54 = 2(8114)5 = 2(3)° = 2(243) = 486. 


28. Let f(x) = 2V3 — x and g(x) = /3— x. Find (fg)(x) and (E Jon and state the domain of each. 
Then evaluate ( fg)(2) and (Ela. 


29. Let f(x) = 3x2 + 1 and g(x) = x + 4. Find (f + g)(x) and (f — g)(x) and state the domain of 
each. Then evaluate (f + g)(—5) and (f — g)(—5). 


5.6 | Inverse of a Function = (pp. 275-284) 


Consider the function f(x) = (x + 5)°. Determine whether the [F( x) = (xe 5)3| 
inverse of f is a function. Then find the inverse. erry 


Graph the function f. Notice that no horizontal line intersects the graph 
more than once. So, the inverse of fis a function. Find the inverse. 


= (x + 5)3 Set y equal to f(x). 
x=(y+5) Switch x and y, 
Wx =y+5 Take cube root of each side. 
Wx -5=y Subtract 5 from each side. 


P So, the inverse of fis g(x) = Wx — 5. 


Find the inverse of the function. Then graph the function 
and its inverse. 


30. f(x) = —jx + 10 31. fx) = +8,x20 
32. f(x) = -—3-9 33. f(x) =3vx4+5 


Determine whether the functions are inverse functions. 


34. f(x) = 4 — 11), g(x) = ia + 11)? 35. f(x) = —2x + 6, g(x) = —3x wee 


' 36. Ona certain day, the function that gives U.S. dollars in terms of British pounds is d = 1.587p, 


where d represents U.S. dollars and p represents British pounds. Find the inverse function. Then 
find the number of British pounds equivalent to 100 U.S. dollars. 
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Chapter Test 


1. Solve the inequality SVx — 3 — 2 < 13 and the equation 5Vx — 3 — 2 = 13. Describe 
the similarities and differences in solving radical equations and radical inequalities. 


Describe the transformation of f represented by g. Then write a rule for g. 


mya) = Vx a (=e 4. fy = Vx 


Simplify the expression. Explain your reasoning. 


: B) 
5. 6423 6 (27) 7. V/48xy!!23 8. ae 
V32 


9. Write two functions whose graphs are translations of the graph of y = Vx. The first 
function should have a domain of x > 4. The second function should have a range of 
hee 2. 


10. In bowling, a handicap is a change in score to adjust for differences in the abilities of 
players. You belong to a bowling league in which your handicap h is determined using the 
formula h = 0.9(200 — a), where a is your average score. Find the inverse of the model. 
Then find the average for a bowler whose handicap is 36. 


11. The basal metabolic rate of an animal is a measure of the amount of ren n Rae daregraris) | 
calories burned at rest for basic functioning. Kleiber’s law states that : : 
an animal’s basal metabolic rate R (in kilocalories per day) can be | OS | 
modeled by R = 73.3w**, where w is the mass (in kilograms) of the | | 
animal. Find the basal metabolic rates of each animal in the table. sheep 50 | 

human | 70 | 
lion 210 | 


12. Let f(x) = 6x3° and g(x) = —x39. Find (f + g)(x) and (f — g)(x) 
and state the domain of each. Then evaluate (f + g)(32) and (f — g)(32). 


13. Let f(x) = se and g(x) = 8x. Find (fe)(x) and (Foo and state the domain 


of each. Then evaluate ( fg)(16) and (Ea). 

14. A football player jumps to catch a pass. The maximum height h (in feet) of the 
player above the ground is given by the function h = as, where s is the initial 
speed (in feet per second) of the player. Find the inverse of the function. Use the 
inverse to find the initial speed of the player shown. Verify that the functions are 
inverse functions. 
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Cumulative Assessment 


4. Identify three pairs of equivalent expressions. Assume all variables are positive. Justify 
your answer. 


a | ae vey quiin | 
(vay | ve | wa | at | 


2. The graph represents the function f(x) = (x -_-_ ik + .. Choose the correct 
values to complete the function. 


3. In rowing, the boat speed s (in meters per second) can be modeled by s = 4.62W/n, 
where n is the number of rowers. 


a. Find the boat speeds for crews of 2 people, 4 people, and 8 people. 
b. Does the boat speed double when the number of rowers doubles? Explain. 
c. Find the time (in minutes) it takes each crew in part (a) to complete a 


2000-meter race. 


4. A polynomial function fits the data in the table. Use finite differences to find the degree 
of the function and complete the table. Explain your reasoning. 


5. The area of the triangle is 42 square inches. Find the value of x. 


(x + 8) in. 
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6. Which equations are represented by parabolas? Which equations are functions? 
Place check marks in the appropriate spaces. Explain your reasoning. 


10. 


a ee 


5 seein came |) ia a | 


v= 10-x 


What is the solution of the inequality 2Vx + 3-1<3? 


ox <1 —3<x<1 

OG) 33% 1 @M «2-3 

Which function does the graph represen Explain your reasoning. 
A) y= = = || 
De 2a ct 1 
Gry - |x| 51 

DM y=2|x+1| 


Your friend releases a weather balloon 50 feet from you. The balloon rises vertically. 
When the balloon is at height h, the distance d between you and the balloon is given by 
d =V 2500 + h2, where h and d are measured in feet. Find the inverse of the function. 
What is the height of the balloon when the distance between you and the balloon is 
100 feet? 


The graphs of two functions f and g are shown. Are f and g inverse functions? Explain 
your reasoning. 


Chapter 5 Cumulative Assessment 


291 


Maintaining Mathematical Proficiency 


Using Exponents 


ai 
Aple 1 Evaluate (—1) 
3 


Evaluate the expression. 


donovan.” 


Finding the Domain and Range of a Function 


Find the domain and range of the function represented by the graph. 


— 
domain 


The domain is —3 Sx = 3. 
The rangeis -2 < yl. 


Find the domain and range of the function represented by the graph. 


5. 


. ABSTRACT REASONING Consider the expressions —4” and (—4)”, where n is an integer. 
For what values of n is each expression negative? positive? Explain your reasoning. 


Dynamic Solutions available at BigideasMath.com 


Mathematical Mathematically proficient students know when it is appropriate to use 
> ra cti C Xs | general methods and shortcuts. 


Exponential Models 


G) Core Concept 


Consecutive Ratio Test for Exponential Models 


Consider a table of values of the given form. 


REE 


_ ae “ and ee 


If the consecutive ratios of the y-values are all equal to a common value r, then y can be 
modeled by an exponential function. When r > 1, the model represents exponential growth. 


a : 
r= —nil Common ratio 


a, 


y = agr* Exponential model 


The table shows the amount A (in dollars) in a savings account over time. Write a model for the amount 
in the account as a function of time f (in years). Then use the model to find the amount after 10 years. 


$1216.65 


SOLUTION 


Begin by determining whether the ratios of consecutive amounts are equal. 


1040. pg 2OBLGO Lj py. 1124.86 ey eo 86 Do 2G 


1000 — 1040 1081.60 2 TO486 1 Goiae 

The ratios of consecutive amounts are equal, so the amount A after t years can be modeled by 
A = 1000(1.04)'. 

Using this model, the amount when t = 10 is A = 1000(1.04)!° = $1480.24. 


Monitoring Progress 


Determine whether the data can be modeled by an exponential or linear function. Explain your 
reasoning. Then write the appropriate model and find y when x = 10. 
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Exponential Growth and Decay 


Functions 


Essential Question What are some of the characteristics of the 


graph of an exponential function? 


You can use a graphing calculator to evaluate an exponential function. For example, 
consider the exponential function f(x) = 2*. 


Function Value Graphing Calculator Keystrokes Display 


fC 3.1) = 2 ma ~ | (-) We ENTER. 0.1166291 
(2) = 22 ~) A A [ever Bee 


“EXPLORATION 1 Identifying Graphs of Exponential Functions 


Work with a partner. Match each exponential function with its graph. Use a table 
of values to sketch the graph of the function, if necessary. 


a. f(x) = 2 b. f(x) =3* e. f(x) = 4 
a. fix) = (5) e. fis) = (3) f. fx) = (3) 
A. B. 
fe. D. 
E; 
CONSTRUCTING 
VIABLE 
ARGUMENTS go 
To be proficient in math, Characteristics of Graphs of Exponential 
Functions 


you need to justify 
your conclusions and 


mmunicate them Work with a partner. Use the graphs in Exploration 1 to determine the domain, 


range, and y-intercept of the graph of f(x) = b*, where b is a positive real number 
other than 1. Explain your reasoning. 


Communicate Your Answer 


3. What are some of the characteristics of the graph of an exponential function? 


to others. 


4. In Exploration 2, is it possible for the graph of f(x) = b* to have an x-intercept? 
Explain your reasoning. 
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6.) Lesson 


Core Vocabulary... 


, exponential function, p. 296 


| exponential growth function, 


p. 296 
growth factor, p. 296 
asymptote, p. 296 
exponential decay function, 
p. 296 
decay factor, p. 296 


Previous 
properties of exponents 
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What You Will Learn 


Graph exponential growth and decay functions. 
Use exponential models to solve real-life problems. 


po Sli Growth and Decay Functions 


‘pone function has the form y = ab‘, where a # O and the base D is a 
positive real nit other than 1. If a > 0 and b > 1, then y = ab’ is an exponential 

rowth function, and b is called the growth factor. The simplest type of exponential 
erovil FeO has the form y = b*. 


G) Core Concept 


Parent Function for Exponential Growth Functions 


The function f(x) = b*, where b > 1, is the parent function for the family of 
exponential growth functions with base b. The graph shows the general shape 
of an exponential growth function. 


left to right, passing 
through the points 
(0, 1) and (1, 6). 


' The x-axis is an asymptote a] 
the graph. An asymptote is a 
line that a graph approaches 
more and more closely. ) 


The domain of f(x) = b* is all real numbers. The range is y > 0. 


Ifa > OandO0<b<1, then y = ab* is an exponenti: , and b is called 


the decay factor. 


G) Core Concept 


Parent Function for Exponential Decay Functions 


The function f(x) = b*, where 0 < b < 1, is the parent function for the family of 
exponential decay functions with base b. The graph shows the general shape 
of an exponential decay function. 


f(x) = 
(0<b< 1) 


The graph falls from 
left to right, passing 
through the points 

(0, 1) and (1, 6). 


The x-axis is an 
asymptote of 
the graph. 


The domain of f(x) = 


b*is all real numbers. The range is y > 0. 


Exponential and Logarithmic Functions 


Graphing Exponential Growth and Decay Functions 


Tell whether each function represents exponential growth or exponential decay. Then 
graph the function. 


a. y = 2% b y= (sy 
SOLUTION 


a. Step 1 Identify the value of the base. The base, 2, is greater than 1, so the function 
represents exponential growth. 


Step 2 Make a table of values. 


x | -2 -1| 9 1 | 2 3 
loll \ | 


Step 3 Plot the points from the table. 


Step 4 Draw, from left to right, a smooth curve that 
begins just above the x-axis, passes through 
the plotted points, and moves up to the right. 


b. Step 1 Identify the value of the base. The base, x is greater than 0 and less than 1, 
so the function represents exponential decay. 


Step 2 Make a table of values. 


x|-3|-2/-1| 0 | 1 | 2 | 
yjsi4i[2/1/ 3 1 | 


Step 3 Plot the points from the table. 


Step 4 Draw, from right to left, a smooth curve that 
begins just above the x-axis, passes through 
the plotted points, and moves up to the left. 
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Tell whether the function represents exponential growth or exponential decay. 
Then graph the function. 


1. y=4' 2. y= (2) 
3. f(x) = (0.25) 4. f~) = (1.5 


Exponential Models 


Some real-life quantities increase or decrease by a fixed percent each year (or some 
other time period). The amount y of such a quantity after t years can be modeled by 
one of these equations. 


Exponential Growth Model Exponential Decay Model 
y=a(l +r) y=a(l —- rv) 


Note that a is the initial amount and r is the percent increase or decrease written as a 
decimal. The quantity 1 + ris the growth factor, and 1 — r is the decay factor. 
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Solving a Real-Life Problem 


EXAMPLE 2 


The value of a car y (in thousands of dollars) can be approximated by the model 
y = 25(0.85)', where ¢ is the number of years since the car was new. 


REASONING a. Tell whether the model represents exponential growth or exponential decay. 
QUANTITATIVELY 
b. Identify the annual percent increase or decrease in the value of the car. 
The percent decrease, 
15%, tells you how much c. Estimate when the value of the car will be $8000. 
value the car /oses each 
year. The decay factor, SOLUTION 


0.85, tells you what 
fraction of the car’s value 
remains each year. 


a. The base, 0.85, is greater than 0 and less than 1, so the model represents 
exponential decay. 


b. Because ¢ is given in years and the decay factor 0.85 = 1 — 0.15, the annual 
percent decrease is 0.15, or 15%. 


c. Use the trace feature of a graphing calculator to 
determine that y ~ 8 when t = 7. After 7 years, 
the value of the car will be about $8000. 


Y=8 0144272 


Writing an Exponential Model 


In 2000, the world population was about 6.09 billion. During the next 13 years, the 
world population increased by about 1.18% each year. 


a. Write an exponential growth model giving the population y (in billions) ¢ years after 
2000. Estimate the world population in 2005. 


b. Estimate the year when the world population was 7 billion. 


SOLUTION 


a. The initial amount is a = 6.09, and the percent increase is r = 0.0118. So, the 
exponential growth model is 


y=a(l+yr) Write exponential growth model. 
= 6.09(1 + 0.0118) Substitute 6.09 for a and 0.0118 for r. 
1 
= 6.09(1.0118). Simplify. 


Using this model, you can estimate the world population in 2005 (t = 5) to be 
y = 6.09(1.0118)° ~ 6.46 billion. 


NAABDAQ!< 


b. Use the table feature of a graphing calculator to determine that y ~ 7 when 
t = 12. So, the world population was about 7 billion in 2012. 
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5. WHAT IF? In Example 2, the value of the car can be approximated by the model 
y = 25(0.9)'. Identify the annual percent decrease in the value of the car. Estimate 
when the value of the car will be $8000. 


6. WHAT IF? In Example 3, assume the world population increased by 1.5% each 
year. Write an equation to model this situation. Estimate the year when the world 
population was 7 billion. 
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Rewriting an Exponential Function 


The amount y (in grams) of the radioactive isotope chromium-51 remaining after 
t days is y = a(0.5)"8, where a is the initial amount (in grams). What percent of the 
chromium-51 decays each day? 


SOLUTION 
y = a(0.5)"8 Write original function. 
= a[(0.5)!/28] Power of a Power Property 
= a(0.9755)! Evaluate power. 
= a(1 — 0.0245) Rewrite in form y = a(1 — rt. 


> The daily decay rate is about 0.0245, or 2.45%. 


Compound interest is interest paid on an initial investment, called the principal, and 
on previously earned interest. Interest earned is often expressed as an annual percent, 
but the interest is usually compounded more than once per year. So, the exponential 
growth model y = a(1 + r)‘ must be modified for compound interest problems. 


G Core Concept 


Compound Interest 


Consider an initial principal P deposited in an account that pays interest at an 
annual rate r (expressed as a decimal), compounded n times per year. The amount 
A in the account after t years is given by 


A=P(1 +7)" 


“EXAMPLE 5 Finding the Balance in an Account 


You deposit $9000 in an account that pays 1.46% annual interest. Find the balance 
after 3 years when the interest is compounded quarterly. 


SOLUTION 


With interest compounded quarterly (4 times per year), the balance after 3 years is 


» \nt 
A= P(I AF 4 i Write compound interest formula. 
i 


423 
= 9000( 1 + ee) 


P = 9000, r = 0.0146,n = 4,t=3 


= 9402.21. Use a calculator. 


> The balance at the end of 3 years is $9402.21. 
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7. The amount y (in grams) of the radioactive isotope iodine-123 remaining after 
t hours is y = a(0.5)‘/!3, where a is the initial amount (in grams). What percent of 
the iodine-123 decays each hour? 


8. WHAT IF? In Example 5, find the balance after 3 years when the interest is 
compounded daily. 
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J 
6.1 Exercises Dynamic Solutions available at BigideasMath.com 


~—Vocabulary and Core Concept Check 


1. VOCABULARY In the exponential growth model y = 2.4(1.5)*, identify the initial amount, the 
growth factor, and the percent increase. 


WHICH ONE DOESN'T BELONG? Which characteristic of an exponential decay function 
does not belong with the other three? Explain your reasoning. 


base of 0.8 decay factor of 0.8 


decay rate of 20% 80% decrease 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3—8, evaluate the expression for (a) x = —2 21. MODELING WITH MATHEMATICS The value of a 
and (b) x = 3. mountain bike y (in dollars) can be approximated by 
the model y = 200(0.75)', where t is the number of 


Bi 2 4. 4+ ; 
years since the bike was new. (See Example 2.) 
5. 8 3 6.63 a. Tell whether the model represents exponential 
growth or exponential decay. 
Lo 3+H 8. 2 2 b. Identify the annual percent increase or decrease in 


; the value of the bike. 
In Exercises 9-18, tell whether the function represents 


exponential growth or exponential decay. Then graph the c. Estimate when the value of the bike will be $50. 


function. (See Example 1.) 
22. MODELING WITH MATHEMATICS The population P 


SOR ne IC = ie (in thousands) of Austin, Texas, during a recent decade 
; can be approximated by y = 494.29(1.03)', where 1 is 
1. = (4) 12. y= (4) the number of years since the beginning of the decade. 
a 5 
a. Tell whether the model represents exponential 
/4\' 2\ growth or exponential decay. 
13. += (=| 14. y= (2) | 
g 5 b. Identify the annual percent increase or decrease in 
population. 
15. y=(1.2¥ 16. y= (0.75) 
a > a c. Estimate when the population was about 590,000. 
17. = 0.6 43 18. = : x 
ee) DS 23. MODELING WITH MATHEMATICS In 2006, there were 
ANALYZING RELATIONSHIPS In Exercises 19 and 20, use eae anid oe Sa ae ae i 
theaeaph of Aer) to a cneliy-th e United States. During the next 4 years, the number 
graph of f(x) oudentity the value of a of cell phone subscribers increased by about 6% each 
19: year. (See Example 3.) 


a. Write an exponential growth model giving the 
number of cell phone subscribers y (in millions) 
t years after 2006. Estimate the number of cell 
phone subscribers in 2008. 


b. Estimate the year when the number of cell phone 
subscribers was about 278 million. 
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24. MODELING WITH MATHEMATICS You take a 
325 milligram dosage of ibuprofen. During each 
subsequent hour, the amount of medication in your 
bloodstream decreases by about 29% each hour. 


a. Write an exponential decay model giving the 
amount y (in milligrams) of ibuprofen in your 
bloodstream ¢ hours after the initial dose. 


b. Estimate how long it takes for you to have 


100 milligrams of ibuprofen in your bloodstream. 


JUSTIFYING STEPS In Exercises 25 and 26, justify each 
step in rewriting the exponential function. 


25. y= a(3)"4 Write original function. 
= a[(3)"4}" ae | 
~ a(1.0816)! ——_———s 
= a(1 + 0.0816)! — << 

26. y = a(0.1)% Write original function. 
= al(0.1)"/3}¢ y= s @ 
~ a(0.4642)' —_s 
= a(1 — 0.5358)! in 


27. PROBLEM SOLVING When a plant or animal dies, it 
stops acquiring carbon-14 from the atmosphere. The 
amount y (in grams) of carbon-14 in the body of an 
organism after t years is y = a(0.5)“573°, where a is 
the initial amount (in grams). What percent of the 
carbon-14 is released each year? (See Example 4.) 


28. PROBLEM SOLVING The number y of duckweed 
fronds in a pond after t days is y = a(1230.25)""®, 
where a is the initial number of fronds. By what 
percent does the duckweed increase each day? 


| —_— = . , i 
an. 

is < i 
{ i 


In Exercises 29-36, rewrite the function in the form 
y =a(1 +r) ory = a(1 — r)‘. Then state the growth or 
decay rate. 


29. y= a(2)'? 30. y= a(4)" 


31. y= a(0.5)!/12 32. y= a(0.25) 
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33. 


35. 


37. 


38. 


39. 


40. 


— ae 34a a5)” 


y = a(2)®! 36. y= a(1)" 
PROBLEM SOLVING You deposit $5000 in an account 
that pays 2.25% annual interest. Find the balance after 
5 years when the interest is compounded quarterly. 
(See Example 5.) 


DRAWING CONCLUSIONS You deposit $2200 into 
three separate bank accounts that each pay 3% annual 
interest. How much interest does each account earn 
after 6 years? 


Account | Compounding Interest after 


6 years 
hs | quarterly | | 
ey | monthly 
3 | daily | | 


ERROR ANALYSIS You invest $500 in the stock of a 
company. The value of the stock decreases 2% each 
year. Describe and correct the error in writing a model 
for the value of the stock after t years. 


=| Initial ee : 
»~ \amount/ \factor 


y= 500(0.02)¢ 


ERROR ANALYSIS You deposit $250 in an account 
that pays 1.25% annual interest. Describe and correct 
the error in finding the balance after 3 years when the 
interest is compounded quarterly. 


403 
x A= 250(1 +i 


A= $6533.29 


In Exercises 41-44, use the given information to find 
the amount A in the account earning compound interest 
after 6 years when the principal is $3500. 


41. 


42. 


43. 


44. 


r = 2.16%, compounded quarterly 
r = 2.29%, compounded monthly 
r = 1.83%, compounded daily 


r = 1.26%, compounded monthly 
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45. USING STRUCTURE A website recorded the number 50. REASONING Consider the exponential function 


y of referrals it received from social media websites F(x) = ab*. 

over a 10-year period. The results can be modeled by feo 

y = 2500(1.50)', where tis the year and 0 <1 < 9. a. Show that “~~ = b 

Interpret the values of a and b in this situation. What fx) 

is the annual percent increase? Explain. b. Use the equation in part (a) to explain why there 


is no exponential function of the form f(x) = ab* 
whose graph passes through the points in the 


46. HOW DO YOU SEE IT? Consider the graph of an table below. 
exponential function of the form f(x) = ab*. 


(in weeks) of the chicken and w 2 22. 


a. Determine whether the graph of f represents 
exponential growth or exponential decay. 


b. What are the domain and range of the function? 
Explain. 


47. MAKING AN ARGUMENT Your friend says the graph 
of f(x) = 2* increases at a faster rate than the graph of 
g(x) = x* when x > 0. Is your friend correct? Explain 


your reasoning. b. Graph the model. 
y g c. Estimate the egg production of a chicken that is 
S 2.5 years old. 
" d. Explain how you can rewrite the given equation 


so that time is measured in years rather than 
0 in weeks. 


51. PROBLEM SOLVING The number E of eggs a Leghorn 
chicken produces per year can be modeled by the 
equation E = 179.2(0.89)”>2, where w is the age 


a. Identify the decay factor and the percent decrease. 


52. CRITICAL THINKING You buy a new stereo for $1300 


48. THOUGHT PROVOKING The function f(x) = b* 
represents an exponential decay function. Write a 
second exponential decay function in terms of b and x. 


years) since you bought it. 
49. PROBLEM SOLVING The population p of a small 
town after x years can be modeled by the function 
p = 6850(1.03)*. What is the average rate of change 
in the population over the first 6 years? Justify 
your answer. 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Simplify the expression. (Skills Review Handbook) 


53. x2 «x2 54. . 55. 4x ° 6x 56. (ea 
57, 113% 5g, 4 ay 59, 12% 4 5, 60. (2x + 3x5)3 


2 2 Ax 
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and are able to sell it 4 years later for $275. Assume 
that the resale value of the stereo decays exponentially 
with time. Write an equation giving the resale value V 
(in dollars) of the stereo as a function of the time ¢ (in 


The Natural Base e 


USING TOOLS 
STRATEGICALLY 


To be proficient in 
math, you need to use 
technological tools to 
explore and deepen 
your understanding 
of concepts. 


Essential Question What is the natural base e? 


So far in your study of mathematics, you have worked with special numbers such as 
7m and i. Another special number is called the natural base and is denoted by e. The 
natural base e is irrational, so you cannot find its exact value. 


EXPLORATION 1 


Approximating the Natural Base e 


Work with a partner. One way to approximate the natural base e is to approximate 
the sum 
i 1 4 1 1 


— + ee a 
Je: (oo eer 


Use a spreadsheet or a graphing calculator to approximate this sum. Explain the steps 
you used. How many decimal places did you use in your approximation? 


‘EXPLORATION 2 


Approximating the Natural Base e 


Work with a partner. Another way to approximate the natural base e is to consider 
the expression 


(i++). 
oo 


As x increases, the value of this expression approaches the value of e. Copy and 
complete the table. Then use the results in the table to approximate e. Compare this 
approximation to the one you obtained in Exploration 1. 


Work with a partner. Use your approximate value of e in Exploration | or 2 to 
complete the table. Then sketch the graph of the natural base exponential function 
y = e*. You can use a graphing calculator and the | eX | key to check your graph. 
What are the domain and range of y = e*? Justify your answers. 


Communicate Your Anewer 


4. What is the natural base e? 


5. Repeat Exploration 3 for the natural base exponential function y = e~*. Then 
compare the graph of y = e* to the graph of y = e~*. 


6. The natural base e is used in a wide variety of real-life applications. Use the 
Internet or some other reference to research some of the real-life applications of e. 
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6.2 Lesson 


Core Vocabulary... 


' natural base e, p. 304 


i 

. 

i Previous 

| irrational number 

| properties of exponents 
percent increase 

percent decrease 

compound interest 


What You Will Learn 


Define and use the natural base e. 
Graph natural base functions. 
P Solve real-life problems. 


The Natural Base e 


The history of mathematics is marked by the discovery 
of special numbers, such as 7 and i. Another special 
number is denoted by the letter e. The number is called the 


natural base e. The expression (1 + | approaches e as 


x increases, as shown in the graph and table. 


x 10! 10: 103 10: 


x | 
(1 +4 2.59374 | 2.70481 | 2.71692 | 2.71815 
»¢ 


c 
| 
| 
| 


© Core Concept 


The Natural Base e 
The natural base e is irrational. It is defined as follows: 


x 
As x approaches +, [1 4s 4) approaches e ~ 2.71828182846. 


Simplifying Natural Base Expressions 


Simplify each expression. 


Check 
| 3 nen 16e° 3e—4x)2 
You can use a calculator to check | a. e& + € . oe c. (3e"™) 
: : 4e 
the equivalence of numerical 
expressions involving e. | SOLUTION 
e*(3)*e%(6) ; 3, 96 = pi +6 16e> _ go —4x)2 — 22(,—4x)2 
8103 .083928 en b. a > 4e Bier 
eA(9) | 
8103.083928 ee ie | eee 
ene, 
~ om 
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Simplify the expression. 


8 
2. 24e 


1. e7 « et 
8e> 


3. (10e73*)3 


304 Chapter 6 Exponential and Logarithmic Functions 


Graphing Natural Base Functions 


© Core Concept 


LOOKING FOR 
STRUCTURE 


You can rewrite natural 
base exponential functions 
to find percent rates of 
change. In Example 2(b), 


f(x) = e- 05x 
= (e-0.5)x 
=~ (0.6065)* 
= (170.3935). 


So, the percent decrease is 
about 39.35%. 


Natural Base Functions 


A function of the form y = ae” is called a natural base exponential function. 


¢ When a > 0 and r > O, the function is an exponential growth function. 
¢ When a > O and r < 0, the function is an exponential decay function. 


The graphs of the basic functions y = e* and y = e* are shown. 


yl] 
exponential_ 
decay , 


exponential 
growth | 


Tell whether each function represents exponential growth or exponential decay. 
Then graph the function. 


a. y = 3e 
SOLUTION 


a. Because a = 3 is positive and 
r = | is positive, the function is 
an exponential growth function. 
Use a table to graph the function. 


b. f(x) = e705 


b. Because a = 1 is positive and 
r = —0.5 is negative, the function 
is an exponential decay function. 
Use a table to graph the function. 


-4 | -2 


y 139] (272) a 


<s — =i 


y aaa 


(1, 1.10) ° 


—2,0.41 
my 
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Tell whether the function represents exponential growth or exponential decay. 


Then graph the function. 


4. y=ter 5. y = 4e"* 6. f(x) = 2c 
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“Your Friend’s Account 
A 
12,000 
% 10,000 
a 
3 8,000 
g 
Y 6,000 
& 
oO 
am 4,0007(() 4000) 
2,000 
0 
a a mee 
Year 
MAKING 
CONJECTURES 


You can also use this 
reasoning to conclude that 
your friend’s account has 

a greater annual interest 
rate than your account. 
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Solving Real-Life Problems 


You have learned that the balance of an account earning compound interest is given by 


A= P( Hse ry" As the frequency n of compounding approaches positive infinity, the 
nh ’ 


compound interest formula approximates the following formula. 


G) Core Concept 


Continuously Compounded Interest 


When interest is compounded continuously, the amount A in an account after 
t years is given by the formula 


Al TPE 


where P is the principal and r is the annual interest rate expressed as a decimal. 


Modeling with Mathematics 


You and your friend cach have accounts that earn annual interest compounded 
continuously. The balance A (in dollars) of your account after ¢t years can be modeled 
by A = 4500e"-°*, The graph shows the balance of your friend’s account over time. 
Which account has a greater principal? Which has a greater balance after 10 years? 


SOLUTION 


1. 


Understand the Problem You are given a graph and an equation that represent 
account balances. You are asked to identify the account with the greater principal 
and the account with the greater balance after 10 years. 


Make a Plan Use the equation to find your principal and account balance after 
10 years. Then compare these values to the graph of your friend’s account. 


Solve the Problem The equation A = 4500e°- is of the form A = Pe’, where 
P = 4500. So, your principal is $4500. Your balance A when t = 10 is 


A = 4500e99400 = $6713.21. 


Because the graph passes through (0, 4000), your friend’s principal is $4000. The 
graph also shows that the balance is about $7250 when ¢ = 10. 


> So, your account has a greater principal, but your friend’s account has a 
greater balance after 10 years. 


. Look Back Because your friend’s account has a lesser principal but a greater 


balance after 10 years, the average rate of change from tf = 0 to f = 10 should be 
greater for your friend’s account than for your account. 


A(10) — A(O) _ 6713.21 — 4500 


Your account: 10-0 10 = 221.321 
Your friend’s account: ACS ? — ae ~ 7250 ne = 325 / 


Monitoring Progress ) Help in English and Spanish at BigideasMath.com 


7. You deposit $4250 in an account that earns 5% annual interest compounded 


continuously. Compare the balance after 10 years with the accounts in Example 3. 


Exponential and Logarithmic Functions 


6.2 Exercises 


Dynamic Solutions available at BigideasMath.com 


Vocabulary and Core Concept Check 


1. VOCABULARY What is the natural base e? 


— 


2. WRITING Tell whether the function f(x) = Led represents exponential growth or exponential decay. | 
Explain. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-12, simplify the expression. 
(See Example 1.) 


3. eee 4. e4- 
11e? 27e! 
B, ——— 
22¢!10 3e4 
7. (Se7)4 8. (4e7%)3 
9. V9e% 10. V8e!2* 
11. ere %e 12. eteeteex*3 


ERROR ANALYSIS In Exercises 13 and 14, describe and 
correct the error in simplifying the expression. 


13. 
x (4634? = 46902) 
= 4e 
14. 
x & — eoXx 2x 
e7 2x 
= eo% 


In Exercises 15-22, tell whether the function represents 
exponential growth or exponential decay. Then graph the 
function. (See Example 2.) 


ee — &* 16. y=e>* 

7. y= 2e* 18. y = 3e 

193 y = 0.5e* 20. ~=0252 
oie 04e~9* 22. y = 0.6e°%* 


ANALYZING EQUATIONS In Exercises 23-26, match the 
function with its graph. Explain your reasoning. 


24. y=e 


26. y= 0.75e' 


USING STRUCTURE In Exercises 27-30, use the 
properties of exponents to rewrite the function in 
the form y = a(1 +r)‘ or y = a(1 — r)‘. Then find the 
percent rate of change. 


Dip vos e7 0-25! 28. vies e0.75t 


29. y = 2004 30. y = 0.5698! 


USING TOOLS In Exercises 31-34, use a table of values 
or a graphing calculator to graph the function. Then 
identify the domain and range. 


31. y=er~?2 32. y=e**! 


33. y= 2e* + 1 34, y=3e*—5 
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35. MODELING WITH MATHEMATICS Investment 


36. 


accounts for a house and education earn annual 
interest compounded continuously. The balance H 
(in dollars) of the house fund after ¢ years can be 
modeled by H = 3224e°-!. The graph shows the 
balance in the education fund over time. Which 
account has the greater principal? Which account has 
a greater balance after 10 years? (See Example 3.) 


Education Account 
, caer ea : 


Balance (dollars) 


MODELING WITH MATHEMATICS Tritium and 
sodium-22 decay over time. In a sample of tritium, 
the amount y (in milligrams) remaining after t years is 
given by y = 10e~°-9562!. The graph shows the amount 
of sodium-22 in a sample over time. Which sample 
started with a greater amount? Which has a greater 
amount after 10 years? 


Sodium-22 Decay | 
ay 
££ 20 
E= 10 
aes ; 
0 


10 20t 
Year “| 


37. OPEN-ENDED Find values of a, b, r, and q such that 


308 


f(x) = ae™ and g(x) = be are exponential decay 


J) 


functions, but Pea represents exponential growth. 
2(x 


Write the number in scientific notation. 


44. 0.006 45. 5000 


Find the inverse of the function. Then graph the function and its inverse. 


48. y=3x+5 
50. y=Vxt+6 


_ Chapter 6 


38. 


39: 


40. 


41. 


42. 


43. 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


(Skills Review Handbook) 
46. 26,000,000 


49. y=x*-1,x<0 
1. y=x 2 


THOUGHT PROVOKING Explain why A = P(I 1 a 


approximates A = Pe” as n approaches positive 
infinity. 


WRITING Can the natural base e be written as a ratio 
of two integers? Explain. 


MAKING AN ARGUMENT Your friend evaluates 
f(x) = e-* when x = 1000 and concludes that the 
graph of y = f(x) has an x-intercept at (1000, 0). 
Is your friend correct? Explain your reasoning. 


DRAWING CONCLUSIONS You invest $2500 in an 
account to save for college. Account 1 pays 6% 
annual interest compounded quarterly. Account 2 pays 
4% annual interest compounded continuously. Which 
account should you choose to obtain the greater 
amount in 10 years? Justify your answer. 


HOW DO YOU SEE IT? Use the graph to complete 
each statement. 


a. f(x) approaches 
as x approaches +. 


b. f(x) approaches 
as x approaches —™. 


PROBLEM SOLVING The growth of Mycobacterium 
tuberculosis bacteria can be modeled by the function 
N(t) = ae®-!66!, where N is the number of cells after 
t hours and a is the number of cells when t = 0. 


a. At 1:00 p.m., there are 30 M. tuberculosis bacteria 
in a sample. Write a function that gives the number 
of bacteria after 1:00 P.M. 


b. Use a graphing calculator to graph the function in 
part (a). 


c. Describe how to find the number of cells in the 
sample at 3:45 P.M. 


47. 0.000000047 


(Section 5.6) 


Exponential and Logarithmic Functions 


Logarithms and Logarithmic 


Functions 


Essential Question What are some of the characteristics of the 


graph of a logarithmic function? 


Every exponential function of the form f(x) = b*, where b is a positive real number 
other than 1, has an inverse function that you can denote by g(x) = log, x. This inverse 
function is called a logarithmic function with base b. 


EXPLORATION 1 Rewriting Exponential Equations 


Work with a partner. Find the value of x in each exponential equation. Explain your 
reasoning. Then use the value of x to rewrite the exponential equation in its equivalent 
logarithmic form, x = log, y. 


Py = it), Se 
d..5% = 1 erst 


“EXPLORATION 2 Graphing Exponential and Logarithmic 
Functions 


Work with a partner. Complete each table for the given exponential function. Use 
the results to complete the table for the given logarithmic function. Explain your 
reasoning. Then sketch the graphs of f and g in the same coordinate plane. 


c 4=2 
I oe = al 


II 
l= © 


ah 
“fe P-2|] i/o /] ji 
fy= i ll 
eres ame — Diol) 7 2 ae “>| aca" a re i ir —_, «|| 
| x | 
= - ——--_—— - 
| g(x) = log, x =2 = 0 1 2 
b. a T 7 f sat 
| x 220 | 0 1 —_ 
4 at 
| fog = 10" | 
li ae | } ee ee ait “ i — ~] 
x ae | 
CONSTRUCTING i. im | : | ie 
VIABLE : | g(x) = logiyx = =—2 al | 0 | I | = 
ARGUMENTS 


To be proficient in math, 
you need to justify 


your conclusions and : 
communicate them Work with a partner. Use the graphs you sketched in Exploration 2 to determine the 


to others. domain, range, x-intercept, and asymptote of the graph of g(x) = log, x, where b is a 
positive real number other than 1. Explain your reasoning. 


Characteristics of Graphs of Logarithmic 


EXPLORATION 3 
EXPLORATION 3 Faaciane 


Communicate Your Answer 


4. What are some of the characteristics of the graph of a logarithmic function? 


5. How can you use the graph of an exponential function to obtain the graph of a 
logarithmic function? 
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6.3 Lesson What You Will Learn 


Define and evaluate logarithms. 


Use inverse properties of logarithmic and exponential functions. 
Core Vocabulary... > Graph logarithmic functions. 
| logarithm of y with base b, 
p. 310 
common logarithm, p. 371 
natural logarithm, p. 377 


Logarithms 


You know that 22 = 4 and 2? = 8. However, for what value of x does 2* = 6? 
Mathematicians define this x-value using a logarithm and write x = log, 6. The 


| 
| 
Previous definition of a logarithm can be generalized as follows. 
( inverse functions 


———————  & Core Concept 


Definition of Logarithm with Base b 


Let b and y be positive real numbers with b # 1. The logarithm of y with base | 
is denoted by log, y and is defined as 


log, y=x if and only if be =y, 


The expression log, y is read as “log base b of y.” 


This definition tells you that the equations log, y = x and b* = y are equivalent. The 
first is in logarithmic form, and the second is in exponential form. 


EXAMPLE 1 Rewriting Logarithmic Equations 


Rewrite each equation in exponential form. 


a. log, 16 = 4 b. log, 1 =0 c. log), 12=1 d. logi44 = —- 
SOLUTION 
Logarithmic Form Exponential Form 
a. log, 16 = 4 24 = 16 
b. log, 1 = 0 49 = | 
c. log), 12 = 1 12! = 12 
d. logy, 4 = —1 ieee 


B/N" io8aea Rewriting Exponential Equations 


Rewrite each equation in logarithmic form. 


a, 0° =e bwi0 = 01 c, 82 =4 d. 6-3 =5- 
SOLUTION 
Exponential Form Logarithmic Form 

A Sere 5 log, 25 = 2 
b. 107! = 0.1 log,) 0.1 = -1 
ec. 83=4 log, 4 = S 

Pe La 
d. 6 7 loeaae > 
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€. 998354255 
e*(-1.204) 


2999918414 


Parts (b) and (c) of Example 1 illustrate two special logarithm values that you should 
learn to recognize. Let b be a positive real number such that b # 1. 


Logarithm of 1 Logarithm of b with Base b 
log, 1 = 0 because b® = 1. log, b = 1 because b! = b. 


Des iteaems Evaluating Logarithmic Expressions 


Evaluate each logarithm. 


a. log, 64 b. log, 0.2 c. log,/; 125 d. logy, 6 
SOLUTION 

To help you find the value of log, y, ask yourself what power of b gives you y. 

a. What power of 4 gives you 64? 43 = 64, so log, 64 = 3. 

b. What power of 5 gives you 0.2? 5~! = 0.2, so log; 0.2 = —1. 

c. What power of 2 gives you 125? ee = 125, so log,,5 125 = —3. 
d. What power of 36 gives you 6? 361? = 6, so logy, 6 = *. 


A SS is a logarithm with base 10. It is denoted by log,,) or simply by 


log. A naturs arithm is a logarithm with base e. It can be denoted by log, but is 
usually denoted ey In. 
Common Logarithm Natural Logarithm 


logi9 x = log x log, x = Inx 


Evaluating Common and Natural Logarithms 


Evaluate (a) log 8 and (b) In 0.3 using a calculator. Round your answer to 
three decimal places. 


SOLUTION 

Most calculators have keys for evaluating common Log(8) 

and natural logarithms. - 903089987 
brni(<(0). 34, 

a. log 8 ~ 0.903 -1.203972804 


b. In 0.3 = —1.204 


Check your answers by rewriting each logarithm 
in exponential form and evaluating. 


Monitoring Progress @) Help in English and Spanish at BigideasMath.com 
Rewrite the equation in exponential form. 

1. log, 81 =4 2. log, 7 = 1 3. log;,1 =0 4. log), 32 = —5 
Rewrite the equation in logarithmic form. 


5. 77 = 49 6. 50° = 1 7.4-1= 8. 256'% = 2 


1 
4 
Evaluate the logarithm. If necessary, use a calculator and round your answer to 
three decimal places. 


9. log, 32 10. log,, 3 11. log 12 12 lnOUlS 
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Using Inverse Properties 


By the definition of a logarithm, it follows that the logarithmic function g(x) = log, x 
is the inverse of the exponential function f(x) = b*. This means that 


g( f(x) =log,b* =x and —f(g(x)) = blest = x, 


In other words, exponential functions and logarithmic functions “undo” each other. 


EXAMPLE 5 | Using Inverse Properties 


Simplify (a) 10'°84 and (b) logs 25*. 


SOLUTION 

a. 10e4 = 4 plosex = x 

b. logs 25* = log.(5?)* Express 25 as a power with base 5. 
= log, 5** Power of a Power Property 
= 2x log, bX = x 


EXAMPLE 6 | Finding Inverse Functions 


Find the inverse of each function. 


a. f(x) = 6* b. y = In(x + 3) 
SOLUTION 
a. From the definition of logarithm, the inverse of f(x) = 6% is g(x) = loge x. 
b. y = In@ + 3) Write original function. | 
x = In(y + 3) Switch x and y. 
ex=yt3 Write in exponential form. 
er—3=y Subtract 3 from each side. 


> The inverse of y = In(x + 3) is y = e* — 3. 


Monitoring Progress )) Help in English and Spanish at BigideasMath.com 
Simplify the expression. 

13. 8!o8e x 14. log, 7~3* 15. log, 64* 16.en 2 

17, Find the inverse of y = 4*. 18. Find the inverse of y = In(x — 5). 


312 Chapter 6 Exponential and Logarithmic Functions 


Graphing Logarithmic Functions 


You can use the inverse relationship between exponential and logarithmic functions to 
graph logarithmic functions. 


G Core Concept 


Parent Graphs for Logarithmic Functions 


The graph of f(x) = log, x is shown below for b > 1 and for 0 < b < 1. Because 
F(x) = log, x and g(x) = b* are inverse functions, the graph of f(x) = log, x is the 
reflection of the graph of g(x) = b* in the line y = x. 


Graph of f(x) = log, x for b > 1 Graph of f(x) = log, x for 0 <b <1 


Note that the y-axis is a vertical asymptote of the graph of f(x) = log, x. The 
domain of f(x) = log, x is x > 0, and the range is all real numbers. 


“EXAMPLE ? Graphing a Logarithmic Function 


Graph f(x) = log; x. 
SOLUTION 


Step 1 Find the inverse of f. From the definition of logarithm, the inverse of 
f(x) = log; x is g(x) = 3*. 


Step 2 Make a table of values for g(x) = 3%. 


Ec. 2 01 Zz 


ii aE 9 


Step 3 Plot the points from the table and 
connect them with a smooth curve. 


Step 4 Because f(x) = log, x and g(x) = 3* 
are inverse functions, the graph of f 
is obtained by reflecting the graph of 
g in the line y = x. To do this, reverse | 
the coordinates of the points on g 
and plot these new points on the 
graph of f. 


Monitoring Progress ) Help in English and Spanish at BigideasMath.com 


Graph the function. 


19. y = log, x 20. f(x) = log, x 21. y = log,.x 
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al 
6.3 Exercises Dynamic Solutions avaiinbte at BigiteasMati.com 


Vocabulary and Core Concept Check 
1. COMPLETE THE SENTENCE A logarithm with base 10 is called a(n) logarithm. 


2. COMPLETE THE SENTENCE The expression log, 9 is read as _ 


3. WRITING Describe the relationship between y = 7* and y = log; x. 


4. DIFFERENT WORDS, SAME QUESTION Which is different? Find “both” answers. 


What power of 4 gives you 16? | What is log base 4 of 16? 
Evaluate 42. | Evaluate log, 16. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 5—10, rewrite the equation in exponential In Exercises 27-32, evaluate the logarithm using a 
form. (See Example 1.) calculator. Round your answer to three decimal places. 
See E. le 4. 
5. log,9 =2 6. log,4=1 (ee aan) 
27. log 6 28. In 12 
7. log, 1 =0 8. log, 343 = 3 ; ‘ 
| 29. In; 30. log 5 
9. log), 16 = —4 10. log,~==—1] 
ih =a 31. 31n0.5 32. log 0.6 + 1 


In Exercises 11-16, rewrite the equation in logarithmic 


form. (SeRaaeneN A.) 33. MODELING WITH MATHEMATICS Skydivers use an 


instrument called an altimeter to track their altitude 


11. 6 = 36 12. 120 as they fall. The altimeter determines altitude by 
measuring air pressure. The altitude / (in meters) 
13. 16°'= 7 14. 5-2= 1. above sea level is related to the air pressure P 
(in pascals) by the function shown in the diagram. 
15. 5125295 16. 4912 =7 What is the altitude above sea level when the air 


pressure is 57,000 pascals? 
In Exercises 17-24, evaluate the logarithm. 
(See Example 3.) 


17. log, 81 18. log, 49 : ' P 
h = —8005 In 101,300 
19. log, 3 20. log), | | 
21. logs a: 22. logs 5 
23. log, 0.25 24. log) 0.001 Not drawn to scale 
25. NUMBER SENSE Order the logarithms from least 34. MODELING WITH MATHEMATICS The pH value 
value to greatest value. for a substance measures how acidic or alkaline the 
substance is. It is given by the formula pH = —log[H*], 
logs 23 | log, 38 | log, 8 | log, 10 | where H* is the hydrogen ion concentration (in moles 


per liter). Find the pH of each substance. 


26. WRITING Explain why the expressions log,(— 1) and 


a. baking soda: [H*] = 1078 moles per liter 
log, 1 are not defined. 


b. vinegar: [H*] = 1073 moles per liter 
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In Exercises 35-40, simplify the expression. 
(See Example 5.) 


35. 7087+ 36, 3!083 5x 
37. eln4 38. 10/815 
39. log, 3% 40. Ine*! 


41. ERROR ANALYSIS Describe and correct the error in 
rewriting 4~3 = <, in logarithmic form. 


x log, (-3) = 


42. ERROR ANALYSIS Describe and correct the error in 
simplifying the expression log, 64". 


= 1og,(4? +4") 
= log, 42 ** 


=2+x 


In Exercises 43-52, find the inverse of the function. 
(See Example 6.) 


43. y= 0.3" 44. y=1l 

45. y=log,x 46. y= log,/5x 
47. y = In(x — 1) 48. y=I1n2x 

49. y=e* 50. y=er 

Simey — 5* — 9 52. y= 13+ logx 


53. PROBLEM SOLVING The wind speed s (in miles per 
hour) near the center of a tornado can be modeled by 
s = 93 log d + 65, where d is the distance (in miles) 
that the tornado travels. 


a. In 1925, a tornado 
traveled 220 miles 
through three states. 
Estimate the wind 
speed near the center 
of the tornado. 


b. Find the inverse of 
the given function. 
Describe what 
the inverse represents. 


Section 6.3 


54. MODELING WITH MATHEMATICS The energy 
magnitude M of an earthquake can be modeled by 
= = log E — 9.9, where E is the amount of energy 
released (in ergs). 


Honshu 


Pacific 
tectonic 


plate s Eurasian 


tectonic plate 
fault line 


a. In 2011, a powerful earthquake in Japan, caused 
by the slippage of two tectonic plates along a fault, 
released 2.24 X 1078 ergs. What was the energy 
magnitude of the earthquake? 


b. Find the inverse of the given function. Describe 
what the inverse represents. 


In Exercises 55-60, graph the function. (See Example 7.) 


55. y = log,x 56. y = log. x 
57. y = logi,x 58. y = logij4x 
59; y=log,x%— 1 60. y = log3(x + 2) 


USING TOOLS In Exercises 61-64, use a graphing 
calculator to graph the function. Determine the domain, 
range, and asymptote of the function. 


61. y = log(x + 2) 62. y= —Inx 


63. y = In(—x) 64. y=3 — logx 

65. MAKING AN ARGUMENT Your friend states that every 
logarithmic function will pass through the point (1, 0). 
Is your friend correct? Explain your reasoning. 


66. ANALYZING RELATIONSHIPS Rank the functions 
in order from the least average rate of change to the 
greatest average rate of change over the interval 
(Secs LO! 


a. y = log,x b. y = logs), x 
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67. PROBLEM SOLVING Biologists have found that 69. PROBLEM SOLVING A study in Florida found that 


68. HOW DO YOU SEE IT? The figure shows the graphs 


the length # (in inches) of an alligator and its the number s of fish species in a pool or lake can be 
weight w (in pounds) are related by the function modeled by the function 


@= 27.1 Inw — 32.8. s = 30.6 — 20.5 log A + 3.8(log Ay 


where A is the area (in square meters) of the pool 


or lake. 
2 engi... coma 
{ 
| | 
| | 
a. Use a graphing calculator to graph the function. —_ a 
b. Use your graph to estimate the weight of an a. Use a graphing calculator to graph the function on 
alligator that is 10 feet long. the domain 200 < A < 35,000. 
c. Use the zero feature to find the x-intercept of the b. Use your graph to estimate the number of species 
graph of the function. Does this x-value make in a lake with an area of 30,000 square meters. 


sense in the context of the situation? Explain. 
c. Use your graph to estimate the area of a lake that 


contains six species of fish. 


d. Describe what happens to the number of fish 
species as the area of a pool or lake increases. 
Explain why your answer makes sense. 


of the two functions f and g. 


70. THOUGHT PROVOKING Write a logarithmic function 
that has an output of —4. Then sketch the graph of 
your function. 


71. CRITICAL THINKING Evaluate each logarithm. (Hint: 
For each logarithm log, x, rewrite b and x as powers 


a. Compare the end behavior of the logarithmic 
of the same base.) 


function g to that of the exponential function f. 


b. Determine whether the functions are inverse a. logins 25 b. logs 32 
functions. Explain. f c. logs; 81 d. log, 128 


c. What is the base of each function? Explain. 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Let f(x) = \/x. Write a rule for g that represents the indicated transformation of the graph of f. 
(Section 5.3) 


72. g(x) = —f(x) 73. g(x) =f (4x) 
74. g(x) =f(-x) + 3 45. gay =fG@ + 2) 


Identify the function family to which f belongs. Compare the graph of f to the graph of its parent 
function. (Section /./) 
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Transformations of Exponential 


and Logarithmic Functions 


REASONING 
QUANTITATIVELY 


To be proficient in math, 
you need to make sense 
of quantities and their 
relationships in problem 
situations. 


Essential Question How can you transform the graphs of 


exponential and logarithmic functions? 


EXPLORATION 1 Identifying Transformations 


Work with a partner. Each graph shown is a transformation of the parent function 
f(x) = e* or f(x) = Inx. 


Match each function with its graph. Explain your reasoning. Then describe the 
transformation of f represented by g. 


a. g(x) = er t2-3 b. g(x) = —e*t24+ 1 c. g(x) =et-2-1 
d. g(x) = In(x + 2) e. g(x) =2+Inx f. g(x) = 2+ In(—x) 
A. 


SSiee vice eR Characteristics of Graphs 


Work with a partner. Determine the domain, range, and asymptote of each function 
in Exploration 1. Justify your answers. 


Communicate Your Answer 


3. How can you transform the graphs of exponential and logarithmic functions? 


4. Find the inverse of each function in Exploration |. Then check your answer by 
using a graphing calculator to graph each function and its inverse in the same 
viewing window. 
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6.4 Lesson What You Will Learn 


> Transform graphs of exponential functions. 


~ Transform graphs of logarithmic functions. 


Core Vocabulary . > Write transformations of graphs of exponential and logarithmic 


Previous functions. 
exponential function 
logarithmic function Transforming Graphs of Exponential Functions 


transformations pee ‘kee 
You can transform graphs of exponential and logarithmic functions in the same 


way you transformed graphs of functions in previous chapters. Examples of 
transformations of the graph of f(x) = 4° are shown below. 


G) Core Concept 


____ Transformation f(x) Notation Examples 
Horizontal Translation : g(x) = 47-3 3 units right 
Graph shifts left or right. ee ey) 2 units left 
Vertical Translation g(x) = 4 +5 5 units up 
: F(X) ake : 
Graph shifts up or down. g(x) = 4-1 1 unit down 
Reflection ees) oO) in the y-axis 
Graph flips over x- or y-axis. —f(x) g(x) = -# in the x-axis 
Horizontal Stretch or Shrink e(x) = 42 shrink by a 
Graph stretches away from factor of ; 
or shrinks toward y-axis. fax) g(x) = 4% seetch beet | 
factor of 2 
Vertical Stretch or Shrink g(x) = 3(4) stretch by a 
Graph stretches away from factor of 3 
or shrinks toward x-axis. a + f(x) g(x) = +(4*) shrink by a 
factor of F 


27 "28a Translating an Exponential Function 


x x 
Describe the transformation of f(x) = (4) represented by g(x) = (4) 4. 


2 
Then graph each function. 


SOLUTION 
Notice that the function is of the form g(x) = (4) = 
STUDY TIP Rewrite the function to identify k. 
Notice in the graph that i\" 
the vertical translation g(x) = ie + (-—4) 
also shifted the asymptote 
4 units down, so the range k 


of gisy > —4. 


> Because k = —4, the graph of g 
is a translation 4 units down of 
the graph of f. 
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STUDY TIP 


Notice in the graph that 
the vertical translation 
also shifted the asymptote 
2 units up, so the range 

of gisy > 2. 


LOOKING FOR 
STRUCTURE 


In Example 3(a), the 
horizontal shrink follows 
the translation. In the 
function h(x) = 33-5), the 
translation 5 units right 
follows the horizontal 
shrink by a factor of i. 


EXAMPLE 2 Translating a Natural Base Exponential Function 


Describe the transformation of f(x) = e* represented by g(x) = e** 3 + 2. Then graph 
each function. 


SOLUTION 


Notice that the function is of the form 
g(x) = e*~* + k. Rewrite the function to 
identify h and k. 


g(x) = es -C) +2 


h ek 


P Because h = —3 and k = 2, the graph 
of g is a translation 3 units left and 
2 units up of the graph of f. 


Transforming Exponential Functions 


Describe the transformation of f represented by g. Then graph each function. 


aC Be) ae ae b. f(x) = e%, g(x) = —ie™ 
SOLUTION 
a. Notice that the function is of the b. Notice that the function is of the 
form g(x) = 3% *, where a = 3 form g(x) = ae~*, where a = — = 
and h = 5. 
So, the graph of g is a translation P So, the graph of g is a reflection 
5 units right, followed by a in the x-axis and a vertical 
horizontal shrink by a factor of i shrink by a factor of : of the 
of the graph of f. graph of f. 
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Describe the transformation of f represented by g. Then graph each function. 


1. J a oe 2(x) = 3) ae | 
2. f(x) =e, 2(x) =o 8 = 5 
3. fay 04", a(x) = 0.4 > 


Ania e ex) = —e*~® 
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STUDY TIP 


in Example 4(b), notice 
inthe graph that the 
horizontal translation also 
shifted the asymptote 

4 units left, so the domain 


of gisx > —4. 


320 Chapter 6 


Transforming Graphs of Logarithmic Functions 


Examples of transformations of the graph of f(x) = log x are shown below. 


G Core Concept 


Transformation f(x) Notation Examples 
Horizontal Translation ; g(x) = log(x — 4) 4 units right 
Graph shifts left or right. tee g(x) = log(x + 7) 7 units left 
Vertical Translation g(x) = logx + 3 3 units up 

: WAX) Ke = ; 

Graph shifts up or down. g(x) = logx — 1 1 unit down 
Reflection bias) g(x) = log(—x) in the y-axis 
Graph flips over x- or y-axis. — f(x) g(x) = —logx in the x-axis 
Horizontal Stretch or Shrink (x) = log(4x) shrink by a 
Graph stretches away from factor of; 
or shrinks toward y-axis. flax) 


Vertical Stretch or Shrink 


Graph stretches away from 
or shrinks toward x-axis. 


g(x) = log(+x) 


stretch by a 
factor of 3 


g(x) = 5 log x 


ou g(x) = = log a 


stretch by a 
factor of 5 


shrink by a 
factor of - 


Describe the transformation of f represented by g. Then graph each function. 


a. f(x) = log x, g(x) = log(—4x) 


SOLUTION 


b. f(x) = log, x, g(x) = 2 lo 


a. Notice that the function is of the form g(x) = log(ax), 


where a = — a 


So, the graph of g is a reflection in the y-axis 
and a horizontal stretch by a factor of 2 of 


the graph of f. 


b. Notice that the function is of the form 
g(x) = a log).(x — h), where a = 2 and 


h= —4, 


> So, the graph of g is a horizontal translation 
4 units left and a vertical stretch by a factor 


of 2 of the graph of f- 


Exponential and Logarithmic Functions 


Bina + 4) 
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Describe the transformation of f represented by g. Then graph each function. 


5. f(x) = log, x, g(x) = —3 log, x 6. f(x) = logy x, g(x) = log,4(4x) — 5 


Writing Transformations of Graphs of Functions 


Writing a Transformed Exponential Function 


Let the graph of g be a reflection in the x-axis followed by a translation 4 units right of 
the graph of f(x) = 2*. Write a rule for g. 


SOLUTION 
Step 1 First write a function / that represents the reflection of f. 
h(x) = —f(x) Multiply the output by —1. 
= —2F Substitute 2* for f(x). 


Step 2 Then write a function g that represents the translation of h. 
g(x) = h(x — 4) Subtract 4 from the input. 


= —9x-4 Replace x with x — 4 in h(x). 


The transformed function is g(x) = —2*~ 4. 


Writing a Transformed Logarithmic Function 


Let the graph of g be a translation 2 units up followed by a vertical stretch by a factor 
of 2 of the graph of f(x) = log,,, x. Write a rule for g. 


SOLUTION 
Step 1 First write a function / that represents the translation of f. 
h(x) = f(x) + 2 Add 2 to the output. 
=logiaxt 2 Substitute log,,3 x for f(x). 


Step 2 Then write a function g that represents the vertical stretch of h. 


g(x) = 2 « h(x) , Multiply the output by 2. 
= 2 » (log) x + 2) Substitute log,,3 x + 2 for A(x). 
= 2 log;,x4+4 Distributive Property 


> The transformed function is g(x) = 2 log,,,x + 4. 


Monitoring Progress @) Heip in English and Spanish at BigideasMath.com 


7. Let the graph of g be a horizontal stretch by a factor of 3, followed by a 
translation 2 units up of the graph of f(x) = e~*. Write a rule for g. 


8. Let the graph of g be a reflection in the y-axis, followed by a translation 4 units to 
the left of the graph of f(x) = log x. Write a rule for g. 
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a 
6.4 Exercises Dynamic Solutions ayallabw at BigideasMath.con 


Vocabulary and Core Concept Check 


1. WRITING Given the function f(x) = ab*~" + k, describe the effects of a, h, and k on the graph 
of the function. 


2. COMPLETE THE SENTENCE The graph of g(x) = log,(—x) is a reflection in the of the 
graph of f(x) = log, x. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-6, match the function with its graph. 14. fx) =e, g(x) =e*-9 
Explain your reasoning. 
i aes 
3. bie) = 9xt+2_9 4. g(x) = Qvt2i49 15. Ft) = (4) P g(x) = (1) ap I? 
5. A(x) = 27-2-—2 6. k(x) = 2*-242 1\" yet? 9 
16. f(x) = 4 ee (2) oe 3 


A. B. 


In Exercises 17-24, describe the transformation 
of f represented by g. Then graph each function. 
(See Example 3.) 


17. f(x) = e%, g(x) = e* 
18. f(x) = e*, g(x) = xe 
19. f(x) = 2*, g(x) = —2*-3 
20. f(x) = +, g(x) = 40°" 
21. f(x) = e-*, g(x) = 3e7® 


22. f(x) = em, o(x) =e * +2 


| ee 1\+5 
23. 70)= ("Yeo =o? 2 
In Exercises 7~16, describe the transformation He) 2 be 2 
of f represented by g. Then graph each function. : H 
(See Examples 1 and 2.) = (3) aa (3) - 
24. f(x) 4} g(x) ri ao 
7 f~M=3, eX) =34+5 
: ERROR ANALYSIS In Exercises 25 and 26, describe and 
Sf) =, ga) = 4" —8 correct the error in graphing the function. 


9. f(x) = e*, g(x) =e*- 1 25. f(x) =2* +3 
10. f(x) = e*, e(x) =e* +4 xX 
hs a) = 25 eG) = 2 


12. f(x) = 5%, g(x) = 5*t! 


13. f(x) =e, ex) =e* +6 
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26. f(x) = 3-* 


In Exercises 27-30, describe the transformation 
of f represented by g. Then graph each function. 
(See Example 4.) 


27. f(x) = log, x, g(x) = 3 log,x —5 

28. f(x) = log); x, g(x) = log,,(—x) + 6 
29. f(x) = logy, x, g(x) = — log,).(x — 7) 
30. f(x) = log, x, g(x) = log,(x + 2) — 3 


ANALYZING RELATIONSHIPS In Exercises 31-34, match 
the function with the correct transformation of the 
graph of f. Explain your reasoning. 


ug 


at 


31. y= f(x — 2) 32. y=f(x + 2) 


33. y = 2f(x) 34. y = f(2x) 
A: y B. y 
x x 
Cc y D y 
és x 
Section 6.4 


Transformations of Exponential and Logarithmic Functions 


In Exercises 35-38, write a rule for g that represents 
the indicated transformations of the graph of f. 
(See Example 5.) 


35. f(x) = 5%; translation 2 units down, followed by a 
reflection in the y-axis 


36. f(xy) = ic ie reflection in the x-axis, followed by a 
vertical stretch by a factor of 6 and a translation 
4 units left 


37. f(x) = e*; horizontal shrink by a factor of +, followed 
by a translation 5 units up 


38. f(x) = e*; translation 4 units right and | unit down, 
followed by a vertical shrink by a factor of : 


In Exercises 39-42, write a rule for g that represents 
the indicated transformation of the graph of f. 
(See Example 6.) 


39. f(x) = log, x; vertical stretch by a factor of 6, 
followed by a translation 5 units down 


40. f(x) = log, x; reflection in the x-axis, followed by a 
translation 9 units left 


41. f(x) = log, x; translation 3 units left and 2 units up, 
followed by a reflection in the y-axis 


42. f(x) = Inx; translation 3 units right and | unit up, 
followed by a horizontal stretch by a factor of 8 


JUSTIFYING STEPS In Exercises 43 and 44, justify each 
step in writing a rule for g that represents the indicated 
transformations of the graph of f. 


43. f(x) = log, x; reflection in the x-axis, followed by a 
translation 6 units down 


h(x) = —f(x) aa... 
= —log,x ej" 

g(x) = h(x) — 6 Orr 
= —log,x —6 a | 


44. f(x) = 8; vertical stretch by a factor of 4, followed by 
a translation | unit up and 3 units left 
h(x) = + + f(x) 
= 4 « 8 
g(x) = hee 3) 
=4-  Brt3+1 


| 
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USING STRUCTURE In Exercises 45—48, describe the 51. 


transformation of the graph of f represented by the 
graph of g. Then give an equation of the asymptote. 


45. f(x) = e*%, g(x) =e* +4 


52: 


46. fix) =3*, 20) = 3? 


47. f(x) = Inx, g(x) = In@ + 6) 


48. f(x) = logys x, g(x) = logysx + 13 33. 


49. MODELING WITH MATHEMATICS The slope S 
of a beach is related to the average diameter d 
(in millimeters) of the sand particles on the beach by 
the equation S = 0.159 + 0.118 log d. Describe the 
transformation of f(d) = log d represented by S. Then 
use the function to determine the slope of a beach for 
each sand type below. 


Sand particle. Diameter (mm), d | 


fine sand OSS) 


a beat 


J 
ace 
ea 


=_——_ 


very coarse sand 


50. HOW DO YOU SEE IT? 
The graphs of f(x) = b* 


and g(x) = (1 are 


shown for b = 2. 


a. Use the graph to describe a transformation of the 
graph of f that results in the graph of g. 


b. Does your answer in part (a) change when 
0 < b < 1? Explain. 


56. 


Perform the indicated operation. (Section 5.5) 


0.25 | 54. 


55. 


Mainta in ing Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


57. Let f(x) = x* and g(x) = x*. Find ( fg)(x). Then evaluate the product when x = 3. 
58. Let f(x) = 4x and g(x) = 2x3. Find (Elon, Then evaluate the quotient when x = 5. 


59. Let f(x) = 6x3 and g(x) = 8x°. Find (f + g)(x). Then evaluate the sum when x = 2. 
60. Let f(x) = 2x? and g(x) = 3x’. Find ( f — g)(x). Then evaluate the difference when x = 6. 


MAKING AN ARGUMENT Your friend claims a single 
transformation of f(x) = log.x can result in a function 
g whose graph never intersects the graph of f. Is your 
friend correct? Explain your reasoning. 


THOUGHT PROVOKING Is it possible to transform the 
graph of f(x) = e? to obtain the graph of g(x) = In x? 
Explain your reasoning. 


ABSTRACT REASONING Determine whether each 
statement is always, sometimes, or never true. Explain 
your reasoning. 


a. A vertical translation of the graph of f(x) = log x 
changes the equation of the asymptote. 


b. A vertical translation of the graph of f(x) = e* 
changes the equation of the asymptote. 


c. A horizontal shrink of the graph of f(x) = log x 
does not change the domain. 


d. The graph of g(x) = ab*~ " + k does not intersect 
the x-axis. 


PROBLEM SOLVING The amount P (in grams) of 
100 grams of plutonium-239 that remains after ¢ years 
can be modeled by P = 100(0.99997)'. 


a. Describe the domain and range of the function. 


b. How much plutonium-239 is present after 
12,000 years? 


c. Describe the transfornfation of the function if the 
initial amount of plutonium were 550 grams. 


d. Does the transformation in part (c) affect the domain 
and range of the function? Explain your reasoning. 


CRITICAL THINKING Consider the graph of the 
function h(x) = e~*~ 2. Describe the transformation 
of the graph of f(x) = e-* represented by the graph 
of h. Then describe the transformation of the graph 
of g(x) = e* represented by the graph of h. Justify 
your answers. 


OPEN-ENDED Write a function of the form 
y = ab*~* + k whose graph has a y-intercept of 5 
and an asymptote of y = 2. 
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Core Vocabulary 


exponential function, p. 296 
exponential growth function, p. 296 
growth factor, p. 296 

asymptote, p. 296 

exponential decay function, p. 296 


Core Concepts 


Section 6.1 


Parent Function for Exponential Growth 
Functions, p. 296 

Parent Function for Exponential Decay 
Functions, p. 296 


Section 6.2 


The Natural Base e, p. 304 i 
Natural Base Functions, p. 305 


Section 6.3 
Definition of Logarithm with Base b, p. 310 


Section 6.4 
Transforming Graphs of Exponential Functions, p. 3/8 


Mathematical Practices 


6.1-6.4 What Did You Learn? 


decay factor, p. 296 

natural base e, p. 304 

logarithm of y with base b, p. 310 
common logarithm, p. 3/1 
natural logarithm, p. 31/ 


Exponential Growth and Decay Models, p. 297 
Compound Interest, p. 299 


Continuously Compounded Interest, p. 306 


Parent Graphs for Logarithmic Functions, p. 3/3 


Transforming Graphs of Logarithmic Functions, p. 320 


1. How did you check to make sure your answer was reasonable in Exercise 23 on page 300? 


2. How can you justify your conclusions in Exercises 23—26 on page 307? 


3. How did you monitor and evaluate your progress in Exercise 66 on page 315? 


pocccccttc Study Skills 


y 


Study Group 


e Select students who are just as dedicated to doing well in 
the math class as you are. 


e Find a regular meeting place that has minimal distractions. 


¢ Compare schedules and plan at least one time a week to 
meet, allowing at least 1.5 hours for study time. 


— eee 
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6.1-6.4 Quiz 


Tell whether the function represents exponential growth or exponential decay. Explain 
your reasoning. (Sections 6.1 and 6.2) 


1. f(x) = (4.25 2. y= (2) 3. y = e0-6 A. f(x) = 5e > 


Simplify the expression. (Sections 6.2 and 6.3) 
15e? 


5. e& -e 7. (Se) 
3e 
8. 2? 9. log, 4% 10. log, 81~* 
Rewrite the expression in exponential or logarithmic form. (Section 6.3) 
11. log, 1024 = 5 12. logi,27 = —3 13. 7+ = 2401 14. 4-2 = 0.0625 


Evaluate the logarithm. If necessary, use a calculator and round your answer to three 
decimal places. (Section 6.3) 


15. log 45 16. In 1.4 17. log, 32 
Graph the function and its inverse. (Section 6.3) 


18. f(x) = a 19. y=Ing—7) 20. f(x) = log.(x + 1) 


The graph of g is a transformation of the graph of f. Write a rule for g. (Section 6.4) 
21. f(x) = log; x 22. f(x) = 3* 23. f(x) = logypx 


24. You purchase an antique lamp for $150. The value of the lamp increases by 2.15% each 
year. Write an exponential model that gives the value y (in dollars) of the lamp t years 
after you purchased it. (Section 6.1) 


25. A local bank advertises two certificate of deposit (CD) accounts that you 
Can use to save money and earn interest. The interest is compounded a 


monthly for both accounts. (Section 6.1) 
4 Sienne Ly 


36/mo CD ¢ $1500 oe Balance i 
Yelnytown 


: Community Bank 


a. You deposit the minimum required amounts in each CD account. 
How much money is in each account at the end of its term? How 
much interest does each account earn? Justify your answers. 


b. Describe the benefits and drawbacks of each account. 


26. The Richter scale is used for measuring the magnitude of an earthquake. 
The Richter magnitude R is given by R = 0.67 In E + 1.17, where E 
is the energy (in kilowatt-hours) released by the earthquake. Graph the 
model. What is the Richter magnitude for an earthquake that releases 
23,000 kilowatt-hours of energy? (Section 6.4) 


60/mo CD « AO, Minimum Balance rc 
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Properties of Logarithms 


CONSTRUCTING 
VIABLE ARGUMENTS 


To be proficient in math, 
you need to understand 
and use stated 
assumptions, definitions, 
and previously 
established results. 


Essential Question How can you use properties of exponents to 


derive properties of logarithms? 
Let 
x = log, m and y — log, Nn. 
The corresponding exponential forms of these two equations are 


bi =m and by =n. 


"EXPLORATION 1 Magritte’ Property of Logarithms 


Work with a partner. To derive the Product Property, multiply m and n to obtain 
mn = b*bY = b*t, 

The corresponding logarithmic form of mn = b** is log, mn = x + y. So, 
log, mn = —— . Product Property of Logarithms 


“EXPLORATION 2 


Quotient Property of Logarithms 


Work with a partner. To derive the Quotient Property, divide m by n to obtain 


The corresponding logarithmic form of = = D*~ Yis log, ~ =x-— y. So, 
1 


log, - =| E Quotient Property of Logarithms 


EXPLORATION 3 


Power Property of Logarithms 


Work with a partner. To derive the Power Property, substitute b* for m in the 
expression log, m”, as follows. 


log, m" = log,(b*)" Substitute b* for m. 
= log, b™ Power of a Power Property of Exponents 
St Inverse Property of Logarithms 


So, substituting log, m for x, you have 


log, m" = . Power Property of Logarithms 


Communicate Your Anewer 


4. How can you use properties of exponents to derive properties of logarithms? 


5. Use the properties of logarithms that you derived in Explorations 1—3 to evaluate 
each logarithmic expression. 


a. log, 16° be loz, 81° 
Corin eaceaine- eee ne? — Ine? 
e. log, 75 — log, 3 f. log, 2 + log, 32 
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6.5 Lesson 


Gore Vocabulary... 


_ Previous 
| base 
properties of exponents 


\ nescence 


What You Will Learn 


Use the properties of logarithms to evaluate logarithms. 


» Use the properties of logarithms to expand or condense logarithmic 
expressions. 


p> Use the change-of-base formula to evaluate logarithms. 


Properties of Logarithms 

You know that the logarithmic function with base b is the inverse function of the 
exponential function with base b. Because of this relationship, it makes sense that 
logarithms have properties similar to properties of exponents. 


© Core Concept 


STUDY TIP 


These three properties of 
logarithms correspond to 
these three properties of 
exponents. 


qaiMgn — qm + n 


COMMON 
ERROR 


Note that in general 


Properties of Logarithms 


Let b, m, and n be positive real numbers with b # 1. 


Product Property log, mn = log, m + log, n 
Quotient Property log, ae log, m — log, n 
n 


Power Property log, m” = nlog,m 


=e." i0seus Using Properties of Logarithms 


Use log, 3 ~ 1.585 and log, 7 ~ 2.807 to evaluate each logarithm. 


a. log, > b. log, 21 c. log, 49 
SOLUTION 
a. log, = = log, 3 — log, 7 Quotient Property 
= seo — 2.607 Use the given values of log, 3 and log, 7. 
ial 222 Subtract. 


b. log, 21 = log,(3 « 7) Write 21 as 3 + 7. 
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log, mn # (log, m)(log, n). 


= log, 3 + logo7 


Product Property 


= (58a 4 2.807 Use the given values of log, 3 and log, 7. 
= 4.392 Add. 
c. log, 49 = log, 7? Write 49 as 72. 
= 2 log, 7 Power Property 
~= 2(2.807) Use the given value log, 7. 
= 5.614 Multiply. 


Monitoring Progress @) Help in English and Spanish at BigldeasMath.com 
Use log, 5 ~ 0.898 and log, 8 ~ 1.161 to evaluate the logarithm. 


Me log, > 


Exponential and Logarithmic Functions 


2. log, 40 


3. log, 64 A. log, 125 


Rewriting Logarithmic Expressions 
You can use the properties of logarithms to expand and condense logarithmic 


expressions. 
Expanding a Logarithmic Expression 
Expand In = 
STUDY TIP 
When you are expanding SOLUTION 
or condensing an 5x! 
expression involving In a In 5x7 — Iny Quotient Property 
logarithms, you can 
assume that any variables =n tu oy Product Property 
are positive. =In5+7Inx—Iny Power Property 


EXAMPLE 3 Condensing a Logarithmic Expression 


Condense log 9 + 3 log 2 — log 3. 


SOLUTION 
log 9 + 3 log 2 — log 3 = log 9 + log 23 — log 3 Power Property 
= log(9 « 23) — log 3 Product Property 
23 
= log z = Quotient Property 
= log 24 Simplify. 


Monitoring Progress @)) Help in English and Spanish at BigideasMath.com 
Expand the logarithmic expression. 


> 
5. log, 3x4 6. Ins 


Condense the logarithmic expression. 


7. log x — log 9 8... 1n4 b3dp3eslnel 2 


gence 


Change-of-Base Formula 


Logarithms with any base other than 10 or e can be written in terms of common or 
natural logarithms using the change-of-base formula. This allows you to evaluate any 
logarithm using a calculator. 


G) Core Concept 


Change-of-Base Formula 


If a, b, and c are positive real numbers with b # 1 and c # 1, then 


: log a 
In particular, | = 
n particular, log. a aa 
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ANOTHER WAY 


Changing a Base Using Common Logarithms 


Cite Evaluate log, 8 using common logarithms. 


| In Example 4, log; 8 can 

| be evaluated using natural 
| logarithms. 
| 


log; 8 = ns ~ 1,893 


Notice that you get the 
same answer whether you 
use natural logarithms or 
common logarithms in the 
change-of-base formula. 
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SOLUTION 
_ log 8 _ loga 
PIE AE 1.893 Use a calculator. Then divide. 
0.4771 


EXAMPLE 5 


Changing a Base Using Natural Logarithms 


Evaluate log, 24 using natural logarithms. 


SOLUTION 
_ In24 _ Ina 
log, 24 = Te log Inc 
~ a = 1.774 Use a calculator. Then divide. 


“EXAMPLE 6 Solving a Real-Life Problem 


For a sound with intensity / (in watts per square meter), the loudness L(/) of the sound 
(in decibels) is given by the function 


D0) = 10 lop 
Ih 
where J, is the intensity of a barely audible sound (about 107!” watts per square meter). 


An artist in a recording studio turns up the volume of a track so that the intensity of the 
sound doubles. By how many decibels does the loudness increase? 


SOLUTION 
Let / be the original intensity, so that 27 is the doubled intensity. 


increase in loudness = L(2/) — L(/) Write an expression. 


= 10 log ~ - 10 og 4 Substitute. 
fy I 
= 10 [loz ale log :| Distributive Property 
I Io 

ioe if I 
= 10 [log 2 + log — — log | Product Property 

if I 
= 10 log 2 Simplify. 


> The loudness increases by 10 log 2 decibels, or about 3 decibels. 


Monitoring Progress ) Help in English and Spanish at BigldeasMath.com 
Use the change-of-base formula to evaluate the logarithm. 


9. log; 8 10. log, 14 11. logo, 9 12. log), 30 


13. WHAT IF? In Example 6, the artist turns up the volume so that the intensity of the 
sound triples. By how many decibels does the loudness increase? 


Exponential and Logarithmic Functions 


6.5 Exercises 


Dynamic Solutions available al BisideasMath cam 


Vocabulary and Core Concept Check 


1. COMPLETE THE SENTENCE To condense the expression log; 2x + log, y, you need to use the 


Property of Logarithms. 


2. WRITING Describe two ways to evaluate log, 12 using a calculator. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3~8, use log, 4 ~ 0.712 and log, 12 ~ 1.277 
to evaluate the logarithm. (See Example 1.) 


3. log, 3 4. log, 48 
5. log, 16 6. log, 64 
7. logys 8. log, + 


In Exercises 9-12, match the expression with the 
logarithm that has the same value. Justify your answer. 


9. log; 6 — log, 2 A. log; 64 
10. 2log,6 B. log; 3 
11. 6 log, 2 C. log, 12 
12. log, 6 + log; 2 D. log; 36 


In Exercises 13-20, expand the logarithmic expression. 
(See Example 2.) 


13. . log, 4x 14. log, 3x 
15. log 10x° Gs. In 3x0 
6x? 
7a 18. In 
"3y i 
19. log, Svx 20. log; Vey 


ERROR ANALYSIS In Exercises 21 and 22, describe 
and correct the error in expanding the logarithmic 
expression. 


6 logs 5x = (log 5)(logn x) 


Pale 


22. 


x In 8x? = 3In8 + Inx 


In Exercises 23-30, condense the logarithmic 
expression. (See Example 3.) 


25. 10g, 7 — log, 10 24. Inl2—1n4 
25 Olle + In y 26. 2 logx + log I1 
27. log, 4+ ! logs x 

28. 6In2—4Iny 

29. 5In2+7Inx+4Iny 

30. log, 4 + 2 log, + + log, x 


31. REASONING Which of the following is not equivalent 


A 
to log, a Justify your answer. 


C@) 4 log, y — log, 3x 

4 log, y — log, 3 + log, x 
© 4 log, y — log, 3 — log, x 
(D) log; y* — log, 3 — logs x 


32. REASONING Which of the following equations is 
correct? Justify your answer. 


(A) log, x + 2 log, y = log,(x + y’) 
9 
9 log x — 2 log y = log 
y 
©) 5log,x + 7 log, y = log, xy’ 


CD) logy x — 5 logy y = logy ma 
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In Exercises 33-40, use the change-of-base formula to 44. The intensity of the sound of a certain television 
evaluate the logarithm. (See Examples 4 and 5.) advertisement is 10 times greater than the intensity 
of the television program. By how many decibels 


33. log,7 34. logs 13 does the loudness increase? 
35. logy 15 36. log, 22 Intensity of Television Sound 
37. log, 17 38. log, 28 
3 9 
39. log, = 40. log37, 


41. MAKING AN ARGUMENT Your friend claims you can - — —_— EE 
' _ ; During show: During ad: 
use the change-of-base formula to graph y = log, x - oa 
: : Intensity = / Intensity = 10/ 
using a graphing calculator. Is your friend correct? 


ge ne 45. REWRITING A FORMULA Under certain conditions, 


the wind speed s (in knots) at an altitude of h meters 


42. HOW DO YOU SEE IT? Use the graph to determine above a grassy plain can be modeled by the function 
the value of log So { s(h) = 2 In 100A. 
log 2 


a. By what amount does the wind speed increase 
when the altitude doubles? 


b. Show that the given function can be written in 
terms of common logarithms as 


D 
s(h) = — 


log h + 2). 
nee ) 


46. THOUGHT PROVOKING Determine whether the | 
formula 


log,(M + N) = log, M + log, N 


MODELING WITH MATHEMATICS In Exercises 43 and 44, 
use the function L(/) given in Example 6. 


43. The blue whale can produce sound with an intensity 
that is | million times greater than the intensity of the is true for all positive, real values of M, N, and b 
loudest sound a human can make. Find the difference (with b # 1). Justify your answer. 
in the decibel levels of the sounds made by a sia Ae RETR ES 


blue whale and a human. (See Example 6.) 
47. USING STRUCTURE Use the properties of exponents 


to prove the change-of-base formula. (Hint: Let 
x = log, a, y = log, c, and z = log. a.) 


48. CRITICAL THINKING Describe three ways to 
transform the graph of f(x) = log x to obtain the graph 
of g(x) = log 100x — 1. Justify your answers. 


Mainta ining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Solve the inequality by graphing. (Secrion 3.6) 
49. x*-4>0 B02 — 6)- 9 27 
51. x27 + 13x +42 <0 52. —x?—4x+6<s —6 


Solve the equation by graphing the related system of equations. (Section 3.5) 
53. 4x2 —3x-—6= —x7+5x+3 54... ~@ + 3)(4 = 2) ae 
55. 2x27 -4x -5 = -(~+ 3) + 10 56. —(x+7)?+5=(*+ 10) —3 
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Solving Exponential and 


Logarithmic Equations 


Essential Question How can you solve exponential and 


logarithmic equations? 


EXPLORATION 1 


Solving Exponential and Logarithmic Equations 


Work with a partner. Match each equation with the graph of its related system of 
equations. Explain your reasoning. Then use the graph to solve the equation. 


b. Inx=—-1 
d. log, x = 1 
fi. 4° = 
A. B. 
D. E. 
MAKING SENSE SE ESTIEY con: | oe ee 
0 a BLEMS iene) vele@eeem §=Solving Exponential and Logarithmic Equations 
To be proficient in math, Work with a partner. Look back at the equations in Explorations 1(a) and 1(b). Suppose 
you need to plana you want a more accurate way to solve the equations than using a graphical approach. 


solution pathway rather 
than simply jumping into 
a solution attempt. 


a. Show how you could use a numerical approach by creating a table. For instance, 
you might use a spreadsheet to solve the equations. 


b. Show how you could use an analytical approach. For instance, you might try 
solving the equations by using the inverse properties of exponents and logarithms. 


Communicate Your Answer 


3. How can you solve exponential and logarithmic equations? 


4. Solve each equation using any method. Explain your choice of method. 


a. 16° = 2 b. 2% = 4241 
ae d. logx = 5 
e. Inx=2 f. logyx = 5 
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6.6 Lesson What You Will Learn 


Rh Solve exponential equations. 


& Solve logarithmic equations. 


Core Vocabulary... Pm Solve exponential and logarithmic inequalities. 


exponential equations, p. 334 
logarithmic CQuallons, p. 335 Solving Exponential Equations 


Previous 
extraneous solution 
inequality 


————— Core Concept 


Property of Equality for Exponential Equations 


Algebra If 5 is a positive real number other than 1, then b* = Db’ if and only 
if x = y. 


Example If 3* = 3°, then x = 5. If x = 5, then 3* = 3>. 


Exponential equations are equations in which variable expressions occur as 
exponents. The result below is useful for solving certain exponential equations. 


The preceding property is useful for solving an exponential equation when each side 
ot the equation uses the same base (or can be rewritten to use the same base). When 
it is not convenient to write each side of an exponential equation using the same base, 
you can try to solve the equation by taking a logarithm of each side. 


> S\it eae Solving Exponential Equations 


Solve each equation. 


ee (ee 
a. 100" = (1) b. 2% =7 
SOLUTION 
ier eee 
Cheek 4 100° = (5) Write original equation. 
100! a a = | (102)* = (107!)* ~ 3 Rewrite 100 and j as powers with base 10. 
a 2 | " ) | 10% = 10°-* +3 Power of a Power Property 
10 | 2x = -x +3 Property of Equality for Exponential Equations 
100 = 100 / | ce ll Solve for x. 
b. 2=7 Write original equation. 
log, 2* = log, 7 Take log, of each side. 
x = log, 7 log, 6* = x 
x = 2.807 Use a calculator. 
Check 


Enter y = 2* and y = 7 in a graphing 
calculator. Use the intersect feature 
to find the intersection point of the 
graphs, The graphs intersect at about 
(2.807, 7). So, the solution of 2* = 7 


Intersection 
is about 2.807. / X=2.8073549 Y=? 
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An important application of exponential equations is Newton’s Law of Cooling. This 
law states that for a cooling substance with initial temperature 7,, the temperature T 
after ¢ minutes can be modeled by 


T = (Ty — Tye” + Trp 


LOOKING FOR 
STRUCTURE 


Notice that Newton's : : 
Law of Cooling models 27 ianeees Solving a Real-Life Problem 


the temperature of a 
cooling body by adding a You are cooking aleecha, an Ethiopian stew. When you take it off the stove, its 


constant function, Tp, to temperature is 212°F. The room temperature is 70°F, and the cooling rate of the stew is 
a decaying exponential r = 0.046. How long will it take to cool the stew to a serving temperature of 100°F? 


function, (Ty — Tre. 
eo. Tye SOLUTION 
Use Newton’s Law of Cooling with T = 100, T, = 212, Tp = 70, and r = 0.046. 


where 7, is the surrounding temperature and r is the cooling rate of the substance. 


T=, ~ Tye" + Fe Newton's Law of Cooling 
LOO = 3212 Oyen r+ 70 Substitute for T, To, Tp, and r. 
30 = 142¢e7 0.0461 Subtract 70 from each side. 
ODM = e904 Divide each side by 142. 
nO2ii= lve oo Take natural log of each side. 
—1.556 = —0.046t In eX = log, & = 
33.8 =t Divide each side by —0.046. 


P You should wait about 34 minutes before serving the stew. 
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Solve the equation. 


i eee) 2: 77 = 15 S.4en = 7 =e 


4. WHAT IF? In Example 2, how long will it take to cool the stew to 100°F when the 
room temperature is 75°F? 


nai ae lil Equations 


ar quations are equations that involve logarithms of variable expressions. 
Your can use the next property to solve some types of logarithmic equations. 


G Core Concept 


Property of Equality for Logarithmic Equations 


Algebra If b, x, and y are positive real numbers with b # 1, then log, x = log, y 
if and only if x = y. 


Example If log, x = log, 7, then x = 7. If x = 7, then log, x = log, 7. 


The preceding property implies that if you are given an equation x = y, then you can 
exponentiate each side to obtain an equation of the form b* = bY. This technique is 
useful for solving some logarithmic equations. 
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Check 
» 


Solving Logarithmic Equations 


Solve (a) In(4x — 7) = In(&x + 5) and (b) log,(5x — 17) = 3. 


In(4 © 4 —7) = In(4 +5) 


6), 
In(16 — 7) = In9 


SOLUTION 
a. In(4x — 7) = Inte + 5) 
Ae Fi cee) 
3x -—7= 
3x = 12 


oe 2 


Check 
5) 
log,(5 «5 — 17) = 3 
1) 
log,(25 — 17) = 3 


q 
log, 8 = 3 


Because 23 = 8, log, 8 = 3. J | 


Check 


? 
log(2 * 10) + log(10 — 5) = 2 
9 
log 20 + log 5 = 2 


g 
log 100 = 2 


F 
log[2 + (—5)] + log(—5 — 5) = 2 


: ? 
log(—10) + log(—10) = 2 
Because log(— 10) is not defined, 


—5 is not a solution. 
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blopion = 17) = 3 


Jlog,(Sx = iA) = Of 


5x -17=8 
5x = 25 
x=5 


Write original equation. 

Property of Equality for Logarithmic Equations 
Subtract x from each side. 

Add 7 to each side. 

Divide each side by 3. 


Write original equation. 
Exponentiate each side using base 2. 
bios, x = x 

Add 17 to each side. 

Divide each side by 5. 


Because the domain of a logarithmic function generally does not include all real 


numbers, be sure to check for extraneous solutions of logarithmic equations. You can 
do this algebraically or graphically. 


Sev isan Solving a Logarithmic Equation 


Solve log 2x + log(x — 5) = 2. 


SOLUTION 

log 2x + log(x — 5) =2 
log[2x(x — 5)] = 2 

1Qlogl2x(x - 5)] = 40) 

Doe — Sy) = IKO0, 

2x2 — 10x = 100 
2° 10% — 100 — 0 
10 a) 
(x — 10)x + 5) =0 


2=2o- 


x=10 or x=—5 


Write original equation. 

Product Property of Logarithms 
Exponentiate each side using base 10. 
blod,x = x 

Distributive Property 

Write in standard form. 

Divide each side by 2. 

Factor. 


Zero-Product Property 


> The apparent solution x = —5 is extraneous. So, the only solution is x = 10. 
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Solve the equation. Check for extraneous solutions. 


5. In(7x — 4) = In(2x + 11) 
7. log 5x Pileots — 1) 


Exponential and Logarithmic Functions 


6. log.(x — 6) = 5 
8. log,(x + 12) + log, x = 3 


STUDY TIP 


Be sure you understand 
that these properties of 
inequality are only true 
for values of b > 1. 


Solving Exponential and Logarithmic Inequalities 


Exponential inequalities are inequalities in which variable expressions occur as 
exponents, and logarithmic inequalities are inequalities that involve logarithms of 
variable expressions. To solve exponential and logarithmic inequalities algebraically, 
use these properties. Note that the properties are true for < and 2. 


Exponential Property of Inequality: If b is a positive real number greater than 1, 
then b* > b» if and only if x > y, and b* < bY if and only if x < y. 


Logarithmic Property of Inequality: If 5, x, and y are positive real numbers with 
b > 1, then log, x > log, y if and only if x > y, and log, x < log, y if and only if 
em Vi 


You can also solve an inequality by taking a logarithm of each side or by 
exponentiating. 


20a aaems Solving an Exponential Inequality 


Solve 3% < 20. 


SOLUTION 
a <= 20 Write original inequality. 
log; 3* < log, 20 ) Take log; of each side. 
x < log, 20 log, b* = x 


> The solution is x < log, 20. Because log, 20 ~ 2.727, the approximate solution 
ise <a oe 


Solving a Logarithmic Inequality 


Solve log x < 2. 


SOLUTION 
Method 1 Use an algebraic approach. 
logas 2 Write original inequality. 
10!°810* < 10? Exponentiate each side using base 10. 
x <.100 p'0G,* = x 


> Because log x is only defined when x > 0, the solution is 0 < x < 100. 


Method 2 Use a graphical approach. 


Graph y = log x and y = 2 in the same viewing 
window. Use the intersect feature to determine 
that the graphs intersect when x = 100. The graph 
of y = log x is on or below the graph of y = 2 
when 0 < x < 100. 


: : Intersection 
> The solution is 0 < x < 100. X=100 
= 
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Solve the inequality. 


Se 2 102m = o'3 11. logx+9<45 12. 2inx—1>4 
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6.6 Exercises 


Vocabulary and Core Concept Check 


COMPLETE THE SENTENCE The equation 3*~ | = 34 is an example of a(n) 


Dynamic Solutions available at BigildeasMath.com 


equation. 


WRITING Compare the methods for solving exponential and logarithmic equations. 


WRITING When do logarithmic equations have extraneous solutions? 


COMPLETE THE SENTENCE If b is a positive real number other than 1, then b* 


if and only if 


Monitoring Progress and Modeling with Mathematics 


In Exercises 5-16, solve the equation. (See Example I.) 


5: 


15. 


17. 


18. 


338 


Woes So 71 —x 6. et = ex —] 
5x —3 — 25% =5) 8. 62x — 6 — 363% — 3] 
= 7 10. 5*=33 

S 1 ie : ; | ead, 
4gse 4 =) 12. 5125*= =i5 

q 8 

7 = 12 14. 11% = 38 
3e% +9 = 15 16. 2e%*-—7=5 


MODELING WITH MATHEMATICS The length @ (in 
centimeters) of a scalloped hammerhead shark can be 
modeled by the function 


2 = 266 — 219-005 


where t is the age (in years) of the shark. How old is a 
shark that is 175 centimeters long? 


MODELING WITH MATHEMATICS One hundred grams 
of radium are stored in a container. The amount R 

(in grams) of radium present after ¢ years can be 
modeled by R = 100e~°-°43", After how many years 
will only 5 grams of radium be present? 


Chapter 6 


In Exercises 19 and 20, use Newton’s Law of Cooling to 
solve the problem. (See Example 2.) 


19: 


20. 


You are driving on a hot day when your car overheats 
and stops running. The car overheats at 280°F and can 
be driven again at 230°F. When it is 80°F outside, the 
cooling rate of the car is r = 0.0058. How long do 
you have to wait until you can continue driving? 


i 
| 
' 2 


| 


You cook a turkey until the internal temperature 
reaches 180°F. The turkey is placed on the table until 
the internal temperature reaches 100°F and it can 

be carved. When the room temperature is 72°F, the 
cooling rate of the turkey is r = 0.067. How long do 
you have to wait until you can carve the turkey? 


In Exercises 21-32, solve the equation. (See Example 3.) 


21. 


22. 


23. 


Phy 


27. 


29. 


31. 


In(4x — 7) = In + 11) 
In(2x — 4) = In(x + 6) 
log,(3x — 4) = log, 5 24. log(7x + 3) = log 38 
log,(4x + 8) =5 26. log,(2x + 1) =2 
log,(4x + 9) = 2 28. log;(5x + 10) = 4 
log(l2x — 9) = log 3x 30. log,(5x + 9) = log, 6x 


log.(x? =x = 6) =2 “32. log. 9a 


Exponential and Logarithmic Functions 


In Exercises 33-40, solve the equation. Check for 
extraneous solutions. (See Example 4.) 


33. log, x + log,(x — 2) =3 

34. log, 3x + log.(x — 1) =3 

35. Inx+1In@+3)=4 

36. Inx+In(@x — 2) =5 
Siewiac, 3x* + log, 3 = 2 

38. log,(—x) + log,(x + 10) = 2 
Boe log(x — 9) + log,(x — 3) = 2 
40. log,(x + 4) + log.(x + 1) = 2 


ERROR ANALYSIS In Exercises 41 and 42, describe and 
correct the error in solving the equation. 


41. 
x logz(5x — 1) =4 
Blogs(5x—- 1) = 43 
5x— 1=64 
5x= 65 
x=13 
42. 
x log,(x + 12) + log, x=3 
logal(x + 12)(x)] =3 


Aloagl(x+ 12)(x)] = 43 
(x + 12)(x) = 64 
x? + 12x—64=0 
(x + 16)(x-— 4) =O 


x=-16 or x=4 


43. PROBLEM SOLVING You deposit $100 in an account 
that pays 6% annual interest. How long will it take 
for the balance to reach $1000 for each frequency of 


compounding? 
a. annual b. quarterly 
c. daily d. continuously 


44. MODELING WITH MATHEMATICS The apparent 
magnitude of a star is a measure of the brightness 
of the star as it appears to observers on Earth. The 
apparent magnitude M of the dimmest star that can 
be seen with a telescope is M = 5 log D + 2, where 
D is the diameter (in millimeters) of the telescope’s 
objective lens. What is the diameter of the objective 
lens of a telescope that can reveal stars with a 
magnitude of 12? 


Section 6.6 


45. ANALYZING RELATIONSHIPS Approximate the 
solution of each equation using the graph. 


ao ae = —9 b. log, 5x = 2 


46. MAKING AN ARGUMENT Your friend states that a 
logarithmic equation cannot have a negative solution 
because logarithmic functions are not defined for 
negative numbers. Is your friend correct? Justify 
your answer. 


In Exercises 47—54, solve the inequality. (See Examples 
5 and 6.) 


47. 9 > 54 48. 4° < 36 
497 Inx2 3 50. log,x <4 
Bae 3 =e < 8 Beet > 11 


S32 10s. x + 615 9 34. —4loger] 5.23 


55. COMPARING METHODS Solve log, x < 2 
algebraically and graphically. Which method do you 
prefer? Explain your reasoning. 


56. PROBLEM SOLVING You deposit $1000 in an account 
that pays 3.5% annual interest compounded monthly. 
When is your balance at least $1200? $3500? 


57. PROBLEM SOLVING An investment that earns a 
rate of return r doubles in value in t years, where 
= In 2 
In@les 73) 
rates of return will double the value of an investment 
in less than 10 years? 


and r is expressed as a decimal. What 


58. PROBLEM SOLVING Your family purchases a new 
car for $20,000. Its value decreases by 15% each 
year. During what interval does the car’s value 
exceed $10,000? 


USING TOOLS In Exercises 59—62, use a graphing 
calculator to solve the equation. 


59) in 2x = 357 *2 60. logx =7™* 


61. logx = 3*- 3 62. In 2x = e*~3 
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63. REWRITING A FORMULA A biologist can estimate the CRITICAL THINKING In Exercises 67-72, solve the 


64. 


65. 


66. 


age of an African elephant by measuring the length of equation. 

its footprint and using the PRG ee Fra ap OS 
equation € = 45 — 25.7e-0-@4, 67. 2 = 68. 10 2 
where # is the length 

(in centimeters) of the footprint 
and a is the age (in years). 


69. log,(x — 6) = log, 2x 


70. log, x = log, 4x Teg — 1232 + 2 
a. Rewrite the equation, 


solving for a in terms of @. 72. 3 20te ys — 125 =) 


b. Use the equation in part (a) 
to find the ages of the 
elephants whose footprints 


73. WRITING In Exercises 67—70, you solved exponential 
and logarithmic equations with different bases. 
Describe general methods for solving such equations. 


are shown. 

74. PROBLEM SOLVING When X-rays of a fixed 
wavelength strike a material x centimeters thick, the 
intensity /(x) of the X-rays transmitted through the 
material is given by I(x) = Ipe~“*, where Jp is the 

HOW DO YOU SEE IT? Use the graph to solve the initial intensity and yu is a value that depends on the 
inequality 4 Inx + 6 > 9. Explain your reasoning. type of material and the wavelength of the X-rays. 


The table shows the values of yz for various materials 
and X-rays of medium wavelength. 


Material "Aluminum Copper | Lead 


Value of uw | 0.43 See 43 | 


a. Find the thickness of aluminum shielding that 
reduces the intensity of X-rays to 30% of their 


OPEN-ENDED Write an exponential equation that has initial intensity. (Hint: Find the value of x for 
a solution of x = 4. Then write a logarithmic equation which I(x) = 0.31.) 
that has a solution of x = —3. 

b. Repeat part (a) for the copper shielding. 
THOUGHT PROVOKING Give examples of logarithmic c. Repeat part (a) for the lead shielding. 
or exponential equations that have one solution, two d. Your dentist puts a lead apron on you before 


solutions, and no solutions. taking X-rays of your teeth to protect you from 
harmful radiation. Based on your results from 
parts (a)-(c), explain why lead is a better material 
to use than aluminum or copper. 


Mainta ining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Write an equation in point-slope form of the line that passes through the given point and 
has the given slope. (Skills Review Handbook) 


75. (1, -2);m=4 76. (3,2);m=—2 
77. (3, -—8);m = —-3 73. C2 


Use finite differences to determine the degree of the polynomial function that fits the data. 
Then use technology to find the polynomial function. (Section 4.9) 


TO ee OS 2. lend 1, O)(05 1), (1, 2) Geet. 52), (4s 2s) 


80. le = 2 ee (= 1.1), (0,.—2), (1, — 1); 2,4) G5 374 aio) 


$1.. (—3, —327), (—2, —84), (—1, —17), ©, —6), (1, —3), (22, —32)G; —189), 4, 642) 
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Modeling with Exponential and 


Logarithmic Functions 


Essential Question How can you recognize polynomial, 


exponential, and logarithmic models? 


“EXPLORATION 1 Recognizing Different Types of Models 


Work with a partner. Match each type of model with the appropriate scatter plot. 
Use a regression program to find a model that fits the scatter plot. 


a. linear (positive slope) b. linear (negative slope) ce. quadratic 


d. cubic e. exponential f. logarithmic 
A. B. 
C. D. 
E. F. 


USING TOOLS 
STRATEGICALLY 


To be proficient in 

math, you need to use 
technological tools to . 
explore and deepen ieee Leeleieeam Exploring Gaussian and Logistic Models 
your understanding 

of concepts. 


Work with a partner. Two common types of functions that are related to exponential 
functions are given. Use a graphing calculator to graph each function. Then determine 
the domain, range, intercept, and asymptote(s) of the function. 


a. Gaussian Function: f(x) = e~*” b. Logistic Function: f(x) = aa: 
eo 


Communicate Your Answer 


3. How can you recognize polynomial, exponential, and logarithmic models? 


4. Use the Internet or some other reference to find real-life data that can be modeled 
using one of the types given in Exploration 1. Create a table and a scatter plot of 
the data. Then use a regression program to find a model that fits the data. 
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6&7 Lesson What You Will Learn 


Pm Classify data sets. 
& Write exponential functions. 


Core Vocabulary Use technology to find exponential and logarithmic models. 


Previous 


finite differences Classifying Data 


common ratio ae : 

point-slope form You have analyzed finite differences of data with equally-spaced inputs to determine 
what type of polynomial function can be used to model the data. For exponential 
data with equally-spaced inputs, the outputs are multiplied by a constant factor. So, 
consecutive outputs form a constant ratio. 


Classifying Data Sets 


Determine the type of function represented by each table. 


b. | 
RE 2 meee 
SOLUTION 


a. The inputs are equally spaced. Look for a pattern in the outputs. 


0.5 


NAN LANL ANA 
<2 <2 MDD Fe 


> As x increases by 1, y is multiplied by 2. So, the common ratio is 2, and the 
data in the table represent an exponential function. 


b. The inputs are equally spaced. The outputs do not have a common ratio. 
So, analyze the finite differences. 


REMEMBER 


First differences of linear 
functions are constant, 
second differences of — 
quadratic functions are 
constant, and so on. 


Sa ON eee 
—2 22 6 10 14 18 first differences 
eee ee 
4 4 4 4 4 second differences 


> The second differences are constant. So, the data in the table represent a 
quadratic function. 
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Determine the type of function represented by the table. Explain your reasoning. 
ta 
= 
y 
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Writing Exponential Functions 


You know that two points determine a line. Similarly, two points determine an 
exponential curve. 


EXAMPLE 2 Writing an Exponential Function Using Two Points 


Write an exponential function y = ab* whose graph passes through (1, 6) and (3, 54). 


SOLUTION 
Step 1 Substitute the coordinates of the two given points into y = ab’. 
6 = ab! Equation 1: Substitute 6 for y and 1 for x. 
54 = ab Equation 2: Substitute 54 for y and 3 for x. 


Step 2 Solve for a in Equation 1 to obtain a = ; and substitute this expression for a 


in Equation 2. 


REMEMBER | 54 = ie J Substitute ; for a in Equation 2. 
You know that b must be 
positive by the definition 54 = 6b? Simplify. 
of i sponential 9= pb Divide each side by 6. 
function. 
= b Take the positive square root because b > 0. 
Step 3. Determine that a = ; = 2 = 2. 


> So, the exponential function is y = 2(3%). 


Data do not always show an exact exponential relationship. When the data in a scatter 
plot show an approximately exponential relationship, you can model the data with an 
exponential function. 


Finding an Exponential Model 


A store sells trampolines. The table shows the numbers y of trampolines sold during 


5 a) 
Year, Number of the xth year that the store has been open. Write a function that models the data. 
x trampolines, y 
| 12 SOLUTION 
”) 16 Step 1 Make a scatter plot of the data. Trampoline Sales 
; - The data appear exponential. 
w 
Step 2 Choose any two points to write a model, < 
a 36 such as (1, 12) and (4, 36). Substitute the ry 
ae : ‘ — x 
5 50 coordinates of these two points into y = ab”. : 
6 67 12 = ab! 5 
7 96 36 = abt g 
Solve for a in the first equation to obtain E 


a= if Substitute to obtain b = ayia =~ 1.44 


and a = — =~ 8.32. 


V3 
~ So, an exponential function that models the data is y = 8.32(1.44)*. 
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A set of more than two points (x, y) fits an exponential pattern if and only if the set of 
transformed points (x, In y) fits a linear pattern. 


Graph of points (x, y) Graph of points (x, In y) 


The graph is an exponential curve. The graph is a line. 


“EXAMPLE 4. Writing a Model Using Transformed Points 


Use the data from Example 3. Create a scatter plot of the data pairs (x, In y) to show 
that an exponential model should be a good fit for the original data pairs (x, y). Then 
write an exponential model for the original data. 


SOLUTION 
Step 1 Create a table of data pairs (x, In y). 


LOOKING FOR 


STRUCTURE 322 | 3.58 
Because the axes are x = 
and In y, the point-slope Step 2 Plot the transformed points as shown. The 
form is rewritten as points lie close to a line, so an exponential 
Iny — In y, = mx — x,). model should be a good fit for the original data. 
The slope of the line ; : , 
through (1, 2.48) and Step 3 Find an exponential model y = ab’ by choosing 
(7, 4.56) is any two points on the line, such as (1, 2.48) and 
F (7, 4.56). Use these points to write an equation 
406 288 = 0.35. of the line. Then solve for y. 
In y — 2.48 = 0.35(% — 1) Equation of line 
In y = 0.35x +.2.13 Simplify. 
y = 69 35x + 2.13 Exponentiate each side using base e. 
y = €935x(¢2.13) Use properties of exponents. 
y = 8.41(1.42¥ Simplify. 


P So, an exponential function that models the data is y = 8.41(1.42). 
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Write an exponential function y = ab* whose graph passes through the 
given points. 


3. (2, 12) 56524) AA. 2.32) 5, (2,16) (a2) 


6. WHAT IF? Repeat Examples 3 and 4 using the sales data from another store. 


Number of trampolines, y 
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Weather balloons carry instruments 
that send back information such 

as wind speed, temperature, and 
air pressure. 


Using Technology 


You can use technology to find best-fit models for exponential and logarithmic data. 


| EXAMPLE 5 | Finding an Exponential Model 


Use a graphing calculator to find an exponential model for the data in Example 3. 
Then use this model and the models in Examples 3 and 4 to predict the number of 
trampolines sold in the eighth year. Compare the predictions. 


SOLUTION 

Enter the data into a graphing calculator and ExpReg 

perform an exponential regression. The model y=axb’x 

is y = 8.46(1.42). a=8.457377971 
b=1.418848603 

Substitute x = 8 into each model to predict the r2=.9972445053 

number of trampolines sold in the eighth year. r=.9986213023 


Example 3: y = 8.32(1.44)® = 154 
Example 4: y = 8.41(1.42)® = 139 
Regression model: y = 8.46(1.42)° ~ 140 


> The predictions are close for the regression model and the model in Example 4 
that used transformed points. These predictions are less than the prediction for 
the model in Example 3. 


EXAMPLE 6 | Finding a Logarithmic Model 


The atmospheric pressure decreases with increasing altitude. At sea level, the average 
air pressure is 1 atmosphere (1.033227 kilograms per square centimeter). The table 
shows the pressures p (in atmospheres) at selected altitudes h (in kilometers). Use 

a graphing calculator to find a logarithmic model of the form h = a + b In p that 
represents the data. Estimate the altitude when the pressure is 0.75 atmosphere. 


Altitude,h 


0.02 | 
Soa] 
25 | 


SOLUTION 
y ; LnReg 
Enter the data into a graphing calculator and y=atblnx 
perform a logarithmic regression. The model a=.8626578705 
is h = 0.86 — 6.45 In p. b=-6 .447382985 
r2=.9925582287 
Substitute p = 0.75 into the model to obtain r=— 996272166 


h = 0.86 — 6.45 In 0.75 = 2.7. 


> So, when the air pressure is 0.75 atmosphere, the altitude is about 2.7 kilometers. 


Monitoring Progress ) Help in English and Spanish at BigideasMath.com 


7. Use a graphing calculator to find an exponential model for the data in 
Monitoring Progress Question 6. 


8. Use a graphing calculator to find a logarithmic model of the form p = a + bInh 
for the data in Example 6. Explain why the result is an error message. 
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6.7 Exercises Dynamic Solutions avaitalte at 8igideasMath.con 


Vocabuiary and Core Concept Check 


1. COMPLETE THE SENTENCE Given a set of more than two data pairs (x, y), you can decide whether 
a(n) function fits the data well by making a scatter plot of the points (x, In y). 


2. WRITING Given a table of values, explain how you can determine whether an exponential function is 
a good model for a set of data pairs (x, y). 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3—6, determine the type of function ERROR ANALYSIS In Exercises 17 and 18, describe and 
represented by the table. Explain your reasoning. correct the error in determining the type of function 
(See Example 1.) represented by the data. 
3 a SEAR ae Ue 
i a ol ee 
| y 0.25 | 1 | 4 | 16 | 64 | 256 


2 i | —4 = | ~2 iy 0 oy : ] | = <3. eB COXB 


y aa 7 | 4 . . 1 | 1 4 | The outputs have a common ratio of 3, so the . 
i ee a data represent a linear function. ; 
5: 
18. 
6. 
(2) G2 OS 2 aes 


The outputs have a common ratio of 2, so the 


In Exercises 7-16, write an exponential function data represent an exponential function. 


y = ab* whose graph passes through the given points. wnt spemnnnnnnprnenenenenennmenet 
(See Example 2.) 19. MODELING WITH MATHEMATICS A store sells 


of RRR IT Tn poem 


Pel. 3), 12) 8. (2, 24), (3, 144) motorized scooters. The table shows the numbers y 
of scooters sold during the xth year that the store has 
9. (3, 1), (5, 4) 10. (3, 27), (5, 243) been open. Write a function that models the data. 
(See Example 3.) 
TM. (1,2), (3250) 12. (1, 40), (3, 640) r 
x 
1s. (710); 4, 0.31) 14. (2, 6.4), (5S, 409.6) | 9 
15: 16. 2 ie 
3 19 
4 25 
5 57 
6 53 
7 71 
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20. MODELING WITH MATHEMATICS The table shows the 
numbers y of visits to a website during the xth month. 
Write a function that models the data. Then use your 
model to predict the number of visits after 1 year. 


In Exercises 21-24, determine whether the data show 
an exponential relationship. Then write a function that 
models the data. 


er i 6 | ui [i [21 | 


y 1291-28) aie | 190 | 450 


22. 


23. 


24. 


25. MODELING WITH MATHEMATICS Your visual near 
point is the closest point at which your eyes can see 
an object distinctly. The diagram shows the near 
point y (in centimeters) at age x (in years). Create a 
scatter plot of the data pairs (x, In y) to show that an 
exponential model should be a good fit for the original 
data pairs (x, y). Then write an exponential model for 
the original data. (See Example 4.) 


Visual Near Point Distances 


Age 20 
12iem 


= Age 30 
X 15cm 
f —@ Age 40 
X 7% 2516m 


26. 


MODELING WITH MATHEMATICS Use the data 

from Exercise 19. Create a scatter plot of the data 
pairs (x, In y) to show that an exponential model 
should be a good fit for the original data pairs (x, y). 
Then write an exponential model for the original data. 


In Exercises 27-30, create a scatter plot of the points 
(x, In y) to determine whether an exponential model fits 
the data. If so, find an exponential model for the data. 


FA 


. Fae | ge 4 es 
i ——. 

18 | 36 | 72 | 144 | 288 
ae | x i iia 10 | 13 | 
y | 33 | 10.1 | 30.6 | 92.7 | 280.9 | 

29. —j3|=6) 118 | eG 

a es See a 

98 | 12.21 15.21! 19 | 23.8 

30. F 
641 7.97 


3T 


SZ. 


_L. 


USING TOOLS Use a graphing calculator to find an 
exponential model for the data in Exercise 19. Then 
use the model to predict the number of motorized 
scooters sold in the tenth year. (See Example 5.) 


USING TOOLS A doctor measures an astronaut’s 
pulse rate y (in beats per minute) at various times x 
(in minutes) after the astronaut has finished 
exercising. The results are shown in the table. Use a 
graphing calculator to find an exponential model for 
the data. Then use the model to predict the astronaut’s 
pulse rate after 16 minutes. 


8 84 
100) 78 
12 715 | 
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33. USINGTOOLS An object at a temperature of 160°C 36. HOW DO YOU SEE IT? The graph shows a set of 
is removed from a furnace and placed in a room at data points (x, In y). Do the data pairs (x, y) fit an 
20°C. The table shows the temperatures d (in degrees exponential pattern? Explain your reasoning. 
Celsius) at selected times f¢ (in hours) after the object 
was removed from the furnace. Use a graphing 
calculator to find a logarithmic model of the form 
t= a+ bind that represents the data. Estimate how 
long it takes for the object to cool to 50°C. 

(See Example 6.) 


34. USING TOOLS The f-stops on a camera control the 
amount of light that enters the camera. Let s be a 
measure of the amount of light that strikes the film 
and let f be the f-stop. The table shows several f-stops 
on a 35-millimeter camera. Use a graphing calculator 


to find a logarithmic model of the form s = a + b Inf ; : ; 
that represents the data. Estimate the amount of light 38. THOUGHT PROVOKING Is it possible to write y as an 


that strikes the film when f = 5.657. exponential function of x? Explain your reasoning. 
(Assume p is positive.) 


37. MAKING AN ARGUMENT Your friend says it is 
possible to find a logarithmic model of the form 
d=a-+ bint for the data in Exercise 33. Is your 
friend correct? Explain. 


f s ti | [ 
1.414 1 Gal \ 
Pp 
2.000 2 | ff | 
\y pe ON 2 2p 
2.828 3 | \ ba 3 4 
| a . ' 2 
4000 | 4 | 1% 
11.314); 7 | : ie 
ae ee ae 
35. DRAWING CONCLUSIONS The table shows the 
average weight (in kilograms) of an Atlantic cod that 39. CRITICAL THINKING You plant a sunflower seedling 
is x years old from the Gulf of Maine. in your garden. The height A (in centimeters) of 


the seedling after t weeks can be modeled by the 


Boon Le | 2 3 : 3 | logistic function 
Weight, y | 0.751 h.079 1.702 | 2.198 | 3.438 | AO 2 ee 


eigen as 
a. Show that an exponential model fits the data. Then a. Find the time it takes the sunflower seedling to 
find an exponential model for the data. reach a height of 200 centimeters. 
b. By what percent does the weight of an Atlantic cod b. Use a graphing calculator to graph the function. 
increase each year in this period of time? Explain. Interpret the meaning of the asymptote in the 


context of this situation. 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Tell whether x and y are in a proportional relationship. Explain your reasoning. 
(Skills Review Handbook) 


40. as 41. y=3x- 12 42. yy Sa 43. Bt a 


Identify the focus, directrix, and axis of symmetry of the parabola. Then graph the equation. 
(Section 2.3) 


45. y= 4x 46. x? = 3y 47. y?=2x 
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6.5-6.7 What Did You Learn? 


Core Vocabulary 


exponential equations, p. 334 
logarithmic equations, p. 335 


Core Concepts 


Section 6.5 


Properties of Logarithms, p. 328 
Change-of-Base Formula, p. 329 


Section 6.6 


Property of Equality for Exponential Equations, p. 334 
Property of Equality for Logarithmic Equations, p. 335 


Section 6.7 


Classifying Data, p. 342 
Writing Exponential Functions, p. 343 
Using Exponential and Logarithmic Regression, p. 345 


Mathematical Practices 


1. Explain how you used properties of logarithms to rewrite the function in part (b) of 
Exercise 45 on page 332. 


2. How can you use cases to analyze the argument given in Exercise 46 on page 339? 


In 2005, an earthquake measuring 4.1 on the Richter scale barely shook 
the city of Ocotillo, California, leaving virtually no damage. But in 1906, 
an earthquake with an estimated 8.2 on the same scale devastated the 
city of San Francisco. Does twice the measurement on the Richter scale 
mean twice the intensity of the earthquake? 


To explore the answers to these questions and more, go to 
BigldeasMath.com. 
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Exponential Growth and Decay Functions (pp. 295-302) 


Tell whether the function y = 3” represents exponential growth or exponential decay. 
Then graph the function. 


Step 1 Identify the value of the base. The base, 3, is greater than 1, 
so the function represents exponential growth. 


Step 2 Make a table of values. 
Step 3 Plot the points from the table. 


Step 4 Draw, from left to right, 
a smooth curve that begins 
just above the x-axis, passes through the plotted points, and moves 
up to the right. 


Tell whether the function represents exponential growth or exponential 
decay. Identify the percent increase or decrease. Then graph the function. 


1. f@)=(4) 2. y= 5 3. f(@®) = 0.2 


4. You deposit $1500 in an account that pays 7% annual interest. Find the balance after 2 years 
when the interest is compounded daily. 


The Natural Base e (pp. 303-308) 


Simplify each expression. 


18e}3 


eT — Qel3 so 7 96 b. (2e3*)3 — 23(e3*)3 = Re% 


Simplify the expression. 


20e3 
5. et eg)! Pa stele | (—3e75%)2 
1026 a= Sem) 
Tell whether the function represents exponential growth or exponential decay. Then graph 
the function. 
8. f(x) = ser 9. y =6e* 10. y = 3e70-75" 


Logarithms and Logarithmic Functions (pp. 309-316) 


Find the inverse of the function y = In(x — 2). 
y=In(@~— 2) Write original function. 


x=InQy—2) — Switchx andy. 


e*=y-2 Write in exponential form. 
ea 2 = Add 2 to each side. 
: > The inverse of y = In(x — 2) is y = e* + 2. 
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Evaluate the logarithm. 


11. log, 8 12. logs 13. log, 1 


Find the inverse of the function. 
14. f(y = 8 15. y=In@ — 4) 16. y = log(x + 9) 


17. Graph y = log;,s x. 


Transformations of Exponential and Logarithmic Functions (pp. 317-324) 


Describe the transformation of f(x) = (4) represented by 


cal 
g(x) = (4) + 3. Then graph each function. 


sei 
Notice that the function is of the form g(x) = (4) aie 
where h = | and k = 3. 


> So, the graph of g is a translation 1 unit right and 3 units up 
of the graph of f. 


Describe the transformation of f represented by g. Then graph each function. 


18. f(x) =e, g(x) =e * — 8 19. f(x) = log, x, g(x) = $ logy(x + 5) 


Write a rule for g. 


20. Let the graph of g be a vertical stretch by a factor of 3, followed by a translation 6 units left and 


3 units up of the graph of f(x) = e*. 


21. Let the graph of g be a translation 2 units down, followed by a reflection in the y-axis of the 
graph of f(x) = log x. 


Properties of Logarithms (pp. 327-332) 


5 
Expand In — 


Lx 


In — = In 12° — Iny Quotient Property 
My 
=In12+inx—-Iny Product Property 
=In12+5Inx-Iny Power Property 


Expand or condense the logarithmic expression. 


22. log, 3xy 23. log 10x?y 24. In * 
25. 3 log, 4 + log, 6 26. log, 12 — 2 log, x Zee nxt Sin 2— In 8 
Use the change-of-base formula to evaluate the logarithm. 


28. log, 10 29. log,9 30. log»; 42 


Chapter 6 Chapter Review 
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Solving Exponential and Logarithmic Equations (pp. 333-340) 


Solve In(3x — 9) = In(2x + 6). 
In(3x — 9) = In(2x + 6) Write original equation. 


Bx — 9 = 2x46 Property of Equality for 
Logarithmic Equations 
x-9=6 Subtract 2x from each side. 
x=15 Add 9 to each side. 


Solve the equation. Check for extraneous solutions. 


31. 5*=8 32. log,(2x — 5) = 2 33. nat ina + 2) —=3 
Solve the inequality. 
sao > 12 35. inxs 9 36. e**—2 > 16 


Modeling with Exponential and Logarithmic Functions (pp. 341-348) 


Write an exponential function whose graph passes through (1, 3) and (4, 24). 
Step 1 Substitute the coordinates of the two given points into y = ab*. 
3 = ab! Equation 1: Substitute 3 for y and 1 for x. 
24 = abt Equation 2: Substitute 24 for y and 4 for x. 


Step 2 Solve for a in Equation 1 to obtain a = : and substitute this expression for a in Equation 2. 


24 = (2 Jo" Substitute : for a in Equation 2. 
24 = 3b3 Simplify. 

8=b Divide each side by 3. 

2=b Take cube root of each side. 


Step 3 Determine that a = 


ia 


a= 
b 
> So, the exponential function is y = =. 


Write an exponential model for the data pairs (x, y). 


37. G86) 2) 38. a : 4 ogre 
am ie neo 00 = 22 


39. A shoe store sells a new type of basketball shoe. The 
table shows the pairs sold s over time t (in weeks). Use 
a graphing calculator to find a logarithmic model of the 
forms = a + b Int that represents the data. Estimate 
how many pairs of shoes are sold after 6 weeks. 
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Graph the equation. State the domain, range, and asymptote. 


if 


1 


ve (4) 2. y = logys x 3. y=4e7>: 


Describe the transformation of f represented by g. Then write a rule for g. 


4. f(x) = logx 5. f(x) = e* 6. f(xy) = 


Evaluate the logarithm. Use log, 4 ~ 1.262 and log, 13 ~ 2.335, if necessary. 


7. log, 52 8. log, 3 9. log, 16 10. log, 8 + log, 5 


ile 


12. 


13: 


14. 


15: 


Describe the similarities and differences in solving the equations 45*~— 2 = 16 and 
log,(10x + 6) = 1. Then solve each equation. 
log 11 In 11 


and 


Without calculating, determine whether log;11, aes" ins 


expressions. Explain your reasoning. 


are equivalent 


The amount y of oil collected by a petroleum company drilling on the U.S. continental 
shelf can be modeled by y = 12.263 In x — 45.381, where y is measured in billions of 
barrels and x is the number of wells drilled. About how many barrels of oil would you 
expect to collect after drilling 1000 wells? Find the inverse function and describe the 
information you obtain from finding the inverse. 


The percent L of surface light that filters down through bodies of water can be modeled 
by the exponential function L(x) = 100e, where k is a measure of the murkiness of the 
water and x is the depth (in meters) below the surface. 


a. A recreational submersible is traveling in clear water with a k-value of about —0.02. 
Write a function that gives the percent of surface light that filters down through clear 
water as a function of depth. 


b. Tell whether your function in part (a) represents exponential growth or exponential 
decay. Explain your reasoning. 


c. Estimate the percent of surface light available at a depth of 40 meters. 


The table shows the values y (in dollars) of a new snowmobile after x years of ownership. 
Describe three different ways to find an exponential model that represents the data. Then 
write and use a model to find the year when the snowmobile is worth $2500. 


0 | , + 3 
4200 3780 3402 3061.80 


4 
2755.60 


Chapter 6 


Chapter Test 
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(5 Cumulative Assessment. 


1. Select every value of b for the equation y = b* that could result in the graph shown. 


| 
3 
Bln 


2. Your friend claims more interest is earned when an account pays interest compounded 
continuously than when it pays interest compounded daily. Do you agree with your 
friend? Justify your answer. 


3. You are designing a rectangular picnic cooler with a length four times its width and 
height twice its width. The cooler has insulation that is 1 inch thick on each of the four 
sides and 2 inches thick on the top and bottom. 


a. Let x represent the width of the cooler. Write a polynomial function T that 
gives the volume of the rectangular prism formed by the outer surfaces 
of the cooler. 


b. Write a polynomial function C for the volume of the inside of the cooler. 


c. Let / be a polynomial function that represents the volume of the insulation. 
How is / related to T and C? 


d. Write / in standard form. What is the volume of the insulation when the 
width of the cooler is 8 inches? 


4. What is the solution to the logarithmic inequality —4 log, x > —20? 


Ces 32 
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5. Describe the transformation of f(x) = log, x represented by the graph of g. 


6. Let f(x) = 2x3 — 4x2 + 8x — 1, g(x) = 2x — 3x4 — 63 + 5, and A(x) = -7 4+: x2 + x. 
Order the following functions from least degree to greatest degree. 


A. (f+ g)(x) B. (hg)(x) 
C. (h— f(x) D. (fh)(x) 


7. Write an exponential model that represents each data set. Compare the two models. 


He Pe 6 


121.5 | 364.5 : 


40.5 


8. Choose a method to solve each quadratic equation. Explain your choice of method. 
a. x2 + 4x = 10 ae 
c 4x — 1)? = 6x+2 d. x27 -—3x-—18=0 


9. At the annual pumpkin-tossing contest, contestants compete to see whose catapult 
will send pumpkins the longest distance. The table shows the horizontal distances 
y (in feet) a pumpkin travels when launched at different angles x (in degrees). 
Create a scatter plot of the data. Do the data show a linear, quadratic, or exponential 
relationship? Use technology to find a model for the data. Find the angle(s) at which a 
launched pumpkin travels 500 feet. 


i 
QO | 70 
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Galapagos Penguin (p. 382) 


SEE the Big Idea__ 


— einen 


Lightning Strike (p. 371) 


oe es 


3-D Printer (p. 369) 


Volunteer Project (p. 362) 


Maintaining Mathematical Proficiency 


Adding and Subtracting Rational Numbers 


Example 1 Find the sum -3 +. u 


ple 2. Find the difference TL (-2 ; 
8 8 


Evaluate. 


Simplifying Complex Fractions 


1 
Simplify < 


al | mle 


Simplify. 


Ts 


. ABSTRACT REASONING For what value of x is the expression us undefined? Explain 
your reasoning. . 


Dynamic Solutions available at BigideasMath.com 


Mathematical Mathematically proficient students are careful about specifying units of 
Pra cti C es measure and clarifying the relationship between quantities in a problem. 
- 


Specifying Units of Measure 
G) Core Concept 


Converting Units of Measure 


To convert from one unit of measure to another unit of measure, you can begin by 
writing the new units. Then multiply the old units by the appropriate conversion 
factors. For example, you can convert 60 miles per hour to feet per second as follows. 


( a4 60 mi ?ft <—{ new units } 
old units ih eee n Ww : 


eee sthaeee Converting Units of Measure 


You are given two job offers. Which has the greater annual income? 
e $45,000 per year 
¢ $22 per hour 


SOLUTION 


One way to answer this question is to convert $22 per hour to dollars per year and then 
compare the two annual salaries. Assume there are 40 hours in a work week. 


22 dollars = ? dollars 
lh 1 yr 


22 dollars”, 40, pee weeks _ 45,760 dollars 
LA 1 week 1 yr 1 yr 


Write new units. 


Multiply by conversion factors. 


> The second offer has the greater annual salary. 


Monitoring Progress 


. You drive a car at a speed of 60 miles per hour. What is the speed in meters per second? 


. A hose carries a pressure of 200 pounds per square inch. What is the pressure in 
kilograms per square centimeter? 


. Aconcrete truck pours concrete at the rate of 1 cubic yard per minute. What is the rate 
in cubic feet per hour? 


. Water in a pipe flows at a rate of 10 gallons per minute. What is the rate in liters 
per second? 
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Inverse Variation 


Essential Question How can you recognize when two quantities 


vary directly or inversely? 


"EXPLORATION 1 Recognizing Direct Variation 


Work with a partner. You hang different weights from the same spring. 


a: i 


he -_—<* = = a : ‘ nd eee erie “ sus rab . 
bap a ra g> és Zo ra Z 
al = £.. iG & C, & — 
= — =sS = =_ —- — <<, 
= == == —— = = _— equilibrium 
C00 = LL —=ee Le SS See ee ee 
REASONING nae = = = = 
QUANTITATIVELY ) = — == = = 
wake 5 ‘ sey —— —— : = 
To be proficient in math, 0.1 kg «| —_ = _ = 3 
you need to make sense _> — — 3 
of quantities and their 0.2 kg = S — zi 
relationships in problem oat _ = a 
situations. = = ¥ <— a 
a. Describe the 0.4kg gi > <= 


relationship between the 
weight x and the distance d 
the spring stretches from equilibrium. 
Explain why the distance is said to vary 0.6 
directly with the weight. 

b. Estimate the values of d from the figure. Then draw a 
scatter plot of the data. What are the characteristics of the graph? 

c. Write an equation that represents d as a function of x. 

d. In physics, the relationship between d and x is described by Hooke’s Law. How 
would you describe Hooke’s Law? 


(=) 

ul 

x 

Ke} 
‘a 


= 
oO 


fa ~=6Recognizing Inverse Variation 


- EXPLORATION. 


Work with a partner. The table shows 


the length x (in inches) and the width 64 in2 
y (in inches) of a rectangle. The area of y i 
each rectangle is 64 square inches. 

x 


a. Copy and complete the table. 

b. Describe the relationship between x and y. Explain why y is said to vary inversely 
with x. 

c. Draw a scatter plot of the data. What are the characteristics of the graph? 


d. Write an equation that represents y as a function of x. 


Communicate Your Answer 


3. How can you recognize when two quantities vary directly or inversely? 


4. Does the flapping rate of the wings of a bird vary directly or inversely with the 
length of its wings? Explain your reasoning. 
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7.7 Lesson What You Will Learn 


bm Classify direct and inverse variation. 


C V | PR Write inverse variation equations. 


inverse variation, p. 360 Classifying Direct and Inverse Variation 
constant of variation, p. 360 


You have learned that two variables x and y show direct variation when y = ax for 
Previous some nonzero constant a. Another type of variation is called inverse variation. 
direct variation 


Ss CG) Core Concept 


Inverse Variation 
Two variables x and y show inverse variation when they are related as follows: 


ad 
y= 2 a#0 
= 


The constant a is the constant of variation, and y is said to vary inversely with x. 


>eNVigeaee Classifying Equations 


Tell whether x and y show direct variation, inverse variation, or neither. 


a. xy =5 
by=x-4 
vem 
c 7 = 36 
STUDY TIP 
wae SOLUTION 
| The equation in part (b) 
does not show direct Given Equation Solved for y Type of Variation 
variation because 5 
y =x — 4is not of the ays ys inverse 
| form y = ax. : 
> b. y=x-—4 y=x-4 neither 
Cc. 5 =x y= 2x direct 


Monitoring Progress a) Help in English and Spanish at BigldeasMath.com 


Tell whether x and y show direct variation, inverse variation, or neither. 


1. 6x = 
2. xv = —0.25 
3. y+x=10 


The general equation y = ax for direct variation can be rewritten as ~ = a. So, a set of 
es 


data pairs (x, y) shows direct variation when the ratios y are constant. 
rt 


A a 5 fae . 
The general equation y = — for inverse variation can be rewritten as xy = a. So, 
¥ ; 


a set of data pairs (x, y) shows inverse variation when the products xy are constant. 
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ANALYZING 
RELATIONSHIPS 


In Example 2(b), notice 
in the original table that 
as x increases by 1, y is 
multiplied by 2. So, the 
data in the table represent 
an exponential function. 


ANOTHER WAY 


Because x and y vary 
inversely, you also know 
that the products xy are 
constant. This product 
equals the constant of 
variation a. So, you can 
quickly determine that 
a = xy = 3(4) = 12. 


‘EXAMPLE 2. 


Classifying Data 


Tell whether x and y show direct variation, inverse variation, or neither. 


7 
ie) 


SOLUTION 


a. Find the products xy and ratios 


x, 
x 


xy —24 | The products are constant. 
; 
2 -3 The ratios are not constant. 


So, x and y show inverse variation. 


z 
os 


b. Find the products xy and ratios 


The products are not constant. 


The ratios are not constant. 


> So, x and y show neither direct nor inverse variation. 


Monitoring Progress a) Help in English and Spanish at BigideasMath.com 


Tell whether x and y show direct variation, inverse variation, or neither. 


4. a: ri mal eaal Salk eel 
2 | We a 
mee . ERE 


Writing Inverse Variation Equations 


EXAMPLE Writing an Inverse Variation Equation 


The variables x and y vary inversely, and y = 4 when x = 3. Write an equation that 
relates x and y. Then find y when x = —2. 


SOLUTION 
y= : Write general equation for inverse variation. 
4= = Substitute 4 for y and 3 for x. 
l2=a Multiply each side by 3. 
> The inverse variation equation is y = =. When x = —2, y= ge = 
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LOOKING FOR 


A PATTERN 


Notice that as the number 3. Solve the Problem 


of volunteers increases by 


“EXAMPLE | 


Modeling with Mathematics 


The time ¢ (in hours) that it takes a group of volunteers to build a playground varies 
inversely with the number n of volunteers. It takes a group of 10 volunteers 8 hours to 
build the playground. 


e Make a table showing the time that 
it would take to build the playground 
when the number of volunteers is 
15720225, and 30: 


¢ What happens to the time it takes to 
build the playground as the number 
of volunteers increases? 


SOLUTION 


1. Understand the Problem You are given a description of two quantities that vary 
inversely and one pair of data values. You are asked to create a table that gives 
additional data pairs. 


2. Make a Plan Use the time that it takes 10 volunteers to build the playground 
to find the constant of variation. Then write an inverse variation equation and 
substitute for the different numbers of volunteers to find the corresponding times. 


5, the time decreases by a t= = Write general equation for inverse variation. 
lesser and lesser amount. e 
8 = — Substitute 8 for t and 10 for n. 
From n = 15 ton = 20, 10 
t decreases by 1 hour ‘ F 
80 = a Multiply each side by 10. 
20 minutes. a J 
From n = 20 ton = 25, The inverse variation equation is ¢ = nd. Make a table of values. 
n 


t decreases by 48 minutes. 


From n = 25 ton = 30, 
t decreases by 32 minutes. 
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Chapter 7 


25 30 


| 80 80 
15 30 ~ 95 7 9h 12 min a eee 


> As the number of volunteers increases, the time it takes to build the 
playground decreases. 


4. Look Back Because the time decreases as the number of volunteers increases, the 
time for 5 volunteers to build the playground should be greater than 8 hours. 
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The variables x and y vary inversely. Use the given values to write an equation 
relating x and y. Then find y when x = 2. 


6.x=4,y=5 7,.x=6,y=-1 8. x= 


9. WHAT IF? In Example 4, it takes a group of 10 volunteers 12 hours to build the 
playground. How long would it take a group of 15 volunteers? 


Rational Functions 


7.1 Exercises Dynamic Solutions available at BigideasMath.com 


Vocabulary and Core Concept Check 


1. VOCABULARY Explain how direct variation equations and inverse variation equations are different. 


2. DIFFERENT WORDS, SAME QUESTION Which is different? Find “both” answers. 


What is an inverse variation equation relating x What is an equation for which the ratios > are 
and y with a = 4? constant and a = 4? z 
What is an equation for which y varies What is an equation for which the products xy 
inversely with x and a = 4? are constant and a = 4? 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-10, tell whether x and y show direct In Exercises 15-22, the variables x and y vary inversely. 
variation, inverse variation, or neither. (See Example 1.) Use the given values to write an equation relating x and 
y. Then find y when x = 3. (See Example 3.) 
—: My M2 ie 5 = 4 (9 
5. 2=8 6, 47 —=y Th 2= == 18. x=7,y=2 
x 
7 y=x+4 8 xty=6 19. x=i,y = 28 20. x=—4,y = —2 
21. x=—12,y=—-+ 220 es 
ERROR ANALYSIS In Exercises 23 and 24, the variables 
In Exercises 11-14, tell whether x and y show direct x and y vary inversely. Describe and correct the error in 
variation, inverse variation, or neither. (See Example 2.) writing an equation relating x and y. 
11. 23. x=8,y=5 


12. 


aE 


14. 
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25. 


26. 


PvE 
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MODELING WITH MATHEMATICS The number y of 
songs that can be stored on an MP3 player varies 
inversely with the average size x of a song. A certain 
MP3 player can store 2500 songs when the average 
size of a song is 4 megabytes (MB). (See Example 4.) 


a. Make a table showing the numbers of songs that 


will fit on the MP3 player when the average size of 


a song is 2 MB, 2.5 MB, 3 MB, and 5 MB. 


b. What happens to the number of songs as the 
average song size increases? 


MODELING WITH MATHEMATICS When you stand on 
snow, the average pressure P (in pounds per square 
inch) that you exert on the snow varies inversely with 
the total area A (in square inches) of the soles of your 
footwear. Suppose the pressure is 0.43 pound per 
square inch when you wear the snowshoes shown. 
Write an equation that gives P as a function of A. 
Then find the pressure when you wear the 

boots shown. 


Snowshoes: 
A = 360 in.2 


Boots: 
A = 60 in. 


PROBLEM SOLVING Computer chips are etched 

onto silicon wafers. The table compares the area A 
(in square millimeters) of a computer chip with the 
number c of chips that can be obtained trom a silicon 
wafer. Write a model that gives c as a function of A. 
Then predict the number of chips per wafer when the 
area of a chip is 81 square millimeters. 


Area (mm2), A 


Number of chips, c | 448 | 424 | 392 | 376 | 


29. 


30. 


31. 


32. 


33. 


28. HOW DO YOU SEE IT? Does the graph of f represent 
inverse variation or direct variation? Explain 
your reasoning. 


MAKING AN ARGUMENT You have enough money to 
buy 5 hats for $10 each or 10 hats for $5 each. Your 
friend says this situation represents inverse variation. 
Is your friend correct? Explain your reasoning. 


THOUGHT PROVOKING The weight w (in pounds) 

of an object varies inversely with the square of the 
distance d (in miles) of the object from the center of 
Earth. At sea level (3978 miles from the center of the 
Earth), an astronaut weighs 210 pounds. How much 
does the astronaut weigh 200 miles above sea level? | 


OPEN-ENDED Describe a real-life situation that can 
be modeled by an inverse variation equation. 


CRITICAL THINKING Suppose x varies inversely with 
y and y varies inversely with z. How does x vary with 
z? Justify your answer. 


USING STRUCTURE To balance the board in the 
diagram, the distance (in feet) of each animal from the 
center of the board must vary inversely with its weight 
(in pounds). What is the distance of each animal from 
the fulcrum? Justify your answer. 


6 ft ————_ 
— = 
Tiong tert aay 14 Ib 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Divide. 
34, + 2x — 99) = @ + 1) 


(Section 4.3) 


Graph the function. Then state the domain and range. 


36. f(x) =5*+4 37. 9(x) =er- 1 
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35. (3x4 — 13x? — x3 + 6x — 30) + (3x2? —x + 5) 


(Section 6.4) 
38. y=In3x-6 


39. A) =2In@+ 9) 


Ft Dae ee rent nme mre 5 


- 


Graphing Rational Functions 


LOOKING FOR 
STRUCTURE 


To be proficient in math, 
you need to look closely 
to discern a pattern 

or structure. 


Essential Question What are some of the characteristics of the 


graph of a rational function? 
4 


The parent function for rational functions with 
a linear numerator and a linear denominator is 


f(x) = a Parent function =e 2 
36 


The graph of this function, shown at the right, 


is a hyperbola. = 


SaqutelvVse)\mm Identifying Graphs of Rational Functions 


Work with a partner. Each function is a transformation of the graph of the parent 
function f(x) = is Match the function with its graph. Explain your reasoning. Then 
x 


describe the transformation. 


a. 2(x) =a] b. g(x) ag C2200) ar 

= ee ama 
d. a(x) = ee 5 B69) = career 
A. 


Communicate Your Anewer 


2. What are some of the characteristics of the graph of a rational function? 


3. Determine the intercepts, asymptotes, domain, and range of the rational function 
5 mm 
cD 


rb 3) 
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7.Z Lesson 


Core Vocabulary... 


rational function, p. 366 


Previous 
domain 
range 
asymptote 
long division 


SHUDY FHP 


Notice that 1 —> 0as 


xX — co and as x - —©%. This 
explains why y = Oisa 
horizontal asymptote of 


the graph of f(x) = i You 


can also analyze y-values 
as X approaches 0 to see 
why x = 0 is a vertical 
asymptote. 


LOOKING FOR 
STRUCTURE 


Because the function is 
of the form g(x) = a « f(x), 
where a = 4, the graph of 
g is a vertical stretch by 

a factor of 4 of the 

graph of f. 
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What You Will Learn 


® Graph simple rational functions. 
P Translate simple rational functions. 
® Graph other rational functions. 


Graphing Simple Rational Functions 
PO) 
q(x) 
and q(x) # 0. The inverse variation function f(x) = 5 is a rational function, The graph 


A rational function has the form f(x) = where p(x) and q(x) are polynomials 


of this function when a = | is shown below. 


G Core Concept 


Parent Function for Simple Rational Functions 


; 1 : 
Th h of the parent function f(x) = —is a een ee y 
cs 2 Fx) x vertical | 4 


hyperbola, which consists of two symmetrical asymptote 
parts called branches. The domain and range are x=0;- |2 
all nonzero real numbers. oa ae 


Any function of the form g(x) = : (a # 0) has 


~ horizontal 


the same asymptotes, domain, and range as the asymptote 


function f(x) = ‘ | | | i 


Graphing a Rational Function of the Form y = 
Graph g(x) = 7 Compare the graph with the graph of f(x) = e 
ss 


SOLUTION 


Step 1 The function is of the form g(x) = & so the asymptotes are x = 0 and y = 0. 
Draw the asymptotes. ss 
Wy 
Step 2 Make a table of values and plot the points. a 
Include both positive and negative values of x. g 


Step 3 Draw the two branches of the hyperbola so 
that they pass through the plotted points 
and approach the asymptotes. 


> The graph of g lies farther from the axes than the graph of f. Both graphs lie in the 
first and third quadrants and have the same asymptotes, domain, and range. 
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1. Graph g(x) = a Compare the graph with the graph of f(x) = : 


Rational Functions 


LOOKING FOR 
STRUCTURE 


bet Ax) = _ Notice 


that g is of the form 

g(x) = f(x — h) + k, where 
h = —-—2 and k= —1. 
So, the graph of g isa 
translation 2 units left 
and 1 unit down of the 
graph of f. 


Translating Simple Rational Functions 


G) Core Concept 


Graphing Translations of Simple Rational Functions 
To graph a rational function of the form y = a + k, follow these steps: 


Step 1 Draw the asymptotes x = A and y = k. 


Step 2 Plot points to the left and to the right 
of the vertical asymptote. 


Step 3 Draw the two branches of the 
hyperbola so that they pass through 
the plotted points and approach the 
asymptotes. 


Graphing a Translation of a Rational Function 


Graph g(x) = 


ce 1. State the domain and range. 
5 a 


SOLUTION 
Step 1 Draw the asymptotes x = —2 and y = —1. 


Step 2 Plot points to the left of the vertical 
asymptote, such as (—3, 3), (—4, 1), and 
(—6, 0). Plot points to the right of the 
vertical asymptote, such as (—1, —5), 
(OS Saieana (2. — 2). 


Step 3 Draw the two branches of the hyperbola 
so that they pass through the plotted points 
and approach the asymptotes. 


> The domain is all real numbers except —2 and the range is all real numbers 
excepe— ic 
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Graph the function. State the domain and range. 


a) 3. y=- 4. y= +5 


Graphing Other Rational Functions 


All rational functions of the form y = at 
CX a 


also have graphs that are hyperbolas. 


e The vertical asymptote of the graph is the line x = ets because the function is 
Cc 
undefined when the denominator cx + d is zero. 


¢ The horizontal asymptote is the line y = = 


c 
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ANOTHER WAY 


: You will use a different 
| method to rewrite g in 


Example 5 of Lesson 7.4. | 
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Graphing a Rational Function of the 


Y~ ax+d 
Graph f(x) = gets = State the domain and range. 
= 
SOLUTION 
Step 1 Draw the asymptotes. Solve x — 3 = 0 for x to find the vertical asymptote 
x = 3. The horizontal asymptote is the line y = — = Fe =2 


Step 2 Plot points to the left of the vertical asymptote, such as (2, —5), (0, -1), and 


(-2, =) Plot points to the right of the vertical asymptote, such as (4, 9), 
13 17 
(6, 42), and (8, 2). 


Step 3. Draw the two branches of the hyperbola so that they pass through the plotted 
points and approach the asymptotes. 


> The domain is all real numbers except 3 and the range is all real numbers 
except 2. 
Rewriting a rational function may reveal properties of the function and its graph. For 
example, rewriting a rational function in the form y = ar + k reveals that it is a 
y= 
translation of y = © with vertical asymptote x = A and horizontal asymptote y = k. 
x 


Rewriting and Graphing a Rational Function 


Be Se 5 
+1 


Rewrite g(x) = 
x 


in the form g(x) = ae ++ k. Graph the function. Describe 
ah == if! 


the graph of g as a transformation of the graph of f(x) = —. 


a 
x 


SOLUTION 
Rewrite the function 3 
by using long division: xt1)3x+5 
on 3 
%)) 


- 


The rewritten function is g(x) = 5 roe 
x 


The graph of g is a translation | unit left 


and 3 units up of the graph of f(x) = cs 
3 
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Graph the function. State the domain and range. 


= ] = 
5. fix) == 6. fy = 27S 7. fx) =2*2 


8. Rewrite g(x) = at 3 in the form g(x) = = + k. Graph the function, 


Describe the graph of g as a transformation of the graph of f(x) = ss 
x 


Modeling with Mathematics 


A 3-D printer builds up layers of materials to make three-dimensional models. Each 
deposited layer bonds to the layer below it. A company decides to make small display 
models of engine components using a 3-D printer. The printer costs $1000. The 
material for each model costs $50. 


¢ Estimate how many models must be printed for the ——*\. 


average cost per model to fall to $90. . 


¢ What happens to the average cost as more models 
are printed? 


SOLUTION 


1. Understand the Problem You are given the cost of a printer and the cost to create 
a model using the printer. You are asked to find the number of models for which the 
average cost falls to $90. 


2. Make a Plan Write an equation that represents the average cost. Use a graphing 
calculator to estimate the number of models for which the average cost is about 
$90. Then analyze the horizontal asymptote of the graph to determine what 


USING A GRAPHING happens to the average cost as more models are printed. 
CALCULATOR 3. Solve the Problem Let c be the average cost (in dollars) and m be the number of 
Because the number models printed. 
of models and average 
cost cannot be negative, - — Unit cost)(Number printed) + (Cost of printer) _ 50m + 1000 
choose a viewing window Number printed m 


in the first quadrant. 


Use a graphing calculator to graph A00 
the function. 


_ 50m + 1000 
> Using the trace feature, the average - m 
cost falls to $90 per model after about (= 
25 models are printed. Because the 
horizontal asymptote is c = 50, the 
average cost approaches $50 as more 0 (XE25 106383 _.¥=89 .830508_) 4g 
models are printed. : 


4. Look Back Use a graphing calculator to create tables of values for large 
values of m. The tables show that the average cost approaches $50 as more 
models are printed. . 
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9. WHAT IF? How do the answers in Example 5 change when the cost of 
the 3-D printer is $800? 
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= 
7.2 Exercises Dynamic Solutions avyailabdic of SigidcasMath.com 


Vocabulary and Core Concept Check 


1. COMPLETE THE SENTENCE The function y = : a + 3 has a(n) 


except 3 and a(n) of all real numbers except —4. 


of all real numbers 


—3x : : : 
2. WRITING Is f(x) = =a a rational function? Explain your reasoning. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-10, graph the function. Compare the 20. y= i 2 


graph with the graph of f(x) = 2 (See Example 1.) 
ly 


a { 
3. g(x) = 3 4. (x)= au xX a 
2% x i ! 
—5 -9 
5. g(x) =— 6. gx) =— | 
Xx Xx 
—alee 
2 = » 8. g(x) = mm | 
Ea a 
s 2a> aS 10, Geo ua 
au AY 
In Exercises 11-18, graph the function. State the ANALYZING RELATIONSHIPS In Exercises 21-24, match 
domain and range. (Sec favcinple 2. the function with its graph. Explain your reasoning. 
4 2 Z 2 
11. gx) =-+3 12. y=--3 21. g(x) = —— + 2. A(x) =——- + 1 
B(x) = — aie a eG 
13, h(x) = —2— 4. y= 23. {oe Se 
x— I x2 : as) x+3 
15. ho) =—2 (on 
. WX > Sra . he ear) A. 
=—3 10 
17. x) = — l el 1 x = = 5 
g(x) ay! 8. ) 7° 


ERROR ANALYSIS In Exercises 19 and 20, describe and 
correct the error in graphing the rational function. 


=s 


== x 
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In Exercises 25-32, graph the function. State the 
domain and range. (See Example 3.) 


25. fix) = 274 sa ea 

27, y= 2t8 28, h(x) = St 73 
29. fay= FZ 30. gx) = 
31. w= a2. ye SRS 


In Exercises 33—40, rewrite the function in the form 


g(x) = 7 + k. Graph the function. Describe the 


graph of g as a transformation of the graph of f(x) = ae 


(See Example 4.) ~ 

She ap (6) Tbe ae a 

33. = 4. 2(x) = —— 
g(x) x+1 3 8(x) je= 3 

eS) ae == 
a 38. g(x) = 272 
c= 6 Y= ts 

ee — 20 So 

39. g(x) = 3 40. 29(x) pare 


41. PROBLEM SOLVING Your school purchases a math 
software program. The program has an initial cost of 
$500 plus $20 for each student that uses the program. 
(See Example 5.) 


a. Estimate how many students must use the program 
for the average cost per student to fall to $30. 


b. What happens to the average cost as more students 


use the program? 


42. PROBLEM SOLVING To join a rock climbing gym, 
you must pay an initial fee of $100 and a monthly fee 
of $59. 


a. Estimate how many months you must purchase a 
membership for the average cost per month to fall 
to $69. 


b. What happens to the average cost as the number of 


months that you are a member increases? 


43. USING STRUCTURE What is the vertical asymptote of 
2 
i =——— + 7? 
the graph of the function y ee 
@® x=-1 x=-4 
ers 4 Dy x=7 


44. REASONING What are the x-intercept(s) of the graph 
of the function y = a — 29 


0 ee CB 5 
@ | (Db =5 


45. USINGTOOLS The time ¢ (in seconds) it takes for 
sound to travel | kilometer can be modeled by 


_ 1000 
0.67 + 331 


where 7 is the air temperature (in degrees Celsius). 


a. You are | kilometer from a lightning strike. You 
hear the thunder 2.9 seconds later. Use a graph to 
find the approximate air temperature. 


b. Find the average rate of change in the time it takes 
sound to travel | kilometer as the air temperature 
increases from 0°C to 10°C. 


46. MODELING WITH MATHEMATICS A business is 
studying the cost to remove a pollutant from the 


et, : 15x 
ground at its site. The function y = TA 


Bl laa. G 

models the estimated cost y (in thousands of dollars) 
to remove x percent (expressed as a decimal) of 

the pollutant. 


a. Graph the function. Describe a reasonable domain 
and range. 


b. How much does it cost to remove 20% of 
the pollutant? 40% of the pollutant? 80% of the 
pollutant? Does doubling the percentage of 
the pollutant removed double the cost? Explain. 


USING TOOLS In Exercises 47-50, use a graphing 
calculator to graph the function. Then determine 
whether the function is even, odd, or neither. 


came eee 
47. hx) = aaa 48. fx) = 2-9 
ee ee 
49::.) Sera 50. f(x) = 55 —— 
Section 7.2 Graphing Rational Functions 371 


51. 


52. 


53. 


54. 


35: 
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MAKING AN ARGUMENT Your friend claims it is 
possible for a rational function to have two vertical 
asymptotes. Is your friend correct? Justify your answer. 


HOW DO YOU SEE IT? Use the graph of f to 
determine the equations of the asymptotes. Explain. 


DRAWING CONCLUSIONS In what line(s) is the graph 
of y = a symmetric? What does this symmetry tell 
re 


you about the inverse of the function f(x) =-? 
iG 


THOUGHT PROVOKING There are four basic types 

of conic sections: parabola, circle, ellipse, and 
hyperbola. Each of these can be represented by the 
intersection of a double-napped cone and a plane. The 
intersections for a parabola, circle, and ellipse are 
shown below. Sketch the intersection for a hyperbola. 


y! oe > 
¢ a ey 


Parabola Circle Ellipse 


REASONING The graph of the rational function fis a 
hyperbola. The asymptotes of the graph of f intersect 
at (3, 2). The point (2, 1) is on the graph. Find another 
point on the graph. Explain your reasoning. 


56. 


57. 


58. 


ABSTRACT REASONING Describe the intervals where 
the graph of y = Fis increasing or decreasing when 
x 


(a) a > O and (b) a < 0. Explain your reasoning. 


PROBLEM SOLVING An Internet service provider 
charges a $50 installation fee and a monthly fee of 
$43. The table shows the average monthly costs y of 
a competing provider for x months of service. Under 
what conditions would a person choose one provider 
over the other? Explain your reasoning. 


Average monthly 


MODELING WITH MATHEMATICS The Doppler effect 
occurs when the source of a sound is moving relative 
to a listener, so that the frequency f, (in hertz) heard 
by the listener is different from the frequency f, (in 
hertz) at the source. In both equations below, r is the 
speed (in miles per hour) of the sound source. 


Moving away: 
a 740f, 
£740 +4r 


a. An ambulance siren has a frequency of 2000 hertz. 
Write two equations modeling the frequencies 
heard when the ambulance is approaching and 
when the ambulance is moving away. 


b. Graph the equations in part (a) using the domain 
0s 7rs60) 


c. For any speed r, how does the frequency heard for 
an approaching sound source compare with the 
frequency heard when the source moves away? 


Ma intaining Mathematic al Proficiency Reviewing what you learned in previous grades and lessons 


Factor the polynomial. 


59. 4° a 


(Skills Review Handbook) 
60. 3x2 — 3x -—6 


Simplify the expression. 


[oS a 


(Section 5.2) 
64. 21/2 . 23/5 
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7.1-7.2 What Did You Learn? 


Core Vocabulary 


inverse variation, p. 360 
constant of variation, p. 360 
rational function, p. 366 


Core Concepts 


Section 7.1 


Inverse Variation, p. 360 
Writing Inverse Variation Equations, p. 36] 


Section 7.2 


Parent Function for Simple Rational Functions, p. 366 
Graphing Translations of Simple Rational Functions, p. 367 


Mathematical Practices 


1. Explain the meaning of the given information in Exercise 25 on page 364. 


2. How are you able to recognize whether the logic used in Exercise 29 on page 364 is 
correct or flawed? 


How can you evaluate the reasonableness of your answer in part (b) of Exercise 41 on page 371? 


4. How did the context allow you to determine a reasonable domain and range for the function in 
Exercise 46 on page 371? 


pocccccccee Study Skills - - - - - - ------------------ 
Analyzing Your Errors 


Study Errors 


What Happens: You do not study the right material or you 
do not learn it well enough to remember it on a test without 
resources such as notes. 


How to Avoid This Error: Take a practice test. Work with a 
study group. Discuss the topics on the test with your teacher. 
Do not try to learn a whole chapter's worth of material in 
one night. 


7.4-7.2 Quiz 


Tell whether x and y show direct variation, inverse variation, or neither. Explain your 
reasoning. (Section 7.1) 


« Pe ie eb ae 2 ix=y 3. xy = 0.45 
: 6. 
4 =x 3 6 9 12 ? + 6 8 
: | | 
Ly | 9 | 18 | 27 | 36 | 36 | 18 | 9 
- 4 . a $ 
7. The variables x and y vary inversely, and y = 10 when x = 5. Write an equation that 
relates x and y. Then find y when x = —2. (Section 7.1) 
Match the equation with the correct graph. Explain your reasoning. (Section 7.2) 
8. fx) =2+42 ee aaa 
SI) as a 
A. B. G 


11. Rewrite g(x) = = oe 


8 in the form g(x) = a + k. Graph the function. Describe the 


graph of g as a transformation of the graph of f(x) = = (Section 7.2) 


12. The time ¢ (in minutes) required to empty a tank varies inversely ,Pumpigs eg 
with the pumping rate r (in gallons per minute). The rate of a certain (gait) 
pump is 70 gallons per minute. It takes the pump 20 minutes to 
empty the tank. Complete the table for the times it takes the pump to | 
empty a tank for the given pumping rates. (Section 7.1) 


50 


13. A pitcher throws 16 strikes in the first 38 pitches. The table shows how a pitcher’s strike 
percentage changes when the pitcher throws x consecutive strikes after the first 38 pitches. 
Write a rational function for the strike percentage in terms of x. Graph the function. 

How many consecutive strikes must the pitcher throw to reach a strike percentage 
of 0.60? (Section 7.2) 


x | Total strikes | Total pitches | Strike percentage 
0 


16 38 0.42 


43 


10 26 | 48 | 0.54 


| a seo 166) | Ae Oe 
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Multiplying and Dividing 


Rational Expressions 


REASONING 
ABSTRACTLY 


To be proficient in math, 
you need to know and 
flexibly use different 
properties of operations 
and objects. 


Essential Question How can you determine the excluded values in 
a product or quotient of two rational expressions? 
You can multiply and divide rational expressions in much the same way that you 


multiply and divide fractions. Values that make the denominator of an expression zero 
are excluded values. 


i. ae a = : x#0 Product of rational expressions 
: ate ate : : ; 
t = : i = - ae : u = a x#%—-1 Quotient of rational expressions 


Multiplying and Dividing Rational Expressions 


Work with a partner. Find the product or quotient of the two rational expressions. 
Then match the product or quotient with its excluded values. Explain your reasoning. 


Product or Quotient Excluded Values 
1 x=—2 = os 
ene os ie A. —1, 0, and 2 
1 =a! 
b. . = ae | 
be | : ae 
1 x= 2 
cs 


. => (Cc, = 2,10), ateral 


rs a pd = 9} 
d. a ) D. —1 and2 
ea 1B = 
, 2.22 | 1 aad 

ae G 
oe Xx ; 
+ = . . —2and -1 
SD le Saeed 
7 
b 2 H. 1 
¥ = | 


ABEL TE eee §= Writing a Product or Quotient 


Work with a partner. Write a product or quotient of rational expressions that has the 
given excluded values. Justify your answer. 


hh =I |i) Il suevel 3! Ca Oeand Ss 


Communicate Your Answer 


3. How can you determine the excluded values in a product or quotient of two 
rational expressions? 


4. Is it possible for the product or quotient of two rational expressions to have no 
excluded values? Explain your reasoning. If it is possible, give an example. 
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7.3 Lesson 


Core Vocabulary . 


rational expression, p. 376 
simplified form of a rational 
expression, p. 376 


Previous 

fractions 

polynomials 

domain 

equivalent expressions 
reciprocal 


STUDY TIP 


Notice that you can divide 
out common factors in 
the second expression 

at the right. You cannot, 
however, divide out 

like terms in the 
third expression. 


COMMON ERROR 


Do not divide out variable 
terms that are not factors. 
Ma (Se 

x 
x-2 —2 
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What You Will Learn 


Pb Simplify rational expressions. 
& Multiply rational expressions. 
» Divide rational expressions. 


Simplifying Rational Expressions 

A rational expression is a fraction whose numerator and denominator are nonzero 
polynomials. The domain of a rational expression excludes values that make the 
denominator zero. A rational expression is in simplified form when its numerator and 
denominator have no common factors (other than +1). 


G) Core Concept 


Simplifying Rational Expressions 
Let a, b, and c be expressions with b # 0 and c # 0. 


Property a = 7 Divide out common factor c. 
Examples 2 = x2 = =A Divide out common factor 5. 
4x +3) 4 


Divide out common factor x + 3. 


3\(e+3) x43 


(GE Se 


Simplifying a rational expression usually requires two steps. First, factor the 
numerator and denominator. Then, divide out any factors that are common to both 
the numerator and denominator. Here is an example: 


ee rex x 
EXAMPLE Simplifying a Rational Expression 
ge ce ny el 
cay ee 
implify —3—] 
SOLUTION 
oe 4 en te 0) : 
oA e+ 2x = 2) Factor numerator and denominator. 
(-Z)\(x — 6) Pe 
= er! Divide out common factor. 
(e+-2)(x — 2) 
ee ee) Simplified form 
bee 
The original expression is undefined when x = —2. To make the original and 
simplified expressions equivalent, restrict the domain of the simplified expression by 
excluding x = —2. Both expressions are undefined when x = 2, so it is not necessary 


to list it. 
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Simplify the rational expression, if possible. 


206 ea) x+4 4 
“(x + 1x + 3) * x2 — 16 " x(x + 2) 


Rational Functions 


ANOTHER WAY 


In Example 2, you can 
first simplify each rational 
expression, then multiply, 
and finally simplify 

the result. 


8x3y | 7x4y3 
2xy* = Ay 


=7x5y, x#0,y#0 


Multiplying Rational Expressions 


The rule for multiplying rational expressions is the same as the rule for multiplying 
numerical fractions: multiply numerators, multiply denominators, and write the new 
fraction in simplified form. Similar to rational numbers, rational expressions are closed 
under multiplication. 


G) Core Concept 


Multiplying Rational Expressions 
Let a, b, c, and d be expressions with b # 0 and d # 0. 


Property ; . 7 = fe Simplify = if possible. 
5x2 6xy? _ 30x3y3_ § We3 ex ex2 ey 3x2 
ce ap ae A A == 
Exaple 2xy2 10y = 20xy? We2ex-y¥ ie one 
Multiplying Rational Expressions 
: 8x3y _ Tx+y3 
Find the product Ixy? . oF 
SOLUTION 
3y, TF x4y3 Ty4 
aay (ing sus Multiply numerators and denominators. 
2xy2  4y 8xy" 
e e e 6 e i ) 
Ee a Factor and divide out common factors. 
Boxy 


= 7Txy, x#0,y #0 Simplified form 


Multiplying Rational Expressions 


3x — 3x2 eae 20 


Find the product 


x2 +4x-—5 3x 
SOLUTION 
3x— 3x2 x? +x-20_  3x(1-x) ,@+5)x—4) _ Factor numerators 
at Ax os 3x (x — 1)(x + 5) 3x and denominators. 
meri ot 5)(x — 4) Multiply numerators 
Gea 5) Bx) and denominators. 
_ Sve = Ieee See = 2) Rewrite 1 — x as 
(x — I)@ + S5)Gx) (—1)(x — 1). 
_ 2M —1)G—NG4+-S)x — 4) Divide out common 
(x= T)(x+5)(32) factors. 


=—x 1-4, x#—5,x70,x # 1 Simplified form 


Check the simplified expression. Enter the original expression as y, and the simplified 
expression as y, 1n a graphing calculator. Then use the table feature to compare the 
values of the two expressions. The values of y, and y, are the same, except when 

x = —5, x = 0, and x = 1. So, when these values are excluded from the domain of the 
simplified expression, it is equivalent to the original expression. 
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STUDY TIP 


Notice that x2 + 3x + 9 
| does not equal zero 
for any real value of x. 
So, no values must be 
excluded from the domain 
to make the simplified 
form equivalent to 
the original. 


378 


Chapter 7 


Multiplying a Rational Expression by a Polynomial 


: sear 72 : 
Find the product 557 (x2 + 3x + 9). 
SOLUTION 
<a (i + 3 jae, Soe 9 Write polynomial as a 


Sy] i ee l rational expression. 


— & + 2)? + 3x + 9) 


Goa +31 Multiply. Factor denominator. 


Gt DGS sr 9) ae 

= <1 Divide out common factors. 
(x — 3)02 +3x+ 9) 

aka F Simplified form 
oe 
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Find the product. 


3x5y? Oxy” 6 ox? — lO 7 x45 
8xy 9x3y "x2 — 25 2x2 "3-1 


«(x2 +x + 1) 


Dividing Rational Expressions 


To divide one rational expression by another, multiply the first rational expression by , 
the reciprocal of the second rational expression. Rational expressions are closed under 
nonzero division. 


G) Core Concept 


Dividing Rational Expressions 
Let a, b, c, and d be expressions with b # 0, c # 0, and d # 0. 


Pranerivaee 200 ee = ee toe nie 
MD pCrIVES os Che Simplify if possible 
Yo. Sap L 7 2X28 Fi Ch eek) 3 
E | em = e SS, Se pees 
Se 4 le Gee tO 
Dividing Rational Expressions 
atin 
Find th = 
en) = ae 
SOLUTION 
(cae a Oe 2 Multiply by reciprocal 
10 «—1ix+30 2-10 seater ae 
-_ 7 ,&-5)@—6) 
5) @—5) 7 G6) Factor. 
_ tdx—S)\(x—) Multiply. Divide out 
2(x>5)(x) (x6) common factors. 


_ Z x#0,x#5,x #6 Simplified form 


Rational Functions 


Dividing a Rational Expression by a Polynomial 


Find the quotient oe + (3x2 + 5x). 
SOLUTION 
ee + (3x2 + 5x) = ote . wos Multiply by reciprocal. 
= Gx + 5)(2x — 3) es =e) == 5) Factor. 
= eS ) Divide out common factors. 
= = Ree -2 Simplified form 
EXAMPLE Solving a Real-Life Problem 


The total annual amount J (in millions of dollars) of personal income earned in 
Alabama and its annual population P (in millions) can be modeled by 


_ 6922t + 106,947 
0.00631 + 1 


: and 
P = 0.0343t + 4.432 


where f represents the year, with t = 1 corresponding to 2001. Find a model M for 


j | the annual per capita income. (Per capita means per person.) Estimate the per capita 


' income in 2010. (Assume ¢ > 0.) 


SOLUTION 


To find a model M for the annual per capita income, divide the total amount / by the 
population P. 
6922t + 106,947 cae 
= * =<(0) + 4.43 Divide / by P. 
M 000637 4 1 (0.0343t + 4.432) ivide / by 
_ 6922t + 106,947 | I 
0.0063t + 1 0.0343t + 4.432 


_ 69221 + 106,947 
(0.00637 + 1)(0.0343r + 4.432) 


Multiply by reciprocal. 
Multiply. 


To estimate Alabama’s per capita income in 2010, let ¢ = 10 in the model. 


6922 «10 + 106,947 


c Substitute 10 for t. 
M (0.0063 » 10 + 1)(0.0343 « 10 + 4.432) ubstitute 10 for 


= 34,707 Use a calculator. 


> In 2010, the per capita income in Alabama was about $34,707. 
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Find the quotient. 
4x x* — 2x 2x2 + 3x —5 
a a 
5x-20  —Ox+8 z & ( ») 
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Dynamic Solutions available at BigideasMaflii.com 


7.3  €&Exercises 


Vocabulary and Core Concept Check 


1. WRITING Describe how to multiply and divide two rational expressions. 


2. WHICH ONE DOESN'T BELONG? Which rational expression does nor belong with the other three? 


Explain your reasoning. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-10, simplify the expression, if possible. 
(See Example 1.) 


2x2 7x3 — x2 
3. ———_ 4. 
3x2 — 4x 2x3 
7 x? — 3x- 18 6 x? + 13x + 36 
“ 3-77 + 6 “ 92 - 7x + 10 
x>+11x+ 18 8 x? — 7x + 12 
eP+8 x3 — 27 
32x* — 50 
4x3 — 12x72 —5x+ 15 
10 3x3 — 3x2 + 7x —7 
: 27x4 — 147 
In Exercises 11-20, find the product. (See Examples 2. 
3, and 4.) 
4xy> iy ; A48x5y3 xy 
11. = 12. “ee 
xy 8x y* 6x3y2 


rio 4) Je G8) 


13. 


x-3 x3 
14 (x + 5) (6 =9 G+ 8) 
“4-9 3x3 
15. Xe 0 16. AY Soe 
jo ge sa || 2x 
17 bide See 2x? sh Axe 
4x +4 443 
18 ieee eo 2x2 + 2x 
; 4x3 aaron otG 
AoenOX — 30. 75 
._ a — Jee 
195 Hie 28) 
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20. 


21: 


22 


25; 


24. 


Ree 
—__—____— e (x + 2x — 8 
poms \e) area 


ERROR ANALYSIS Describe and correct the error in 
simplifying the rational expression. 


%) 
xX 2+46xt Ab _ ees 
e+ Oxb 46 xe kee 
1 1 


ERROR ANALYSIS Describe and correct the error in 
finding the product. 


Bi earls) o-x x+5 
— (+5)(x — 5)(x-3) 
(3-(x+5) 
=x—5,x#.3,x Ft —5 


x P= 26 x- 8 _ (xt 8)x= 5) x= 


USING STRUCTURE Which rational expression is in 
simplified form? 


eee = a 
® jm 30 = @Q a os 


x2+3x+2 x2+2x-3. 
eek 2 = 
x 6x +9 $2 ap She = a! 
(iC) D =—— 
x se = x*+x-2 


COMPARING METHODS Find the product below by 
multiplying the numerators and denominators, then 
simplifying. Then find the product by simplifying 

each expression, then multiplying. Which method do 
you prefer? Explain. 


4x*y  12y* 
2x3 24x? 


25: 


26. 


WRITING Compare the function 


fo) = GE= DE + 6) 


t i = 
Gx —7) o the function g(x) = x + 6. 


MODELING WITH MATHEMATICS Write a model in 


terms of x for the total area of the base of the building. 


In Exercises 27-34, find the quotient. (See Examples 5 


and 6.) 
pary . y! 2xyz . 6y* 
2, re 2a ee 
29 mex — 6 . xt 2 2 = 12% eee 


St, 


32. 


33: 


34, 


24-63 42 x2—Ix+6 3x-3 


re 6 . ne 
a = ah 
aaa (a 6x + 9) 


x2 — 5x — 36 ‘5 
So — 18 + 
aS (Ge 18x + 81) 
oy Ieee x — 3x — 18 
e+6xt+8 +2x-8 


foe 40 x + 13x + 40 
x2+8x—20 x2+ 12x +20 


In Exercises 35 and 36, use the following information. 


Manufacturers often package products in a way that uses 
the least amount of material. One measure of the efficiency 
of a package is the ratio of its surface area S to its 

volume V. The smaller the ratio, the more efficient the 
packaging. 


35: 


You are examining three cylindrical containers. 


a. Write an expression for the efficiency ratio = of a 
cylinder. 


b. Find the efficiency ratio for each cylindrical can 
listed in the table. Rank the three cans according 
to efficiency. 


Soup { Coffee Paint 


10.2cm ! 15.9cm | 19.4cm 


| 00 a 8.4cm 
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36. 


ST 


39. 


Multiplying and Dividing Rational Expressions 


PROBLEM SOLVING A popcorn company is designing 
a new tin with the same square base and twice the 
height of the old tin. 


a. Write an expression 


for the efficiency ratio 


of each tin. 


b. Did the company 
make a good decision 
by creating the new 
tin? Explain. 


MODELING WITH MATHEMATICS The total amount / 
(in millions of dollars) of healthcare expenditures and 
the residential population P (in millions) in the 
United States can be modeled by 


_— 171,000 + 1,361,000 
1 + 0.0187 


P = 2.96t + 278.649 


I and 


where t is the number of years since 2000. Find a 
model M for the annual healthcare expenditures per 
resident. Estimate the annual healthcare expenditures 
per resident in 2010. (See Example 7.) 


MODELING WITH MATHEMATICS The total amount 
Z (in millions of dollars) of school expenditures from 
prekindergarten to a college level and the enrollment 
P (in millions) in prekindergarten through college in 
the United States can be modeled by 


Soli + 709.569 


= 0. air TAQ): 
1 0.0287 and P = 0.5906r + 70.219 


ii 


where f is the number of years since 2001. Find a 
model M for the annual education expenditures per 
student. Estimate the annual education expenditures 
per student in 2009. 


oe ' “_ 
(i =. 
ry -. 

> 


t 


USING EQUATIONS Refer to the population model P 
in’ Exereise 37. 


a. Interpret the meaning of the coefficient of t. 


b. Interpret the meaning of the constant term. 


381 


40. HOW DO YOU SEE IT? Use the graphs of f and g to 
determine the excluded values of the functions 


h(x) = (fg)@) and k(x) = (Zoo. Explain your 


reasoning. 


41. DRAWING CONCLUSIONS Complete the table for the 
function y = a ae 
x- = 16 
a graphing calculator to explain the behavior of the 
function atx = —4. 


. Then use the trace feature of 


AD 


42. MAKING AN ARGUMENT You and your friend are 
asked to state the domain of the expression below. 


x2 + 6x — 27 


x2 + 4x — 45 
Your friend claims the domain is all real numbers 
except 5. You claim the domain is all real numbers 
except —9 and 5. Who is correct? Explain. 


43. MATHEMATICAL CONNECTIONS Find the ratio of the 
perimeter to the area 
of the triangle shown. _ 


| 
6x 15x 


1 rs: 1 aes 
50. ee — eet 51. 3% — 4 


(Skills Review Handbook) 


54. 42 55. 91 


Rational Functions 
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Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Solve the equation. Check your solution. (Ski//s Review Handbook) 


Write the prime factorization of the number. If the number is prime, then write prime. 


56. 72 


44. CRITICAL THINKING Find the expression that makes 
the following statement true. Assume x # —2 
and x # 5. 
x-5 . WEE _x+2 
xe+2x-35 x-3x-10 x+7 


USING STRUCTURE In Exercises 45 and 46, perform the 
indicated operations. 


2x27 ++x-— 15 2x —5 
, ee (oe 
43. ipo 
=—2 oe 4 


3 — : 
BO) 


47. REASONING Animals that live in temperatures several 
degrees colder than their bodies must avoid losing 
heat to survive. Animals can better conserve body 
heat as their surface area to volume ratios decrease. 
Find the surface area to volume ratio of each penguin 
shown by using cylinders to approximate their shapes. 
Which penguin is better equipped to live in a colder 
environment? Explain your reasoning. 


King Penguin 
Galapagos 
Penguin 
‘l 94 cm 
53 cm 


I 


radius = 6cm radius = 11cm 


Not drawn to scale 


48. THOUGHT PROVOKING Is it possible to write two 
radical functions whose product when graphed is 
a parabola and whose quotient when graphed is a 
hyperbola? Justify your answer. 


49. REASONING Find two rational functions f and g that 
have the stated product and quotient. 

a 

G2) 


(fe)(x) = x2, {E}oo = 


S/o 


Adding and Subtracting 


Rational Expressions 


CONSTRUCTING 
VIABLE ARGUMENTS 


To be proficient in math, 
you need to justify 

your conclusions and 
communicate them 

to others. 


Essential Question How can you determine the domain of the sum 
or difference of two rational expressions? 
You can add and subtract rational expressions in much the same way that you add and 


subtract fractions. 
x4 2 x+2 


Sum of rational expressions 


c+ | «ee 
2 ~ = = = + = x Difference of rational expressions 


Adding and Subtracting Rational Expressions 


Work with a partner. Find the sum or difference of the two rational expressions. 
Then match the sum or difference with its domain. Explain your reasoning. 


Sum or Difference Domain 
a. = as i = ‘s 2 at A. all real numbers except —2 
b. = au j as 2 = B. all real numbers except —1 and 1] 
1 co 2 : 
C 5 + 7 C. all real numbers except 1 
d. ia — a b. aad D. all real numbers except 0 
e. z = 5 - * : = E. all real numbers except —2 and 1 
x seal | ail 
i = = F. all real numbers except 0 and 1 
eel? x 
g. ey : G. all real numbers except 2 
2 ie es | 
hi : 2 : aa H. all real numbers except 0 and 2 


EXPLORATION 2 Writing a Sum or Difference 


Work with a partner. Write a sum or difference of rational expressions that has the 
given domain. Justify your answer. 


a. all real numbers except — 1 b. all real numbers except —1 and 3 


c. all real numbers except —1, 0, and 3 


Communicate Your Answer 


3. How can you determine the domain of the sum or difference of two rational 
expressions? 


4. Your friend found a sum as follows. Describe and correct the error(s). 
x 4 3 _ +0 3 
pea bh Ge tal IE 
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7A Lesson What You Will Learn 


B® Add or subtract rational expressions. 


As with numerical fractions, the procedure used to add (or subtract) two rational 
expressions depends upon whether the expressions have like or unlike denominators. 
To add (or subtract) rational expressions with like denominators, simply add 

(or subtract) their numerators. Then place the result over the common denominator. 


G) Core Concept 


Adding or Subtracting with Like Denominators 
Let a, b, and c be expressions with c # 0. 


reciprocal 


R Rewrite rational expressions and graph the related function. 
Core Vocabulary. » Simplify complex fractions. 
i complex fraction, p. 387 
! s s . a 
| Previous Adding or Subtracting Rational Expressions 
| rational numbers 


Addition Subtraction 
a,b_atb a Bea 
Gc Cc @ Cc 


eae eme Adding or Subtracting with Like Denominators 
il 3 2b oe 10. 5 
aay Ax 4x 4x 2x 


Le SS eee 
“x+6 x+6 xt+6 


Add numerators and simplify. 


b Subtract numerators. 
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Find the sum or difference. 


8 5) 2 il 4x eG 2x? 2 
a at 3. - 4. + 
12x 12% 3x2 3x2 x-2 x-2 w+) x2 4+1 


To add (or subtract) two rational expressions with unlike denominators, find a common 
denominator. Rewrite each rational expression using the common denominator. Then 
add (or subtract). 


G) Core Concept 


Adding or Subtracting with Unlike Denominators 
Let a, b, c, and d be expressions with c # 0 and d # 0. 


Addition Subtraction 


Go bad Whe = ad 0G 
€ ad eda cd cd 


You can always find a common denominator of two rational expressions by 
multiplying the denominators, as shown above. However, when you use the least 
common denominator (LCD), which is the least common multiple (LCM) of the 
denominators, simplifying your answer may take fewer steps. 
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To find the LCM of two (or more) expressions, factor the expressions completely. 
The LCM is the product of the highest power of each factor that appears in any of 
the expressions. 


Finding a Least Common Multiple (LCM) 


Find the least common multiple of 4x? — 16 and 6x2 — 24x + 24. 


SOLUTION 
Step 1 Factor each polynomial. Write numerical factors as products of primes. 
4x? — 16 = 40? — 4) = (22) + 2)@ — 2) 
6x? — 24x + 24 = 602 — 4x + 4) = (2)()@ — 2) 
Step 2 The LCM is the product of the highest power of each factor that appears in 
either polynomial. 


LGM Sle Ghix - 2)(x — 2)? = 124 2) — 2) 


Sae7N\\(28ae— Adding with Unlike Denominators 


: i 3 
Find the sum Ox ah eae 


SOLUTION 
Method 1 Use the definition for adding rational expressions with unlike 
denominators. 
ae Se or tae xr) a be b_ ad+ bc 
9x2 3x2 + 3x 9x?2(3x2 + 3x) G ad cd 
2 3 
ee ae Distributive Property 


9x2(3x2 + 3x) 
_ 24(Bx2 + 7x + 7) 

Ox7(x + 1)(34) 
2 3e + 7x47 


me Goan, Simplify. 


Factor. Divide out common factors. 


Method 2 Find the LCD and then add. To find the LCD, factor each denominator and 
write each factor to the highest power that appears in either denominator. 
Note that 9x2 = 32x? and 3x2 + 3x = 3x(x + 1), so the LCD is 9x2(x + 1). 


Ce ie Se eS Factor second 
Gio ok ok ON 23x al) denominator. 
= a . = Gee) ° = LCD is 9x2(x + 1). 
= =e. oa Multiply. 
= oe = Add numerators. 


Note in Examples | and 3 that when adding or subtracting rational expressions, 
the result is a rational expression. In general, similar to rational numbers, rational 
expressions are closed under addition and subtraction. 
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SS97NV i202 Subtracting with Unlike Denominators 


: . Kl eee 
Find the difference =o 4 = oe 


SOLUTION 
et 2  -—2y-— 1 «eee ee Factor each 
COMMON ERROR 9x—2 x2—4e+3 26-12 a Do -— 3) denominator. 
When subtracting rational x+2 4-3 -2x-1 > LCDis 
expressions, remember to © 5am =3 =e sk Dea 
distribute the negative ae . ame) ( X ) 
sign to all the terms in __ See 6 2s ee Multiply, 
the quantity that is 24 =x 3) 2a=— Dies) 
being subtracted. ro re 
ate Ae ae D : — 2) Subtract numerators. 
= Sees) as Simplify numerator. 
_ & Het 4) ia es 
Ve a ivide out common 
factors. 
x+4 cer 
= MG — 3) x#-l1 | Simplify. 
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5. Find the least common multiple of 5x? and 10x? — 15x. 


Find the sum or difference. 


3 1 it EG be 5 
= a . §. ———— + ——_ 
4x 7 3x2 Ox? — 12 x2—x-12 12x-— 48 


Rewriting Rational Functions 

Rewriting a rational expression may reveal properties of the related function and 
its graph. In Example 4 of Section 7.2, you used long division to rewrite a rational 
expression. In the next example, you will use inspection. 


r 


“EXAMPLE 5. Rewriting and Graphing a Rational Function 


Seon a 7 
=— +k. h ; 
7 in the form g(x) ae k. Graph the function 


Rewrite the function g(x) = 


Describe the graph of g as a transformation of the graph of f(x) = ce 
x 


SOLUTION 

Rewrite by inspection: 
3x P 5 3x + 3 2 eee 3e4T) ene We 2 
xl BSE | x al pea | ie c-Pal 


> The rewritten function is g(x) = + 3. The graph of g is a translation | unit 


xe 

x+1 

left and 3 units up of the graph of f(x) = 2 
au 
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9. Rewrite g(x) = 


=3i in the form g(x) = a + k. Graph the function. 
Describe the ae of g as a transformation of the graph of f(x) = = 


386 Chapter 7 Rational Functions 


Complex Fractions 


A complex fraction is a fraction that contains a fraction in its numerator or 
denominator. A complex fraction can be simplified using either of the methods below. 


G) Core Concept 


Simplifying Complex Fractions 


Method 1_ If necessary, simplify the numerator and denominator by writing 
each as a single fraction. Then divide by multiplying the numerator 
by the reciprocal of the denominator. 


Method 2 Multiply the numerator and the denominator by the LCD of every 
fraction in the numerator and denominator. Then simplify. 


Des igemem Simplifying a Complex Fraction 


SOLUTION 


bs) 5) 
Method 1 ee es Add fractions in denominator. 
if if Zz oye ae te 


Bear 4) ge SiGe sp a) 
Bee 2G 4) 
feared) Sip se fe 
_ __ Sx(x+4) 
(x+4)(3x + 8) 


Me Be 
3x + 8’ 


Multiply by reciprocal. 


Divide out common factors. 


x#—4,x#0 Simplify. 


Method 2 The LCD of all the fractions in the numerator and denominator is x(x + 4). 
5 5 
see t+ ae 4) Multiply numerator and 
i re 1 fe 2 xx +4) denominator by the LCD. 
sear al je opap al oe 


¢ x(Q-+4) 


= A Divide out common factors. 
° += exx+4 
x4 sealed) x ae ) 


an ae 
= ——___-—- mplify. 
“x + 20eF 4) Simpy 
he es | aa 
a ial Serer 4,x #0 Simplify 
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Simplify the complex fraction. 


Rigo. ios) 3 

40. © : n= 12, —**> 
2 
5 10 ee Sar 
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7.4 Exercises 


1. COMPLETE THE SENTENCE A fraction that contains a fraction in its numerator or denominator is 


called a(n) 


subtracting numerical fractions. 


2. WRITING Explain how adding and subtracting rational expressions is similar to adding and 


Dynamic Solutions available at BigideasMath.com 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-8, find the sum or difference. 
(See Example 1.) 


le 5 Bg 4 
. —+— 4. = 
3 any Ax 16x2 16x 
9 2% 3x2 6x 

———— 6. + 

: x+1 x41 iy) eS 

7 Sx IS 8. oS ae 
sear 3} gear 3) Pee — || wee = jl 


In Exercises 9-16, find the least common multiple of the 
expressions. (See Example 2.) 


Oo) Sia SiGe =) 10. 2x7,4x + 12 
41. 200 20k — 12. 24x2, 8x2 — 16x 
13. x27-—25,x-—5 14. 9x2 — 16,3x2+x-4 


15. x7+3x-40,.x-8 16. x2 -—2x-—63,x4+7 


ERROR ANALYSIS In Exercises 17 and 18, describe and 
correct the error in finding the sum. 


Sk x* 5x =F oe x( cree 
ae 4 ~ xt4 
kt2 x5 (x 2) eee 


In Exercises 19-26, find the sum or difference. 
(See Examples 3 and 4.) 


17. 


18. 


12 7 5) 
19. —-— .—  — 

5x 6x a0 are 

3 | 9 oN 
21. — ——— ; 

x+4 x+t+6 22 se 3) zeae Il 

12 3 

23. x2+5x-24 x-3 
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24. 


26. 


Pee tS 95, *+2,2 5x 
xw+5x-14 x4+7 “x-4 x 3x-1 
es. A ere e) 

e-—-25 x-5 xt+3 


REASONING In Exercises 27 and 28, tell whether the 
statement is always, sometimes, or never true. Explain. 


27 


28. 


29. 


30. 


The LCD of two rational expressions is the product of 
the denominators. 


The LCD of two rational expressions will have a 
degree greater than or equal to that of the denominator 
with the higher degree. 


ANALYZING EQUATIONS How would you begin to 


ax + to obtain the form 


rewrite the function g(x) = 


xX 
BG) Siren ae: 
_4a@+2)-7 
OO a 
_A4x+2)+1 
$0) = 
_(&+2)+Gx-1 
© {20 ae 
Be ee ae | 
@)) $0) a 


ANALYZING EQUATIONS How would you begin to 


= 5 to obtain the form 


rewrite the function g(x) = 
g(x) =—+_ +k? 


R= Ih 
K(X FS) ee) 
RO a cae 
56 ee 
ges 
> x 
© sO) 55 
®D Fi) a 


In Exercises 31-38, rewrite the function g in the form 


a 


g(x) = a + k. Graph the function. Describe the 


graph of g as a transformation of the graph of f(x) = =. 


(See Example 5.) oS 
31. gy = 32. a(x) = ES 
33. g(x) = ae 34, g(x) = - fo 
Se = tS 36. coe 
x Xx 
37, gx) = ST 38. g(x) = 2 


In Exercises 39-44, simplify the complex fraction. 


(See Example 6.) 
*—6 oo 
39. ; 40. — x 
10+ = Ce 
5 
) Je 16 
= = 7, 
AN. 2e= 5 we 20 a2. R= 2 
i 4 Vea 
24-5 spar il | x 
1 3) eae 
ae mn Vig 
43. 3x 3} AA. See 4 
eee. xt 4 5 ce 1 
x+1 x-3x-4 x+2 x-2 


45. 


PROBLEM SOLVING The total time T (in hours) 
needed to fly from New York to Los Angeles and 
back can be modeled by the equation below, where d 
is the distance (in miles) each way, a is the average 
airplane speed (in miles per hour), and j is the average 
speed (in miles per hour) of the jet stream. Simplify 
the equation. Then find the total time it takes to fly 
2468 miles when a = 510 miles per hour and 

j = 115 miles per hour. 


d Ef d_ 
@ ar ii 


= 


ai 


Section 7.4 


46. 


47. 


48. 


49. 


Adding and Subtracting Rational Expressions 


REWRITING A FORMULA The total resistance R, of 
two resistors in a parallel circuit with resistances 
R, and R, (in ohms) is given by the equation 
shown. Simplify the complex fraction. Then find 
the total resistance when R, = 2000 ohms and 

R, = 5600 ohms. 


PROBLEM SOLVING You plan a trip that involves a 
40-mile bus ride and a train ride. The entire trip is 
140 miles. The time (in hours) the bus travels is 


y= * where x is the average speed (in miles per 


hour) of the bus. The time (in hours) the train travels 
100 

year 30) 

the total time y of the trip. 


iS Y, = . Write and simplify a model that shows 


PROBLEM SOLVING You participate in a sprint 
triathlon that involves swimming, bicycling, and 
running. The table shows the distances (in miles) and 
your average speed for each portion of the race. 


Distance Speed | 
(miles) | (miles per hour) | 


Swimming 0.5 r | 
Bicycling 22 | Lay | 
Running 6 aa) 


a. Write a model in simplified form for the total time 
(in hours) it takes to complete the race. 


b. How long does it take to complete the race if you 
can swim at an average speed of 2 miles per hour? 
Justify your answer. 


MAKING AN ARGUMENT Your friend claims that 
the least common multiple of two numbers is always 
greater than each of the numbers. Is your friend 
correct? Justify your answer. 


B89 


50. HOW DO YOU SEE IT? 
Use the graph of the 


functi =—% 
nection f(x) par: 
to determine the values 
of h and k. 


tk 


FF TAT OOTP ANTE AIEEE MOAT TES A TELAT INSTI RETA IA 


51. REWRITING A FORMULA You borrow P dollars to 
buy a car and agree to repay the loan over f years at 
a monthly interest rate of i (expressed as a decimal). 
Your monthly payment M is given by either 
formula below. 


Pi ei Glictal! 
1 i ” (Lap = | 
| — 
tes 


a. Show that the formulas are equivalent by 
simplifying the first formula. 


b. Find your monthly payment when you borrow 
$15,500 at a monthly interest rate of 0.5% and 
repay the loan over 4 years. 


52. THOUGHT PROVOKING Is it possible to write two 
rational functions whose sum is a quadratic function? 
Justify your answer. 


53. USINGTOOLS Use technology to rewrite the 
P (97.6)(0.024) + x(0.003) . 
funct x)= 
unction g(x) oe in the 


form g(x) = rea + k. Describe the graph of g as 


a transformation of the graph of f(x) = & 
x 


54. MATHEMATICAL CONNECTIONS Find an expression 
for the surface area of the box. 


Oo 5 5) 
x 


Solve the system by graphing. (Section 3.5) 


58. y=x2+6 BS. 2x7 = 3x =y— 
= 3x4 3x —y =? 
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Rational Functions 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


y=] 3 


55. PROBLEM SOLVING You are hired to wash the new 


cars at a car dealership with two other employees. 
You take an average of 40 minutes to wash a car 

(R, = 1/40 car per minute). The second employee 
washes a car in x minutes. The third employee washes 
a car in x + 10 minutes. 


a. Write expressions for the rates that each employee 
can wash a car. 


b. Write a single expression R for the combined rate 
of cars washed per minute by the group. 


c. Evaluate your expression in part (b) when the 
second employee washes a car in 35 minutes. How 
many cars per hour does this represent? Explain 
your reasoning. 


56. MODELING WITH MATHEMATICS The amount A 
(in milligrams) of aspirin in a person’s bloodstream 
can be modeled by 


A 291? oe 
0.21874 + 0.99172 + 1 


where f is the time (in hours) after one dose is taken. 


combined 
effect 


a. A second dose is taken | hour after the first dose. 
Write an equation to model the amount of the 
second dose in the bloodstream. 


b. Write a model for the rotal amount of aspirin in 
the bloodstream after the second dose is taken. 


57. FINDING A PATTERN Find the next.two expressions in 
the pattern shown. Then simplify all five expressions. 
What value do the expressions approach? 

(ot ee ge ! een 


yea ee 
De 1 1 


61. y=(+ 2-3 
yHEor+ 4x45 


Solving Rational Equations 


MAKING SENSE 
OF PROBLEMS 


To be proficient in math, 
you need to plan a 
solution pathway rather 
than simply jumping into 
a solution attempt. 


Essential Question How can you solve a rational equation? 


EXPLORATION 1 Solving Rational Equations 


Work with a partner. Match each equation with the graph of its related system of 
equations. Explain your reasoning. Then use the graph to solve the equation. 


Ms z : Staal 
= = 2 = a 
: al : cP Be . cee 3 ees 
2, I =| 1 
d. = = | ee 
se = I e y ae y as 
A. 4 B. 4 
i | al 
-4 =A 
c 4 D. 4 
a | 
—4 
E 4 F 
ee 
-4 


ie 4eee TNE me = Solving Rational Equations 


Work with a partner. Look back at the equations in Explorations 1(d) and I(e). 
Suppose you want a more accurate way to solve the equations than using a 
graphical approach. 


a. Show how you could use a numerical approach by creating a table. For instance, 
you might use a spreadsheet to solve the equations. 


b. Show how you could use an analytical approach. For instance, you might use the 
method you used to solve proportions. 


Communicate Your Answer 


3. How can you solve a rational equation? 


4. Use the method in either Exploration | or 2 to solve each equation. 


See = I 1 - 1 1 a 1 
“x-1 x+1 “x+1 +1 “x2-1 x-I1 
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7.5 Lesson 


Core Vocabulary. 


cross multiplying, p. 392 


Previous 
proportion 
extraneous solution 
inverse of a function 


es 


What You Will Learn 


~ Solve rational equations by cross multiplying. 
P Solve rational equations by using the least common denominator. 
Pm Use inverses of functions. 


Solving by Cross Multiplying 
You can use cross multiplying to solve a rational equation when each side of the 
equation is a single rational expression. 


Solving a Rational Equation by Cross Multiplying 


3  #@9 
> Ole x+1 4445 
SOLUTION 
5 9 


le eae Write original equation. 
mad eth tama, ‘ ‘ 


3(4x + 5) = 9x + 1) 


Cross multiply. 


Check 

3 9 9 12x+15=9x+9 Distributive Property 

—2+1— Ae 3x+15=9 Subtract 9x from each side. 
9) 
— = aa 3x = —6 Subtract 15 from each side. 
= —2 Divide each side by 3. 
See J d 
> The solution is x = —2. Check this in the original equation. 


Writing and Using a Rational Model 


An alloy is formed by mixing two or more metals. Sterling silver is an alloy composed 
of 92.5% silver and 7.5% copper by weight. You have 15 ounces of 800 grade silver, 
which is 80% silver and 20% copper by weight. How much pure silver should you mix 
with the 800 grade silver to make sterling silver? 


SOLUTION 


weight of copper in mixture 
total weight of mixture 


percent of copper in mixture = 


75 _ (0.2)015) x is the amount of silver added. 


TOU see 
7.5(15 + x) = 100(0.2)(15) Cross multiply. 
112.5 + 7.5x = 300 Simplify. 
7.5x = 187.5 Subtract 112.5 from each side. 
x = 25 Divide each side by 7.5. 


P You should mix 25 ounces of pure silver with the 15 ounces of 800 grade silver. 
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Solve the equation by cross multiplying. Check your solution(s). 


peed > 42 5 1 x 
5x x—-7 “x+3 x-3 
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Solving by Using the Least Common Denominator 


When a rational equation is not expressed as a proportion, you can solve it by 
multiplying each side of the equation by the least common denominator of the 
rational expressions. 


Se, ° soca ; 
-+-—-=-=+ : 
a ae - Write original equation 
Dy ih | ae 9 : 
4x a =P ri 4x 7 Multiply each side by the LCD, 4x. 
20 + 7x = —36 Simplify. 
Tx = —56 Subtract 20 from each side. 
x=-8 Divide each side by 7. 
> The solution is x = —8. Check this in the original equation. 
b. 1 =e Write original equation. 
Ao go 


Ma 5)(1 = 4 = x(X— 5) = Multiply each side by the LCD, x(x — 5). 


Xo) = oe = 3 = 5) Simplify. 

= 5 ore — 15 Distributive Property 
pee ts) 0 Write in standard form. 
= TG 15) =0 Factor. 

x=1 or x=15 Zero-Product Property 


> The solutions are x = 1 and x = 15. Check these in the original equation. 
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Solve the equation by using the LCD. Check your solution(s). 
[Sone 7 3 aa 1 12 
~_—+2=- 5; = = : =. 
s x 2x 7+ er 1 


3 
Sey sear Wl Bye 
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+3 


393 


When solving a rational equation, you may obtain solutions that are extraneous. 
Be sure to check for extraneous solutions by checking your solutions in the 
original equation. 


| EXAMPLE 4 | Solving an Equation with an Extraneous Solution 


Solve CMs? as 
er ere 
SOLUTION 
Write each denominator in factored form. The LCD is (x + 3)(x — 3). 
6 _ 8x? _ 4x 
x-3 C4 3G 
6 8x? 4x 


Grae — Sys 


53 BPC" 2)" ee ee 


6(x + 3) = 8x- — 4x(x — 3) 
6x + 18 =(8y — 4 
0 = 4x* + 6x — 18 
0 = 2x7 + 3x —9 
0=(2x — 3)@+ 3) 
2x —-3=0- or x73 =0 


x=3 or 30 8, 


ANOTHER WAY 


You can also graph each 
side of the equation and 
find the x-value where the 
graphs intersect. . 


| Intersection 
5 i 


> The apparent solution x = —3 is extraneous. So, the only solution is x = 


NI] 
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Solve the equation. Check your solution(s). 


9 6x 9x2 Vi 6 
ye ae = ee 0 _ 
x-2 x+2 x-4 : x-1 : x1 
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Using Inverses of Functions 


Finding the Inverse of a Rational Function 


; : 2 : ; ; : 
Consider the function f(x) = ——~. Determine whether the inverse of fis a function. 
; x+3 ; 

Then find the inverse. 


SOLUTION 


Graph the function f. Notice that no horizontal line intersects the graph more than 
once. So, the inverse of fis a function. Find the inverse. 


Ze 


eas Set y equal to f(x). 
a= Switch x and 
26 == rary witch x an y. 
x(y + 3) =2 Cross multiply. 
y+3= = Divide each side by x. 
y= - a Subtract 3 from each side. 


P So, the inverse of fis g(x) = aa 
x 


| EXAMPLE 6 | Solving a Real-Life Problem 


In Section 7.2 Example 5, you wrote the function c = ate which represents 
the average cost c (in dollars) of making m models using a 3-D printer. Find how many 
models must be printed for the average cost per model to fall to $90 by (a) solving an 


equation, and (b) using the inverse of the function. 


REMEMBER 


In part (b), the variables 
are meaningful. Switching 
them to find the inverse 
would create confusion. 
So, solve for m without SOLUTION 
switching variables. 


a. Substitute 90 for c and solve by b. Solve the equation for m. 


cross multiplying. 
wo 50m + 1000 


99 — Som = 1000 m 
” 1000 
90m = 50m + 1000 ee are, 
40m = 1000 fare 1000 
= 25 m 
a _ 1000 
= 20) 
1000 
Wh — eat = » 
enc = 90,m 90 50 2S 


So, the average cost falls to $90 per model after 25 models are printed. 
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9. Consider the function f(x) = Ls 2. Determine whether the inverse of fis a 
x 
function. Then find the inverse. 


50m + 800, 


10. WHAT IF? How do the answers in Example 6 change when c = 
Mm 
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7. 5 Exe rcises Dynamic Solutions available at BigideasMath.com 


Vocabulary and Core Concept Check 


1. WRITING When can you solve a rational equation by cross multiplying? Explain. 


Xx 


2. WRITING A student solves the equation — and obtains the solutions 3 and 4. Are either 


. ie 35> x3 
of these extraneous solutions? Explain. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-10, solve the equation by cross 14. MODELING WITH MATHEMATICS You have 0.2 liter 
multiplying. Check your solution(s). (See Example 1.) of an acid solution whose acid concentration is 16 
moles per liter. You want to dilute the solution with 


3 an == 2 4. page ™ water so that its acid concentration is only 12 moles 
ax xt6 3x x +2 per liter. Use the given model to determine how many 
liters of water you should add to the solution. 
a 6. Se 
x — a 3x-2 x1 Concentration of Volume of 
Concentration original solution * original solution 
Fe ees 9 See Cniey a. = 
et Ax 1 x=) at solution Volume of Volume of 
a original solution ter added 
Pp ies ye ; ee =a g water adde 
" x +2 2 “ x¥-3 x2-27 
USING STRUCTURE In Exercises 15-18, identify the LCD 
11. USING EQUATIONS So far in your volleyball practice, _ of the rational expressions in the equation. 
you have put into play 37 of the 44 serves you have * 1 3 ve 7 9 
. OO) 3 iia 15. cae 16. —-=s 
attempted. Solve th ation ——~ = Xe 3 ee x=1 x x 
attempted. Solve the equation 44 py 0 find 
the number of consecutive serves you need to put into 17 9) be €l 4 Sx 
play in order to raise your serve percentage to 90%. nes ei x+4 2 18. Ot Jean, oe 


In Exercises 19-30, solve the equation by using the LCD. 
Check your solution(s). (See Examples 3 and 4.) 


Ce | po eee: 
19. —~+-—=2 20. —+-+-=— 
ae Bs She 6) x 
3 on 2 tal 
2 22. +== 
r—- 4 a C= 3. 4) eas 
) 
23,0 eee 
; KoA B sree | x C4 
12. USING EQUATIONS So far this baseball season, you 
have 12 hits out of 60 times at-bat. Solve the equation 25 1s me 6 It 
> , mero ee = yo i 
0.360 = ri - to find the number of consecutive hits a coe ae 
: : se lhe ee ae tT age) 5 sear S 
ou need to raise your batting average to 0.360. bye +-—= 28. = 
| e cilia x+6 x x+6 x-3 x-5 x-5 
13. MODELING WITH MATHEMATICS Brass is an alloy 5 2 
composed of 55% copper and 45% zinc by weight. ao; a a= Pac 
You have 25 ounces of copper. How many ounces of 
zinc do you need to make brass? (See Example 2.) 30. 5 Sipe 3 
xw+x-6 x-2 


396 Chapter 7 Rational Functions 


ERROR ANALYSIS In Exercises 31 and 32, describe and 
correct the error in the first step of solving the equation. 


31. 
5 ere 
x i) wal 
ao. oe 
32) 
x Tx+1 4 4 = 10x-3 
2x+5 3x 
7x+1 10x-—3 
2x+5)3x + 4 = US ees 
ex pee 2x+5 3x lex ie 


33. PROBLEM SOLVING You can paint a room in 8 hours. 
Working together, you and your friend can paint the 
room in just 5 hours. 


a. Let ¢ be the time (in hours) your friend would take 
to paint the room when working alone. Copy and 
complete the table. 


(Hint: (Work done) = (Work rate) X (Time)) 


Work rate 


T 


Time | Work done 


coe 

: | 

Loom | sours | 
la 

| 

| 


8 hours 


Friend 5 Hour 


b. Explain what the sum of the expressions 
represents in the last column. Write and solve an 
equation to find how long your friend would take 
to paint the room when working alone. 


34. PROBLEM SOLVING You can clean a park in 2 hours. 
Working together, you and your friend can clean the 
park in just 1.2 hours. 


a. Let t be the time (in hours) your friend would take 
to clean the park when working alone. Copy and 
complete the table. 


(Hint: (Work done) = (Work rate) < (Time)) 


Work rate Time Work done 

4 ~ a 1 
Wis 1.2 hours | 
2 hours 


= —s a ae 


& A hours | 


b. Explain what the sum of the expressions 
represents in the last column. Write and solve an 
equation to find how long your friend would take 
to clean the park when working alone. 


35. OPEN-ENDED Give an example of a rational equation 
that you would solve using cross multiplication and 
one that you would solve using the LCD. Explain 
your reasoning. 


36. OPEN-ENDED Describe a real-life situation that 
can be modeled by a rational equation. Justify 
your answer. 


In Exercises 37—44, determine whether the inverse of f is 
a function. Then find the inverse. (See Example 5.) 


37. fe) =, 8. fi) =—L 
Bom) = — 40. f(x) = 2 — 6 
oT er ear a= ne 


Aan “ =F 


43. f)=.+4 
x2 
45. PROBLEM SOLVING The cost of fueling your car for 
1 year can be calculated using this equation: 


Price per gallon 


Miles driven of fuel 


Fuel cost for 
1 year 


Fuel-efficiency 
rate 


Last year you drove 9000 miles, paid $3.24 per gallon 
of gasoline, and spent a total of $1389 on gasoline. 
Find the fuel-efficiency rate of your car by (a) solving 
an equation, and (b) using the inverse of the function. 
(See Example 6.) 


t 
{ 


| 
_———— 


—EEEEe 


46. PROBLEM SOLVING The recommended percent p (in 
decimal form) of nitrogen (by volume) in the air that a 
10507 
d + 33’ 
depth (in feet) of the diver. Find the depth when 
the air contains 47% recommended nitrogen by (a) 
solving an equation, and (b) using the inverse of the 
function. 


where d is the 


diver breathes is given by p = 
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USING TOOLS In Exercises 47-50, use a graphing USING STRUCTURE In Exercises 53 and 54, find the 
calculator to solve the equation fix) = g(x). inverse of the function. (Hint: Try rewriting the function 
: by using either inspection or long division.) 

47. fxs ae g(x) =x 
aX 


Seo. | ea AR, 
53 eis) = =i 54. f(x) — 
48. fw= —=, g(x) = -x ; ; : 
Sx 55. ABSTRACT REASONING Find the inverse of rational 
eae : +b 
. : functions of the form y = & . Verify your answer 
49. f~= a + 1 eae ; mn 2 es er’ ae 
: is correct by using it to find the inverses in Exercises 
: 53 and 54. 
50. fx) = : + lew=xr+] 
: 56. THOUGHT PROVOKING Is it possible to write a 
51. MATHEMATICAL CONNECTIONS Golden rectangles rational equation that has the tollowing number of 
are rectangles for which the ratio of the width w’ to the solutions? Justify your answers. 
length @ is equal to the ratio of 2 to 2 + w. The ratio ; : 
of the length to the width a. no solution b. exactly one solution 
for these rectangles is called ¢. exactly two solutions d. infinitely many 
the golden ratio. Find the w solutions 


value of the golden ratio 

using a rectangle with a 

width of 1 unit. £ 57. CRITICAL THINKING Let a be a nonzero real number. 
Tell whether each statement is always true, sometimes 
true, or never true. Explain your reasoning. 

52. HOW DO YOU SEE IT? Use the graph to identify the I : 
me |) ax — 2. G a. For the equation = ——,x=aisan 
x 


solution(s) of the rational equation <8 iG {See = a 
: x : 
extraneous solution. 


Explain your reasoning. 
RY 


X—a x—a 
one solution. 


b. The equation has exactly 


; | Z 2a 
c. The equation = +5 as 
Xd Xa Go Ox Ge 


no solution. 


58. MAKING AN ARGUMENT Your friend claims that it 
is not possible for a rational equation of the form 


x a = *—© where b # O and d # 0. to have 
extraneous solutions. Is your friend correct? Explain 


your reasoning. 


Maintaining Mathematical Proficiency Reviewing What you learned in previous grades and lessons 


Is the domain discrete or continuous? Explain. Graph the function using its domain. 
(Skills Review Handbook) 


59. The linear function y = 0.25x represents the amount of money y (in dollars) of x quarters in your 
pocket. You have a maximum of eight quarters in your pocket. 


60. A store sells broccoli for $2 per pound. The total cost f of the broccoli is a function of the number 
of pounds p you buy. 


Evaluate the function for the given value of x. (Secrion 4./) 


61. f%) = —24+7;x=-2 62. e(x) = —2x4 + 7 +x-2:x=3 
63. A(x) = —x° + 3x? + 5x; x = 3 64. k(x) = —2x3 — 4x2 + 12x -—5;x= —-5 
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7.3-7.5. What Did You Learn? 


Core Vocabulary 

rational expression, p. 376 complex fraction, p. 387 
simplified form of a rational expression, p. 376 cross multiplying, p. 392 
Core Concepts 


Section 7.3 


Simplifying Rational Expressions, p. 376 
Multiplying Rational Expressions, p. 377 
Dividing Rational Expressions, p. 378 


Section 7.4 


Adding or Subtracting with Like Denominators, p. 384 
Adding or Subtracting with Unlike Denominators, p. 384 
Simplifying Complex Fractions, p. 387 


Section 7.5 


Solving Rational Equations by Cross Multiplying, p. 392 
Solving Rational Equations by Using the Least Common Denominator, p. 393 
Using Inverses of Functions, p. 395 


Mathematical Practices 


UF 


In Exercise 37 on page 381, what type of equation did you expect to get as your solution? 
Explain why this type of equation is appropriate in the context of this situation. 


Write a simpler problem that is similar to Exercise 44 on page 382. Describe how to use 
the simpler problem to gain insight mto the solution of the more complicated problem in 
Exercise 44. 


.. In Exercise 57 on page 390, what conjecture did you make about the value the given 


expressions were approaching? What logical progression led you to determine whether 
your conjecture was correct? 


Compare the methods for solving Exercise 45 on page 397. Be sure to discuss the 
similarities and differences between the methods as precisely as possible. 


=-------------- Performance Task - - - - - 
Circuit 


A thermistor is a resistor whose resistance varies with temperature. 


Thermistors are an engineer's dream because they are inexpensive, 
small, rugged, and accurate. The one problem with thermistors 
is their responses to temperature are not linear. How would 

i ircui is problem? sue 
you design a circuit that corrects this proble Elsie 

is 

To explore the answers to these questions and more, ane 
go to BigldeasMath.com. ope 


ry esign ~ 
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7.4 | Inverse Variation (pp. 359-364) 


The variables x and y vary inversely, and y = 12 when x = 3. Write an equation that relates x and y. 
Then find y when x = —4. 


y= : Write general equation for inverse variation. 
12= $ Substitute 12 for y and 3 for x. 
36=a Multiply each side by 3. 
> The inverse variation equation is y = —. When x = —4, y = * =-9 


1. x=5 2. Sy = 6x 2. LS By Sie 2X, 
: x 7 l1 15 20 S Ee eee | 
beled ~ Seeeee 
Ar | Ge Ewe) ic De oxy) t# | 3.2 | 46 | 


The variables x and y vary inversely. Use the given values to write an equation relating x and y. 
Then find y when x = —3. ( 


1s = ae = ee x=Ry= 18 10. x= -12,y=5 


7.2 | Graphing Rational Functions (op. 365-372) 


2x 5 
ve 


Graph y = . State the domain and range. 


Step 1. Draw the asymptotes. Solve x — | = 0 for x to find the 
vertical asymptote x = 1. The horizontal asymptote is the 


Step 2 Plot points to the left of the vertical asymptote, such 
as (-2, = 4), (-1, = 3), and (0, —5). Plot points to the right 
cate Ul 15 19 
of the vertical asymptote, such as (3, i), (5, =) and (7, 2B), 


Step 3 Draw the two branches of the hyperbola so that they pass 
: through the plotted points and approach the asymptotes. 


The domain is all real numbers except 1 and the range is all real numbers except 2. 


Graph the function. State the domain and range. 


r 


11. y= 3 


x 
je = al 


2 


oo — 
ae 2) 13. f(x) 
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Multiplying and Dividing Rational Expressions 


(pp. 375-382) 


3x +27 . x2 + Ox 
Find the quotient =~——<~ + — 1 ** _. 
ee eee 6x — 48 2 — 4x — 32 
3x + 27 x? + Ox 3x +27 x2?-— 4x -— 32 : . 
= ee aed e———_ it | . 
Ge 48 Pee 50 Gx — AGS: 9x Male ey Ceiioeal 
_ 30 +9) & + 4 - 8) en 
6x — 8) 9 xv +9) 
B(x+ Sx + 4x8) oe 
= Ge ee Multiply, Divide out common factors. 
Wa Bla +9) Be 
= x x#8,x#—-9,x#—4 Simplified form 


Find the product or quotient. 


80x4 xy x-3 6x7— 96 
14. : Me. On 70 
yo Sx pe 2x-8 4-9 
16x? —- 8x+1 . 20x? — 5x x2 — 13x + 40 
16. ————_—————__ + ———_— ae ee Sy 
~—7e+ 12x 15x} = See 
vac Adding and Subtracting Rational Expressions = (pp. 383-390} 
a 
Find th —_ 
ee ers 94 eT x2 + 9x + 20 
x sese 2) a5 eae 2 ; 
Be oe oe A eee ee h 
Gxt 24° 2 +9x420 Ox +4) GHAR T5) RACE Sor eine 
2) 
es 8 cis Bix + 4x + 5). 
6G) ES GP Aa+ 5) 6 
x2 + 5x 6x + 12 


~ 6a + 4x +5) 


6(x + 4) + 5) 


wee ie 12 
6(x + 4)(x + 5) 


Find the sum or difference. 


5 tee 
18. —~— + 
GG 3) DAs 


Spe Abe = & 


19, —— + ——__-—__ 
? x+8 x+5x-—24 


20. 


Multiply. 


Add numerators. 


Mice OX 
et+4xt+3 x-9 


Rewrite the function in the form g(x) = es + k. Graph the function. Describe the graph of g 


as a transformation of the graph of f(x) = - 


eae 4x +2 me een LO 
21. g(x) = Ret EQ) = mw 20) = 1 
24. Let fbe the focal length of a thin camera lens, p be the distance between 1 | 
the lens and an object being photographed, and q be the distance between i ‘ewe 
the lens and the film. For the photograph to be in focus, the variables c a 7 | 


should satisfy the lens equation to the right. Simplify the complex fraction. | 
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Solving Rational Equations (pp. 397-398) 


moe al, x 
x+3 x4+3 x-4 


The LCD is (x + 3) — 4): 


Solve 


—4 Feel iG 
ee 
x+3 x+3 x-4 


(x + 3)(x — 4) « 4 


1 _ay._ 
oe 4) ar 


— — eee 
ae 4) a 


Ay 4 — x — De = 4) Fates 3) 


=4y G6 = a7 — 5x 4 4+ ee 
C= 2 Oe 12 
Oe ty 6 
() = (Gear Ser = 2) 
cs-O of x-2=0 


x=-3 or x=2 


> The apparent solution x = —3 is extraneous. So, the only solution is x = 2. 


Solve the equation. Check your solution(s). 


Pee, Six 1) oan Gato) 5 eee eee 
a x x+2 2; xx-4 x+2 ai x+4 z 2x +8 
Determine whether the inverse of f is a function. Then find the inverse. 

3 10 re 

28. = —__ : =—— : =—+ 

f(x) une 29. f(x) ee 30. f(x) . 8 
31. At a bowling alley, shoe rentals cost $3 and each game costs $4. The average cost c (in dollars) 

4n + 


of bowling n games is given by c = a Find how many games you must bow] for the . 


n 
average cost to fall to $4.75 by (a) solving an equation, and (b) using the inverse of a function. 
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7 Chapter Test 


The variables x and y vary inversely. Use the given values to write an equation relating x 
and y. Then find y when x = 4. 


five —5,y=2 2. x=-4,y=i 3. x=3,y=2 


The graph shows the function y = an + k. Determine whether the value of each 


constant h and k is positive, negative, or zero. Explain your reasoning. 


4. y 5. 6. 
x 
Perform the indicated operation. 
oxy . by” an EG fe oS A a 
Tie + 8 ——— - —— ._ > : + ——_ 
4x3y5  2xy3 Bl a ge | a ae oon 18 al oe x+5 
11. Let g(x) = eas Simplify g(x). Determine whether the graph of f(x) = x — 2 


and the graph of g are different. Explain your reasoning. 


12. You start a small beekeeping business. Your initial costs are $500 for equipment and bees. 
You estimate it will cost $1.25 per pound to collect, clean, bottle, and label the honey. 
How many pounds of honey must you produce before your average cost per pound is 
$1.79? Justify your answer. 


13. You can use a simple lever to lift a 300-pound rock. The force F (in foot-pounds) needed 
to lift the rock is inversely related to the distance d (in feet) from the pivot point of the 
lever. To lift the rock, you need 60 pounds of force applied to a lever with a distance of 
10 feet from the pivot point. What force is needed when you increase the distance to 
15 feet from the pivot point? Justify your answer. 


14. Three tennis balls fit tightly in a can as shown. 


a. Write an expression for the height A of the can in terms of its radius r. Then rewrite 
the formula for the volume of a cylinder in terms of r only. 


b. Find the percent of the can’s volume that is not occupied by tennis balls. 


Chapter 7 Chapter Test 


403 


Cumulative Assessment 


1. Which of the following functions are shown in the graph? Select all that apply. 
Justify your answers. 


@ y=-2 4127 10 
y=x2—- 6x+ 13 

@ y= 20 — 3)74 8 
(D) y= GG — 5) 


2. You step onto an escalator and begin descending. After riding for 12 feet, you realize 
that you dropped your keys on the upper floor and walk back up the escalator to 
retrieve them. The total time T of your trip down and up the escalator is given by 


ey we 
5 w—s 


where s is the speed of the escalator and w is your walking speed. The trip took 
9 seconds, and you walk at a speed of 6 feet per second. Find two possible speeds of 
the escalator. 


3. The graph of a rational function has asymptotes that intersect at the point (4, 3). Choose 
the correct values to complete the equation of the function. Then graph the function. 


ot ew 
7 x+6 ; 
a = =6 J 
-..= 
3 =138 


4. The tables below give the amounts A (in dollars) of money in two different bank 
accounts over time f (in years). 


a 


Checking Account 
altel ae | 
5000 TELE a 5330 


a. Determine the type of function represented by the data in each table. 


5000 | 5100 | 5202 | 5306.04 


b. Provide an explanation for the type of growth of each function. 


c. Which account has a greater value after 10 years? after 15 years? Justify 
your answers. 
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5. Order the expressions from least to greatest. Justify your answer. 


s | (us)! 
2512 (v25)° 


12532 | = (V5)? 


6. A movie grosses $37 million after the first week of release. The weekly gross 


sales y decreases by 30% each week. Write an exponential decay function that 
represents the weekly gross sales in week x. What is a reasonable domain and 
range in this situation? Explain your reasoning. 


Choose the correct relationship among the variables in the table. Justify your 
answer by writing an equation that relates p, g, and r. 


p q | rm 
= (eo i awe 
= 4 
eee Sh 
Eee |) 2 
Ee 4 105 


CA) The variable p varies directly with the difference of g and r. 
The variable r varies inversely with the difference of p and q. 
(© The variable g varies inversely with the sum of p and r. 


(@) The variable p varies directly with the sum of g and r. 


You have taken five quizzes in your history class, and your average score is 

83 points. You think you can score 95 points on each remaining quiz. How many 
quizzes do you need to take to raise your average quiz score to 90 points? Justify 
your answer. 
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* = 
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Maintaining Mathematical Proficiency 


Evaluating Functions 


Evaluate the function y = 2x? — 10 for the values x = 0, 1, 2, 3, and 4. 


| Input, oe Output, 


202-10 | 


2@)- — 10 


| 232-10 | 


442-10 | 


Solving Equations 


Example 2. Solve the equation 45 = 5(3).. 


45 = 5(3¥ 


Solve the equation. Check your solution(s). 


J 
16 
, +16 = 144 Saat = 9 = 17, 9. s(3) . 

4 A) 
. ABSTRACT REASONING The graph of the exponential decay function f(x) = b* has an 
asymptote y = 0. How is the graph of f different from a scatter plot consisting of the points 
(1, b!), (2, b! + b?), GB, b! + b* + b?), .. .? How is the graph of f similar? 


4. 7x+3=31 5. + =4(1) 6. 216 


\2 
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Mathemati cal Mathematically proficient students consider the available tools when 


Practices 


solving a mathematical problem. 


Using Appropriate Tools Strategically 
G Core Concept 


Using a Spreadsheet 


To use a spreadsheet, it is common to write 

one cell as a function of another cell. For instance, 
in the spreadsheet shown, the cells in column A 
starting with cel] A2 contain functions of the cell 
in the preceding row. Also, the cells in column B 
contain functions of the cells in the same row in 
column A. 


> eN\ijean Using a Spreadsheet 


B1 = 2*A1~2 


ONoOaARWD = 


You deposit $1000 in stocks that earn 15% interest compounded annually. Use a spreadsheet to 
find the balance at the end of each year for 8 years. Describe the type of growth. 


SOLUTION 


You can enter the given information into a spreadsheet and generate the graph shown. From the 
formula in the spreadsheet, you can see that the growth pattern is exponential. The graph also 


appears to be exponential. 


A =) 
Year Balance | 
_ $1000. 00: 


"$1150.00 « {3 - B2*1.15 
| $1322.50) 


| $1520.88 | 
| $1749.01 | 
$2011.36 , 
| $2313.06, 
$2660.02 
| _ $3059. 02 


Monitoring Piano’ 


Use a spreadsheet to help you answer the question. 


| 


Balance (dollars) 


$3500.00 
$3000.00 
$2500.00 
$2000.00 
$1500.00 


$1000.00 


Stock Investment 


. A pilot flies a plane at a speed of 500 miles per hour for 4 hours. Find the total distance 


flown at 30-minute intervals. Describe the pattern. 


. A population of 60 rabbits increases by 25% each year for 8 years. Find the population at 


the end of each year. Describe the type of growth. 


. An endangered population has 500 members. The population declines by 10% each decade 
for 80 years. Find the population at the end of each decade. Describe the type of decline. 


. The top eight runners finishing a race receive cash prizes. First place receives $200, second 
place receives $175, third place receives $150, and so on. Find the fifth through eighth place 


prizes. Describe the type of decline. 
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Defining and Using Sequences 


and Series 


CONSTRUCTING 
VIABLE ARGUMENTS 
To be proficient in math, 


you need to reason 
inductively about data. 


Essential Question How can you write a rule for the nth term of 


a sequence? 


A sequence is an ordered list of numbers. There can be a limited number or an 
infinite number of terms of a sequence. 


Gy G5, U3) Ag ee are Terms of a sequence 
Here is an example. 


14,7, 10, «eee errr 


une Tel mem §=6Writing Rules for Sequences 

Work with a partner. Match each sequence with its graph. The horizontal axes 
represent n, the position of each term in the sequence. Then write a rule for the 
nth term of the sequence, and use the rule to find ajo. 


149 16 25 
“9 } a-ha ae SS 
a. 1, 2.5, 4, 5.3, es. [noo tei Lee ie fats Ves earner c 7 ea 
20 16°9 4-1 1 1 
Oa a e. a 1, 2,4, 8)... f. 8,4,2, 1,55... 
A. 9 B. 


Communicate Your Anewer 


2. How can you write a rule for the nth term of a sequence? 


3. What do you notice about the relationship between the terms in (a) an arithmetic 
sequence and (b) a geometric sequence? Justify your answers. 
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8.1 Lesson 


Core Vocabulary... 


| sequence, p. 470 
terms of a sequence, p. 470 
series, p. 472 
summation notation, p. 472 
sigma notation, p. 472 


Previous 
domain 
range 


What You Will Learn 


B® Use sequence notation to write terms of sequences. 
P Write a rule for the nth term of a sequence. 


Sum the terms of a sequence to obtain a series and use 
summation notation. 


Writing Terms of Sequences 


©) Core Concept 


Sequences 
A sequence is an ordered list of numbers. A finite sequence is a function that has 
a limited number of terms and whose domain is the finite set {1, 2, 3,...,n}. The 


values in the range are called the terms of the sequence. 


Domain: 1 2 3 4 TH Relative position of each term 
Range: a5 a3. a a Terms of the sequence 


An infinite sequence is a function that continues without stopping and whose 
domain is the set of positive integers. Here are examples of a finite sequence and 
an infinite sequence. 


Finite sequence: 2,4, 6,8 Infinite sequence: 2,4,6,8,... 


A sequence can be specified by an equation, or ru/e. For example, both sequences , 
above can be described by the rule a, = 2n or f(n) = 2n. 


The domain of a sequence may begin with 0 instead of 1. When this is the case, the 
domain of a finite sequence is the set {0, 1, 2, 3,...,} and the domain of an infinite 
sequence becomes the set of nonnegative integers. Unless otherwise indicated, assume 
the domain of a sequence begins with 1. 


“EXAMPLE 1 Writing the Terms of Sequences 


Write the first six terms of (a) a, = 2n + 5 and (b) f(n) = (—3)"— 1. 


SOLUTION 


a.a,=2(1I)+5=7 Ist term b. f) = (3)! -!=1 
Qy = 2(2) += 2nd term f(2) = (-3)? -1 = +3 
a3 = 2033) +5 = 11 3rd term f(3) = (-33-1=9 
a4= 24) +35=—13 Ath term f(4) = (-3)*- 1 = -27 
as = 26) ee 5th term f6y=(3)) 7 = S11 
Gg. = 21) ar 6th term f(6) = {-3)®- 1 = —243 
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Write the first six terms of the sequence. 


1.a,=n+4 2) = (2)! ca eee 
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STUDY TIP 


When you are given only 
the first several terms of 
a sequence, there may be 
more than one rule for 
the nth term. For instance, 
the sequence 2, 4, 8,... 
can be given by a,, = 2°” 
saa — N+ 2. 


COMMON ERROR 


Although the plotted 
points in Example 3 follow 
a curve, do not draw the 
curve because the sequence 
is defined only for integer 
values of n, specifically 
m1, 2, 3, 4, 5, 6, and 7. 


Writing Rules for Sequences 


When the terms of a sequence have a recognizable pattern, you may be able to write a 
rule for the nth term of the sequence. 


Writing Rules for Sequences 


Describe the pattern, write the next term, and write a rule for the nth term of the 
SCOMGHCCS (aie leh ee oer ana ib) O, 2,6, 12, . ... 


SOLUTION 


a. You can write the terms as (—1)?, (—2)?, (—3)3, (—4)3, .. .. The next term 
is a; = (—5)? = —125. A rule for the nth term is a, = (—n)?. 


b. You can write the terms as 0(1), 1(2), 2(3), 3(4), . . .. The next term is 
FO) = 4(5) = 20. A rule for the nth term is f(n) = (n — 1)n. 


To graph a sequence, let the horizontal axis represent the position numbers 
(the domain) and the vertical axis represent the terms (the range). 


Solving a Real-Life Problem 


«—first layer 


You work in a grocery store and are stacking apples in the shape 
of a square pyramid with seven layers. Write a rule for the 
number of apples in each layer. Then graph the sequence. 


SOLUTION 


Step 1 Make a table showing the number of fruit in the first three layers. 
Let a,, represent the number of apples in layer n. 


Layer, n ] 3 


et 


Number of 
apples, a, 


ee 


Step 2 Write a rule for the number of apples in each 
layer. From the table, you can see that a,, = n?. 


Step 3 Plot the points (1, 1), (2, 4), (3, 9), (4, 16), 
(5, 25), (6, 36), and (7, 49). The graph is 
shown at the right. 
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Describe the pattern, write the next term, graph the first five terms, and 
write a rule for the mth term of the sequence. 
io ae ea: he Bios 0, 15, 24,254 
Genet, — 8. s.: pee oa Can ly eres 


8. WHAT IF? In Example 3, suppose there are nine layers of apples. How many 
apples are in the ninth layer? 
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Writing Rules for Series 


© Core Concept 


Series and Summation Notation 


When the terms of a sequence are added together, the resulting expression is a 
series. A series can be finite or infinite. 


READING 


Finite series: 2+4+6+8 
Infinite series: 2+4+6+8++--- 


You can use summation notation to write a series. For example, the two series 
above can be written in summation notation as follows: 


When written in 
summation notation, this 
series is read as “the sum 
of 2/ for values of i from 
Tow.” 


4 
Finite series: 2+4+6+8= >2i 


i=] 


Infinite series: 2+4+6+8+---=52i 

= 
For both series, the index of summation is i and the lower limit of summation 
is 1. The upper limit of summation is 4 for the finite series and © (infinity) for the 
infinite series. Summation notation is also called sigma notation because it uses 
the uppercase Greek letter sigma, written >. 


Se Viseecm Writing Series Using Summation Notation 


Write each series using summation notation. 


al 5ees0 £75 +. eos b pee eee 


2) We 4S 


SOLUTION 


a. Notice that the first term is 25(1), the second is 25(2), the third is 25(3), and the 
last is 25(10). So, the terms of the series can be written as: 


a; = 251, where? = 253. 10 
The lower limit of summation is | and the upper limit of summation is 10. 
10 
> The summation notation for the series is >)25i. 
i=1 
b. Notice that for each term, the denominator of the fraction is 1 more than the 
numerator. So, the terms of the series can be written as: 


a, = —"=Jwhere i = 1,2,3,4,... 
yar i 


The lower limit of summation is 1 and the upper limit of summation is infinity. 


le The summation notation for the series is > - = i: 
i=1! 
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Write the series using summation notation. 


i} 4 9 16 
9.5+10+15+---+ 100 10. $444 24 184... 
11. 6 + 36 + 216 + 1296 +--- 12.5+6+7+-::+12 


see 
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COMMON ERROR 


Be sure to use the correct 
lower and upper limits of 
summation when finding 
the sum of a series. 


The index of summation for a series does not have to be i—any letter can be used. 
Also, the index does not have to begin at 1. For instance, the index begins at 4 in 
the next example. 


Finding the Sum of a Series 


8 
Find the sum >) (3 + k?). 
= 


SOLUTION 
8 
DSB+hH)=34+4)4+ 6459484694 B647)4+ 348%) 
k=4 
= 19 + 28+ 39+52+ 67 


For series with many terms, finding the sum by adding the terms can be tedious. 
Below are formulas you can use to find the sums of three special types of series. 


G Core Concept 


Formulas for Special Series 


Sum of nterms of 1: >)! =n 
i=] 
n(n + 1) 


n 
Sum of first n positive integers: > i = 5 
i=] 


n 9 
Sum of squares of first n positive integers: > )i? = AU Ne 
i=] 


6 
Using a Formula for a Sum 
How many apples are in the stack in Example 3? 
SOLUTION 
From Example 3, you know that the ith term of the series is given by a; = i*, where 
i= 1,2,3,..., 7. Using summation notation and the third formula listed above, 


you can find the total number of apples as follows: 


_ 17+ 102 +7 +1) _ 78)05) _ 


140 
6 6 


7 
7242274 ---4+ P= dP 
i=1 


> There are 140 apples in the stack. Check this by adding the number of apples 
in each of the seven layers. 
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Find the sum. 


5) 7 
BES, oes 14. DS(ke - 1) 
i=] k=3 
34 6 
15. > 1 1G: 
i=1 k=1 


17. WHAT IF? Suppose there are nine layers in the apple stack in Example 3. How 
many apples are in the stack? 
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e 
8.1 Exercises Dynamic Solutions available at BisideasMati.com 


Vocabulary and Core Concept Check 


. VOCABULARY What is another name for summation notation? 


COMPLETE THE SENTENCE In a sequence, the numbers are called of the sequence. 
. WRITING Compare sequences and series. 


. WHICH ONE DOESN'T BELONG? Which does not belong with the other three? 
Explain your reasoning. 


6 
yi F O17 1+4+9+4 16+ 25 + 36 
i=] 


Monitoring Progress and Modeling with Mathematics 


In Exercises 5-14, write the first six terms of the 27. FINDING A PATTERN Which rule gives the total 
sequence. (See Example 1.) number of squares in the nth figure of the pattern 

6 2 6. a ee * shown? Justify your answer. 

7. a, =n? 8. f(n)= +2 

9. f(n) =4"~! 10. a4= —7 C] cH 

2 4 : 1 2 3 4 
11, “G7 =a = 5 12. a@,—@ +3) 
oe Ava jn 3 CB a,=4n-5 
ES )=— 14. = 
LO ea MU sea 


© 4,= D pao 
n n 
In Exercises 15-26, describe the pattern, write the next : 
term, and write a rule for the nth term of the sequence. 
(See Example 2.) 28. FINDING A PATTERN Which rule gives the total 
number of green squares in the nth figure of the 
fies 1,6, 112 16, . 32 : 
pattern shown? Justify your answer. 


16. 1,247.8, 2. : 

5) Pais A [GS oe! SP a a 4H 
18. 9516.8, 246,324... 3 

19. e822. 0.6... 


20. 478 2-12..16,...5 


21, 1.234 a. 99 slgs Se © a,=4n ® a,=2n +1 
4° 4° 4° 4° 10’ 20’ 30’ 40’ 
yee Mag 2 Oy) 2 43608 

23. ay) (a2 CR jp 2 © 24. EW ay (24 oS 

25. 2,9, 28.650 26, 1.2.42 02Go... 
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29; 


30. 


MODELING WITH MATHEMATICS Rectangular tables 
are placed together along their short edges, as shown 
in the diagram. Write a rule for the number of people 
that can be seated around n tables arranged in this 

manner. Then graph the sequence. (See Example 3.) 


MODELING WITH MATHEMATICS An employee at a 
construction company earns $33,000 for the first year 
of employment. Employees at the company receive 
raises of $2400 each year. Write a rule for the salary 
of the employee each year. Then graph the sequence. 


In Exercises 31-38, write the series using summation 
notation. (See Example 4.) 


31; 


32. 


33. 


34. 


35: 


36. 


37. 


38. 


7+ 10+ 13+ 16+ 19 
5+11+17+ 23 +29 
4+7+12+19+--- 
meee +7 + 14+: - 
bebehehe 
—3+4-5+6-7 


Bee 4 ~ 8 a 16 — 32 


In Exercises 39-50, find the sum. (See Examples 5 


and 6.) 
6 5 
39. >2i 40. 7i 
1 re 
4 4 
41. n3 42. 3k 
n=0 k=] 
6 5 
43. >)(5k — 2) 44. > (nr? -1) 
k=3 n=] 
8 6 
2 k 
: 2 46. —— 
45. 2 ee 
35 16 
Aga, | 48. Sn 
i=1 n=] 
25 18 
49. di 50. >? 


i=10 n=1{ 
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ERROR ANALYSIS In Exercises 51 and 52, describe and 
correct the error in finding the sum of the series. 


51. 


52: 


54. 


55. 
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10 
> (30-5) =-24+1+4+7+10 
n=1 

= 20 


x Sera (at ite °4+1) 


_ 180 
6 
= 30 


PROBLEM SOLVING You want to save $500 for a 
school trip. You begin by saving a penny on the first 
day. You save an additional penny each day after that. 
For example, you will save two pennies on the second 
day, three pennies on the third day, and so on. 


a. How much money will you have saved after 
100 days? 


b. Use a series to determine how many days it takes 
you to save $500. 


MODELING WITH MATHEMATICS 
You begin an exercise program. 
The first week you do 25 push-ups. 
Each week you do 10 more 
push-ups than the previous 
week. How many push-ups 
will you do in the ninth week? 
Justify your answer. 


MODELING WITH MATHEMATICS For a display 

at a sports store, you are stacking soccer balls in a 
pyramid whose base is an equilateral triangle with five 
layers. Write a rule for the number of soccer balls in 
each layer. Then graph the sequence. 


~ 
e gees first layer 
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56. HOW DO YOU SEE IT? Use the diagram to determine 59. USING STRUCTURE Determine whether each 
the sum of the series. Explain your reasoning. P statement is true. If so, provide a proof. If not, provide 
a counterexample. 
14+34+5+7+9+---+(2n-1) =? 


n 


b. D(a, + b) = Da, + Dd; 
1 i=] i=1 


{= = 


60. THOUGHT PROVOKING In this section, you learned 


57. MAKING AN ARGUMENT You use a calculator to the following formulas. 


1659 
evaluate > i because the lower limit of summation 


i=3 Dl=n 
is 3, not 1. Your friend claims there is a way to use the i=1 
formula for the sum of the first positive integers. Is nee) 
your friend correct? Explain. 2! a 7 
58. MATHEMATICAL CONNECTIONS A regular polygon 5 j2 = Ma + D@n + DY 
has equal angle measures and equal side lengths. For 1 6 
aregularn-sided polygzoni( = 3), Miemeasure a, of ~ Write a formula for the sum of the cubes of the first 
180(n — 2) 


an interior angle is given by a, = n positive integers. 


n 


a. Write the first five terms of the sequence. 

61. MODELING WITH MATHEMATICS In the puzzle called 
the Tower of Hanoi, the object is to use a series of 
moves to take the rings from one peg and stack them 
in order on another peg. A move consists of moving 


b. Write a rule for the sequence giving the sum T,, of 
the measures of the interior angles in each regular 
n-sided polygon. 


c. Use your rule in part (b) to find the sum of the + exactly one ring, and no ring may be placed on top 
interior angle measures in the Guggenheim of a smaller ring. The minimum number a,, of moves 
Museum skylight, which is a regular dodecagon. required to move n rings is 1 for 1 ring, 3 for 2 rings, 

7 for 3 rings, 15 for 4 rings, and 31 for 5 rings. 


iat 


Step 1 Step 2 Step 3 2. .,End 


a. Write a rule for the sequence. 


b. What is the minimum number of moves required 
to move 6 rings? 7 rings? 8 rings? 


Guggenheim Museum Skylight 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Solve the system. Check your solution. (Section 1.4) 


62. 2x-—y—3z2=6 63. 2x-—2y+z=5 64. 2x-3y+z=4 
xr yr 4z=—!1 =D te OY te x-2z= 
3x —2z=8 x-—4y+5z=4 y+z=2 
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Analyzing Arithmetic Sequentes 


and Series 


Essential Question How can you recognize an arithmetic 


sequence from its graph? 


In an arithmetic sequence, the difference of consecutive terms, called the common 
difference, is constant. For example, in the arithmetic sequence 1, 4,7, 10,..., the 
common difference is 3. 


“EXPLORATION 1 


Recognizing Graphs of Arithmetic Sequences 


Work with a partner. Determine whether each graph shows an arithmetic sequence. 
If it does, then write a rule for the nth term of the sequence, and use a spreadsheet 

to find the sum of the first 20 terms. What do you notice about the graph of an 
arithmetic sequence? 


EXPLORATION 2 Finding the Sum of an Arithmetic Sequence 


Work with a partner. A teacher of German mathematician Carl Friedrich Gauss 


REASONING (1777-1855) asked him to find the sum of all the whole numbers from | through 100. 
ABSTRACTLY To the astonishment of his teacher, Gauss came up with the answer after only a few 
To be proficient in math, moments. Here is what Gauss did: 
you need to make sense jeaate ae 2 ee eS 75° 
of quantities and their [00MRECO Loe 4 ewes =] 100 * 101 _ 5959 


relationships in 


: : 10), sey OS Uli eee cae mee AO 
problem situations. 


Explain Gauss’s thought process. Then write a formula for the sum S,, of the first n 
terms of an arithmetic sequence. Verify your formula by finding the sums of the first 
20 terms of the arithmetic sequences in Exploration 1. Compare your answers to those 
you obtained using a spreadsheet. 


Communicate Your Answer 


3. How can you recognize an arithmetic sequence from its graph? 


4. Find the sum of the terms of each arithmetic sequence. 
Bemiee. 10,2. Olle, 1000 c. 2,4,6,8,...5800 
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$2 Lesson What You Will Learn 


> Identify arithmetic sequences. 


» Write rules for arithmetic sequences. 
Core Vocabulary. > Find sums of finite arithmetic series. 


| arithmetic sequence, p. 478 


COMIC Cae get Identifying Arithmetic Sequences 
arithmetic series, p. 420 
In an arithmetic sequence, the difference of consecutive terms is constant. This 


P revious constant difference is called the common difference and is denoted by d. 
linear function 


meal B34. i20anm identifying Arithmetic Sequences 


Tell whether each sequence is arithmetic. 


ae ed, 1219. ee: b. 23, 152955, 3; -5: 


SOLUTION 
Find the differences of consecutive terms. 
a. Oya 2) (9) SF 
G0). — sre (2), 
Q@g— 0, — 12-35 =7 
as —a,=19-12=7 
> Each difference is 7, so the sequence is arithmetic. 
bed; a, — 15-23 ——-8 
a,—a,=9-15=—6 
d4—a,=5-9=-4 
Gs i= 3 — 3 > 2 


> The differences are not constant, so the sequence is not arithmetic. 
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Tell whether the sequence is arithmetic. Explain your reasoning. 


Ms 290, OU 114s es 2.. 15,9, 3,359; «ss 3. 8,4, 2.1 


te 


Writing Rules for Arithmetic Sequences 


G Core Concept 


Rule for an Arithmetic Sequence 


Algebra The nth term of an arithmetic sequence with first term a, and common 
difference d is given by: 


a, =a, + (n-1)d 


Example The nth term of an arithmetic sequence with a first term of 3 and a 
common difference of 2 is given by: 


a, =3+(n-1)2, ora, =2n+1 
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COMMON ERROR 


In the general rule for 
an arithmetic sequence, 
note that the common 
difference d is multiplied 
By a — 1, not n. 


ANALYZING 
RELATIONSHIPS 


Notice that the points lie 
on a line. This is true for 
any arithmetic sequence. 
So, an arithmetic sequence 
is a linear function whose 
domain is a subset of the 
integers. You can also use 
function notation to write 
sequences: 


F(n) = —3n + 12. 


EXAMPI 


Writing a Rule for the nth Term 


Write a rule for the nth term of each sequence. Then find a5. 
ES Aro eel eG Ai = eee e547, 59, 31, c. 
SOLUTION 


a. The sequence is arithmetic with first term a, = 3, and common difference 
d = 8 — 3 =5. So, arule for the nth term is 


a, =a, +(n—- 1d Write general rule. 
=—3+@= is Substitute 3 for a, and 5 for d. 
= 31 — 2 Simplify. 


P Arule isa, = 5n — 2, and the 15th term is a,, = 5(15) — 2 = 73. 


b. The sequence is arithmetic with first term a, = 55, and common difference 
d = 47 — 55 = —8. So, a rule for the nth term is 


a, =a, + (n—-1)d Write general rule. 
= 55 + (n — 1)(—8) Substitute 55 for a, and —8 for d. 
= —8n + 63. Simplify. 


P Arulejsa, = —8n + 63, and the 15th term is a,, = —8(15) + 63 = —57. 
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4. Write a rule for the nth term of the sequence 7, 11, 15, 19, .. .. Then find a5. 


Writing a Rule Given a Term and 
Common Difference 


One term of an arithmetic sequence is a;, = —45. The common difference is d = —3. 
Write a rule for the nth term. Then graph the first six terms of the sequence. 


SOLUTION 


Step 1 Use the general rule to find the first term. 


a, =a, + (n— 1)d Write general rule. 
aig = a, + (19 — 1d Substitute 19 for n. 
—45 = a, + 18(—3) Substitute — 45 for a,, and —3 for d. 
9=a, Solve for a,. 


Step 2 Write a rule for the th term. 


a-ak (n= 1)d Write general rule. 
= 9+ (n —11)(-—3) Substitute 9 for a, and —3 for d. 
= —3n+ 12 Simplify. 


Step 3 Use the rule to create a table of values for 
the sequence. Then plot the points. 


De 2 3 4 ali 


om? | 6 | 3 | 0 | -3)| -6 
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Check 


Writing a Rule Given Two Terms 


Two terms of an arithmetic sequence are a, = 17 and ay, = 93. Write a rule for the 
nth term. 


SOLUTION 


Step 1 Write a system of equations using a, = a, + (n — 1)d. Substitute 
26 for n to write Equation 1. Substitute 7 for n to write Equation 2. 


Ang = a, + (26—1)d 93 =a, + 25d Equation 1 
a,=a,+(7— ld m™ 17=a,+ 6d Equation 2 

Step 2 Solve the system. 76 = 19d Subtract. 
4=d Solve for d. 


93 = a, + 25(4) Substitute for d in Equation 1. 


Use the rule to verify that 


the 7th term is 17 and the =i = aj Solve for a;. 

26th term is 93. Step3 Write arulefora,. a, =a,+(n—1)d Write general rule. 
C= Aly J =-7+(n-1)4 Substitute for a, and d. 
Ay, = 4(26) — 11 = 93 / —47 — 1 Simplify. 


420 
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Write a rule for the nth term of the sequence. Then graph the first six terms of 
the sequence. 


5, a, = 50,d=7 Gna, = Tin eo 


Finding Sums of Finite Arithmetic Series 


The expression formed by adding the terms of an arithmetic sequence is called an 
arithmetic series. The sum of the first n terms of an arithmetic series is denoted by S,. 
To find a rule for S,, you can write S,, in two different ways and add the results. 


Sa, + (God )e4 a, 2d) ee 

Sa, +a, — a) (4, = 24) eee, 

25;,=(a) + a,) + (a; + 4,) + (@, + 2) ft (aewe,) 
a 


(a, + a,) is added n times. 


You can conclude that 2S,, = n(a, + a,), which leads to the following result. 


G) Core Concept 


The Sum of a Finite Arithmetic Series 


The sum of the first n terms of an arithmetic series is 
= ee, 
2 


In words, S,, is the mean of the first and nth terms, multiplied by the number 
of terms. 


Chapter 8 Sequences and Series 


STUDY TIP 


This sum is actually a 
partial sum. You cannot 
find the complete sum 

of an infinite arithmetic 
series because its terms 
continue indefinitely. 


Use a graphing calculator to 
veck the sum. 


WeumcseqC3X,X,1,1 
2)) 


EXAMPLE 5 


Finding the Sum of an Arithmetic Series 
20 

Find the sum 2 Gi +7). 

SOLUTION 

Step 1 Find the first and last terms. 
a, = 3 10 
Ay) = 3(20) + 7 = 67 


Identify first term. 
Identify last term. 
Step 2 Find the sum. 


Soo = 2a Write rule for $5. 


2 
= 20 a a Substitute 10 for a, and 67 for a5. 
= 770 Simplify. 


Sa eN0iJ8a Solving a Real-Life Problem 


You are making a house of cards similar to the one shown. first row 


a. Write a rule for the number of cards in the nth row 
when the top row is row 1. 


b. How many cards do you need to make a house of 
cards with 12 rows? 


SOLUTION 


a. Starting with the top row, the number of cards in the rows are 3, 6,9, 12,.... 
These numbers form an arithmetic sequence with a first term of 3 and a common 
difference of 3. So, a rule for the sequence is: 


a, =a, +(n—- 1d 
=3+(a—- 1)(3) 


Write general rule. 
Substitute 3 for a, and 3 for d. 
Simplify. 


b. Find the sum of an arithmetic series with first term a, = 3 and last term 
A = 3(12) = 36. 


= 3n 


a, + ay 
9 


= 12( = 234 


= 3 + 36 
Ss 12( ; 


So, you need 234 cards to make a house of cards with 12 rows. 
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Find the sum. 


20 
9. > (—4n + 6) 


n=1 


10 
7. > 9i 


12 
8) 
= 1 
10. WHAT IF? In Example 6, how many cards do you need to make a house of cards 
with eight rows? 


Section 8.2 Analyzing Arithmetic Sequences and Series 421 


8.2 Exercises 


Dynamic Solutions available at BigldeasMath.com 


Vocabulary and Core Concept Check 


1. COMPLETE THE SENTENCE The constant difference between consecutive terms of an arithmetic 


sequence is called the 


2. DIFFERENT WORDS, SAME QUESTION Which is different? Find “both” answers. 


What sequence consists of all the positive odd numbers? 


What sequence starts with 1 and has a common difference of 2? 


What sequence has an nth term of a, = 1 + (n — 1)2? 


What sequence has an nth term of a, = 2n + 1? 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-10, tell whether the sequence is 
arithmetic. Explain your reasoning. (See Example I.) 


3. Leon is a 4 Doone Or 120, 6 


5.95, 8,13, 20,290. 6. (Sea temee 23)... 

7. 36,18, 9,3,7,... 8. 81275 2 
Io3 8 1 3) 

9. 2? 4 ers 10 6 2°? 6? 6° 2? 


11. WRITING EQUATIONS Write a rule for the arithmetic 
sequence with the given description. 


a. The first term is —3 and each term is 6 less than 
the previous term. 


b. The first term is 7 and each term is 5 more than the 


previous term. 


12. WRITING Compare the terms of an arithmetic 
sequence when d > 0 to whend < 0. 


In Exercises 13-20, write a rule for the nth term of the 
sequence. Then find a4 . (See Example 2.) 


13.1220 2836)... 414, 71 0eeeeeee 
15. Sivasetod2ye = «16. 86170, 72, os 
17g ee 18. —2,-3,-114 


19, 2S Ore Or... 20. TO ere. 
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ERROR ANALYSIS In Exercises 21 and 22, describe and 
correct the error in writing a rule for the nth term of 
the arithmetic sequence 22, 9, —4, —17, —30,.... 


ye Use a, = 22 andd= —13. 
x 4,= 4a,+nd 
EEA 0 (fi 0) 
4,=22—-—13n 
22. 


The first term is 22 and the common 
difference is —13. 


4,—=—19 + @Goajie2e. 
a, = —95-4 220 


In Exercises 23-28, write a rule for the nth term of the 
sequence. Then graph the first six terms of the sequence. 
(See Example 3.) 


23. a,,=43,d=5 24. a,,=42,d=4 


Aas). a9 = = 1)]).. d = =2 26. a5 = = 35). d — =3 


I 


27. a= -5,d=-5 28. ay, = -25,d=-3 


29. USING EQUATIONS One term of an arithmetic 
sequence is dg = —13. The common difference 
is —8. What is a rule for the nth term of the sequence? 


@ a, =51+ 8n ® a, =35+8n 
© a,=51-— 8 @® a, =35 — 8n 


30. FINDING A PATTERN One term of an arithmetic 
sequence is a), = 43. The common difference 
is 6. What is another term of the sequence? 


@ a,=~-l11 a4 = —53 
7 4,—13 @) a, = -47 


In Exercises 31-38, write a rule for the mth term of the 
arithmetic sequence. (See Example 4.) 


31. as = 41, aio = 96 

32. a, = 58, a,, = 94 

33. ag = —8,a,, = —62 
34. a,= —15, a,, = —78 
35. ai, = —59, a,, = —71 
36. a), = —38, aj) = —73 
37. ag = 12, ag = 22 

38. da), = 9,a,, = 15 


WRITING EQUATIONS In Exercises 39-44, write a rule 
for the sequence with the given terms. 


39. 

41. 
i ~ y 

43 4 5 Sarin? 8 
3 ee eee 
ome 25 | 29 | 33 | 37 4 41 

a 5 6 i -” 

39 | 47 | 55 63 


45. WRITING Compare the graph of a, = 3n + 1, 
where nis a positive integer, with the graph of 
f(x) = 3x + 1, where x is a real number. 


Section 8.2 


46. 


DRAWING CONCLUSIONS Describe how doubling 
each term in an arithmetic sequence changes the 
common difference of the sequence. Justify 

your answer. 


In Exercises 47-52, find the sum. (See Example 5.) 


47. 


49. 


51. 


20 26 

> (i - 3) 48. >(4i+ 7) 

i=] i=] 

33 31 

(6 — 27) 50. >(-3 — 4i) 
i=] i=1 

4) 39 

> (-2.3 + 0.17) 52. > (-4.1 + 0.4i) 


i=] t=] 


NUMBER SENSE In Exercises 53 and 54, find the sum of 
the arithmetic sequence. 


SEs 


54. 


55. 


56. 


hie first 19 temms-of te sequence 9, 2, —5, —12,.... 
The first 22 terms of the sequence 17,9, 1, —7,... 


MODELING WITH MATHEMATICS A marching 
band is arranged in rows. The first row has three 
band members, and each row after the first has 
two more band members than the row before it. 
(See Example 6.) 


a. Write a rule for the number of band members in 
the nth row. 


b. How many band members are in a formation with 
seven rows? 


MODELING WITH MATHEMATICS Domestic bees 
make their honeycomb by starting with a single 
hexagonal cell, then forming ring after ring of 
hexagonal cells around the initial cell, as shown. 
The number of cells in successive rings forms an 
arithmetic sequence. 


Initial 1 ring 2 rings 
cell 


a. Write a rule for the number of cells in the nth ring. 


b. How many cells are in the honeycomb after the 
ninth ring is formed? 
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57. MATHEMATICAL CONNECTIONS A quilt is made 60. THOUGHT PROVOKING In number theory, the 


up of strips of cloth, starting with an inner square Dirichlet Prime Number Theorem states that if a and b 
surrounded by rectangles to form successively larger are relatively prime, then the arithmetic sequence 
squares. The inner square and all rectangles have a WE i at 2b:a ee 

width of 1 foot. Write an expression using summation 

notation that gives the sum of the areas of all the strips contains infinitely many prime numbers. Find the first 
of cloth used to make the quilt shown. Then evaluate 10 primes in the sequence when a = 3 and b = 4. 


the expression. 


61. REASONING Find the sum of the positive odd integers 
less than 300. Explain your reasoning. 


62. USING EQUATIONS Find the value of n. 


a. (i+ 5) = 544 b. >)(—4i -— 1) = -1127 


i=] i=] 


e (74+ 12) =455 d. > (-3 — 4i) = —507 


fos i=3 


58. HOW DO YOU SEE IT? Which graph(s) represents an 
arithmetic sequence? Explain your reasoning. 
— ' 63. ABSTRACT REASONING A theater has n rows of seats, 
| and each row has d more seats than the row in front of 
it. There are x seats in the last (nth) row and a total of 
y seats in the entire theater. How many seats are in the 
front row of the theater? Write your answer in terms 
of n, x, and y. 


64. CRITICAL THINKING The expressions 3 — x, x, 
and | — 3x are the first three terms in an arithmetic 
sequence. Find the value of x and the next term in 
the sequence. 


65. CRITICAL THINKING One of the major sources of our 
knowledge of Egyptian mathematics is the Ahmes 
papyrus, which is a scroll copied in 1650 B.C. by an 
Egyptian scribe. The following problem is from the 


Ahmes papyrus. 
Divide 10 hekats of barley among 10 men so that 
: oie 
59. MAKING AN ARGUMENT Your friend believes the the common difference is = of a hekat of barley. 
sum of a series doubles when the common difference Use what you know about arithmetic sequences and 
of an arithmetic series is doubled and the first term series to clerernine whee portion of a hekat each man 
and number of terms in the series remain unchanged. should receive. 


Is your friend correct? Explain your reasoning. 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Simplify the expression. (Section 5.2) 


7 


66 


g \l2 
68. Fa 69, (51/2 « 51/4) 


Tell whether the function represents exponential growth or exponential decay. Then graph the 
function. (Section 6.2) 


70. y= 2e 71.) Sen 720 4c 32 ye 
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by 
. 


| 


Analyzing Geometric Sequences 


and Series 


Essential Question How can you recognize a geometric 


sequence from its graph? 


In a geometric sequence, the ratio of any term to the previous term, called the 
common ratio, is constant. For example, in the geometric sequence 1, 2, 4, 8,..., 
the common ratio is 2. 


EXPLORATION 


Recognizing Graphs of Geometric Sequences 


Work with a partner. Determine whether each graph shows a geometric sequence. 

If it does, then write a rule for the nth term of the sequence and use a spreadsheet to 

find the sum of the first 20 terms. What do you notice about the graph of a geometric 
sequence? 


LOOKING FOR 


REGULARITY IN — _ | 

REPEATED PURO Neh a §=6Finding the Sum of a Geometric Sequence 

REASONING Work with a partner. You can write the nth term of a geometric sequence with first 
To be proficient in math, term a, and common ratio r as 


you need to notice when 


calculations are repeated, 
and look both for So, you can write the sum S, of the first n terms of a geometric sequence as 


= i= I 
a, = ar 4 


ea methods and S, =a, tartar? + aqr3+---+ayr%-!, 
or shortcuts. 


Rewrite this formula by finding the difference S,, — rS,, and solving for S,. Then verify 
your rewritten formula by finding the sums of the first 20 terms of the geometric sequences 
in Exploration 1. Compare your answers to those you obtained using a spreadsheet. 


Communicate Your Anewer 


3. How can you recognize a geometric sequence from its graph? 
4. Find the sum of the terms of each geometric sequence. 


A. eae: «sy Oe bawvst, 0:01; 0,001, 0.0001, .. 2, 10°! 
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8 3 Lesson What You Will Learn 


~ Identify geometric sequences. 
» Write rules for geometric sequences. 


Gore Vocabulary. ~ Find sums of finite geometric series. 


geometric sequence, p. 426 


| Conn aa Identifying Geometric Sequences 
geometric series, p. 428 


; In a geometric sequence, the ratio of any term to the previous term is constant. 
Previous This constant ratio is called the common ratio and is denoted by r. 
exponential function 


properties of exponents _—_-= ro 
SON Nita Identifying Geometric Sequences 


Tell whether each sequence is geometric. 
apogee, 20. 50,4204. 
b. 256, 64, 16,4, 1,... 


SOLUTION 
Find the ratios of consecutive terms. 
a, 6 . ry Pimmmal ae a, 20 2 a, 30° 3 


> The ratios are not constant, so the sequence is not geometric. 


2_ 64 _ a3 _ 16 _ a4 2 i 
"a, 256 4 a, 64 4 e 16 4 , a 


> Each ratio is i so the sequence is geometric. 
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Tell whether the sequence is geometric. Explain your reasoning. 


ee i 2, OG 120. 720; ese ee 


Writing Rules for Geometric Sequences 


G Core Concept 


Rule for a Geometric Sequence 
Algebra The nth term of a geometric sequence with first term a, and common 
ratio r is given by: 


a, — ar" ; 


Example The nth term of a geometric sequence with a first term of 2 and a 
common ratio of 3 is given by: 


dy. = 23)" -1 
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COMMON ERROR 


In the general rule for a 
geometric sequence, note 
that the exponent is 

ee 1, NOL. 


ANALYZING 
RELATIONSHIPS 


Notice that the points lie 
on an exponential curve 
because consecutive terms 
change by equal factors. 
So, a geometric sequence 
in which r > O andr # 1 

is an exponential function 
whose domain is a subset 
of the integers. 


Writing a Rule for the nth Term 


Write a rule for the nth term of each sequence. Then find ag. 


Fs ie) oa a I ee Dresée 44002 lan. 
SOLUTION 
a. The sequence is geometric with first term a, = 5 and common ratio r = 2 = 3. 


S 


So, a rule for the nth term is 


a,—ayrr= Write general rule. 


53y'— 1. Substitute 5 for a, and 3 for r. 


P Arule is a, = 5(3)"~ |, and the 8th term is ag = 5(3)8~ ! = 10,935. 


b. The sequence is geometric with first term a, = 88 and common ratio 


= = = ->. So, a rule for the nth term is 
a,=ar"—} Write general rule. 
1 yi I 1 
= 88 | -1) : Substitute 88 for a, and = for r. 
Lan ee ae se 
~— Aruleisa, = 83-1] , and the 8th term is ag = ss(-1) ric 
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4. Write a rule for the nth term of the sequence 3, 15, 75, 375, .. .. Then find ap. 


“EXAMPLE 


Writing a Rule Given a Term and Common Ratio 


One term of a geometric sequence is a, = 12. The common ratio is r = 2. Write a rule 
for the nth term. Then graph the first six terms of the sequence. 


SOLUTION 
Step 1 Use the general rule to find the first term. 
a, = ar?! Write general rule. 
a,=—ar* } Substitute 4 for n. 
12 = a,(2)° Substitute 12 for a, and 2 for r. 
l5=a, Solve for a;. 


Step 2 Write a rule for the nth term. 
a, =a,r"—! Write general rule. 
= 1.5(2)"— ! Substitute 1.5 for a, and 2 for r. 


Step 3 Use the rule to create a table of values for 
the sequence. Then plot the points. 
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Check 


Use the rule to verify that the 
2nd term is 12 and the 5th term 


is —768. 
a, = —3(-4)°-! 
ee) = 1 
G,— = 3(—4)> |! 
= —3(256) = —768 / 
428 Chapter 8 


EXAMPLE 4 Writing a Rule Given Two Terms 
Two terms of a geometric sequence are a, = 12 and a, = —768. Write a rule for the 
nth term. 
SOLUTION 


Step 1 Write a system of equations using a,, = a,r”~ |. Substitute 2 for n to write 
Equation 1. Substitute 5 for n to write Equation 2. 


a=ar2-) /> 12=a,r Equation 1 
a,=ar>-! > —768 =a,r4 Equation 2 
Step 2 Solve the system. i =a, Solve Equation 1 for a,. 
1657 — Mec Substitute for a, in Equation 2. 
7 
—768 = 12r3 Simplify. 
—-4=r Solve for r. 
12 = a,(—4) Substitute for rin Equation 1. 
—-3=a, Solve for a;. 


Step3 Write arulefora,. a, =a,r"~! Write general rule. 


—3(—4)" 1 Substitute for a, and r. 


i 
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Write a rule for the nth term of the sequence. Then graph the first six terms of 
the sequence. 


5. dg = —96,r = —2 


Finding Sums of Finite Geometric Series 


The expression formed by adding the terms of a geometric sequence is called a 
geometric series. The sum of the first n terms of a geometric series is denoted by S,,. 
You can develop a rule for S,, as follows. 


SG) ey ae ee 
= 
= (Se OO OMe cra 0) 


= = oes i foal Peres aig Ms nl 
ar ayr ar ayt ar 


S 
S(l = 7) Slr") 


— n 
n ar 


When r # 1, you can divide each side of this equation by | — r to obtain the following 
rule for S,,. 


G) Core Concept 


The Sum of a Finite Geometric Series 


The sum of the first n terms of a geometric series with common ratio r # 1 is 


Sequences and Series 


1 


ek 


Use a graphing calculator to 
check the sum. 


sum(seq(4*3*(X-1 
a exeraly ys!) ) 
118096 


USING 
TECHNOLOGY 


Storing the value of 


a helps minimize 
1.005 

mistakes and also assures 
an accurate answer. 
Rounding this value to 
0.995 results in a monthly 


payment of $386.94. 


EXAMPLE Finding the Sum of a Geometric Series 


10 
Find the sum >) 4(3)* ~!. 
k=l 


SOLUTION 
Step 1 Find the first term and the common ratio. 
a, = 43)!" !=4 Identify first term. 
r=3 Identify common ratio. 


Step 2 Find the sum. 


l=_8 ; 
Sio = a = Write rule for So. 
ee 
pee Substitute 4 for a, and 3 for r. 
= 118,096 Simplity. 


Solving a Real-Life Problem 


You can calculate the monthly payment / (in dollars) for a loan using the formula 


ws 


ea) 


where L is the loan amount (in dollars), i is the monthly interest rate (in decimal form), 
and ¢ is the term (in months). Calculate the monthly payment on a 5-year loan for 
$20,000 with an annual interest rate of 6%. 


SOLUTION 
Step 1 Substitute for L, i, and t. The loan amount i 20,000 
is L = 20,000, the monthly interest rate 60 1 k 
ie — ae = (0.005, and the term is >|; + ad 
t = 5(12) = 60. 
Step 2 Notice that the denominator is a geometric 1/1.005>R 
1 -9950248756 
series with i age RCC1-R4%60)/(€1-R) 
. » 
ratio . Use a calculator to find the 31.72556075 
1.005 20000/Ans 


386.6560306 


monthly payment. 


> So, the monthly payment is $386.66. 
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Find the sum. 


12 7 
36-2)! a. > 1605) 
i=] f= 
10. WHAT IF? In Example 6, how does the monthly payment change when the 
annual interest rate is 5%? 
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8. 3 Exe rcises Dynamic Solutions available at BigldeasMath.com 


Vocabulary and Core Concept Check 


1. COMPLETE THE SENTENCE The constant ratio of consecutive terms in a geometric sequence is 
called the 


2. WRITING How can you determine whether a sequence is geometric from its graph? 
3. COMPLETE THE SENTENCE The nth term of a geometric sequence has the form a, = 


4. VOCABULARY State the rule for the sum of the first n terms of a geometric series. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 5-12, tell whether the sequence is In Exercises 23-30, write a rule for the nth term of the 
geometric. Explain your reasoning. (See Example /.) sequence. Then graph the first six terms of the sequence. 
(See Example 3.) 
5. 96,48, 24, 12,62. 637295243) Sle Oss 
23. a,=4,r=2 24. a, =27,r=3 
Poe O, Os LO ae. S205) Uo OOD. 
25. a, = 30,r=5 26. a, =64,r=4 


Sre0 2, 3:2, —12.6, 5h — 204. ae 
27. ag= —192,r=4 28. a, = —500,r=5 
Oy 0:3, les. Poe. lei 


29. = =—- °° : =lr=- 3 
| Se ee a, =3,r 3 30. a; r 5 
m6 18 54162 7] 
ERROR ANALYSIS In Exercises 31 and 32, describe and 
|e eee | 1 : ay 
12. A’ 16° G4" 256 1004’ correct the error in writing a rule for the nth term of 
i a the geometric sequence for which a, = 48 and r = 6. 
13. WRITING EQUATIONS Write a rule for the geometric 31. : a, = aqr" ; 
sequence with the given description. x A 3 = 2,62 | 
a. The first term is —3, and each term is 5 times the ae 
previous term. oa 
a eel pes 6 n | 
b. The first term is 72, and each term is 3 times the a, = 3 (6) 
previous term. _ 
32. a | 
14. WRITING Compare the terms of a geometric sequence a, = (a,j 
when r > 1 towhen0 <r< 1. 48 =G(a,)2-1 | 
&=a 
In Exercises 15-22, write a rule for the nth term of the i 
a, = 6(8)"— 1 


sequence. Then find a,. (See Example 2.) 


15.. 4, 20, 100, 500... .. 16. 6, 24, 96, 384,... 


wail 


In Exercises 33-40, write a rule for the nth term of the 
17. 112.56.28.14.... 18. 375.75. 15.3 geometric sequence. (See Example 4.) 


33. a, = 28,a,=1792 34. a, = 11,a,= 88 
27 - 3.9 27 2 
19. 4,6,9,5,... BmeeO. 2,57 giaar a 

35. a, = —6,a, = —486 36. a, = —10, a, = —6250 
Zao 3.9.) ee soe a, 


37. a= 64,a,=1 38. a, 


1, a, = 49 
22. ISM SD, 379 157, 


39. a, = —72, dg = =a 40. a, = —48, a; = : 


430 Chapter 8 Sequences and Series 


WRITING EQUATIONS In Exercises 41-46, write a rule 
for the sequence with the given terms. 


43. 


5 
+} - 
— 189 | 567 |-—1701 


In Exercises 47-52, find the sum. (See Example 5.) 


9 10 
47. >6(7)'7! 48. >7(4)'-! 

i=1 i=1 

10 a ie 8 1 ie 
49. >4(3} 50. > (2) 

i=l 4 i=] S 

8 i 9 i 
51. Ea. | 52. >9-3) 

i=o \ 3 izo \ 4 


NUMBER SENSE In Exercises 53 and 54, find the sum. 


53. The first 8 terms of the geometric sequence 
2) 45,192, —768,..« .. 


54. The first 9 terms of the geometric sequence 
a -42, 126, —378,.. .. 


55. WRITING Compare the graph of a, = 5(3)"~ 1 where 
nis a positive integer, to the graph of f(x) = 5 + 3*~ 1 


where x is a real number. 


Section 8.3 


56. 


ABSTRACT REASONING Use the rule for the sum of a 
finite geometric series to write each polynomial as a 
rational expression. 


a ltxtx274+4+ 7 
b. 3x + 6x3 + 12x5 + 24,7 


MODELING WITH MATHEMATICS In Exercises 57 and 58, 
use the monthly payment formula given in Example 6. 


57. 


58. 


59. 


60. 


You are buying a new car. You take out a 5-year loan 
for $15,000. The annual interest rate of the loan is 4%. 
Calculate the monthly payment. (See Example 6.) 


You are buying a new house. You take out a 30-year 
mortgage for $200,000. The annual interest rate of the 
loan is 4.5%. Calculate the monthly payment. 


| apd | 


1 


} 


| i 
| 


MODELING WITH MATHEMATICS A regional soccer 
tournament has 64 participating teams. In the first 
round of the tournament, 32 games are played. In each 
successive round, the number of games decreases by 

a factor of >: 


a. Write a rule for the number of games played in the 
nth round. For what values of n does the rule make 
sense? Explain. 


b. Find the total number of games played in the 
regional soccer tournament. 


MODELING WITH MATHEMATICS In a skydiving 
formation with R rings, each ring after the first has 
twice as many skydivers as the preceding ring. The 
formation for R = 2 is shown. 


a. Let a, be the number of skydivers in the nth ring. 
Write a rule for a,. 


b. Find the total number of skydivers when there are 
four rings. 
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61. 


62. 


63. 


PROBLEM SOLVING The Sierpinski carpet is a fractal 64. THOUGHT PROVOKING The first four iterations of the 


created using squares. The process involves removing fractal called the Koch snowflake are shown below. 
smaller squares from larger squares. First, divide Find the perimeter and area of each iteration. Do 

a large square into nine congruent squares. Then the perimeters and areas form geometric sequences? 
remove the center square. Repeat these steps for each Explain your reasoning. 


smaller square, as shown below. Assume that each 


side of the initial square is 1 unit long. 
a " 1 1 
1 


Stage 1 emcee -_ Stage 3 65. MAKING AN ARGUMENT You and your friend are 
comparing two loan options for a $165,000 house. 
a. Let a,, be the total number of squares removed at Loan 1 is a 15-year loan with an annual interest 
the nth stage. Write a rule for a,. Then find the rate of 3%. Loan 2 is a 30-year loan with an annual 
total number of squares removed through Stage 8. interest rate of 4%. Your friend claims the total 


amount repaid over the loan will be less for Loan 2. 


b. Let b,, be the remaining area of the original square Is your friend correct? Justify your answer. 


after the nth stage. Write a rule for b,. Then find 


~ marr reti pene ugar 66. CRITICAL THINKING Let L be the amount of a loan 
hal ts (in dollars), i be the monthly interest rate (in decimal 
form), t be the term (in months), and M be the 
HOW DO YOU SEE IT? Match each sequence with its monthly payment (in dollars). 
graph. Explain your reasoning. [ a. When making monthly payments, you are paying 
1\"7! a | the loan amount plus the interest the loan gathers 
a. a, = iol 5 b. Ga t0)? each month. For a 1-month loan, t = 1, the 


equation for repayment is L(1 + i) - M = 0. 
For a 2-month loan, t = 2, the equation is 
[L(+ i) — M](1 + ) — M = 0. Solve both of 
these repayment equations for L. 


(a) to write a repayment equation for a t-month 
loan. (Hint: L is equal to M times a geometric 
series.) Then solve the equation for M. 


c. Use the rule for the sum of a finite geometric 
series to show that the formula in part (b) is 


ivalent t 
CRITICAL THINKING On January 1, you deposit $2000 emi 


in a retirement account that pays 5% annual interest. Mea L{ i 
You make this deposit each January 1 for the next 30 Tere) a: 


~_. pe mae proene os ae nen " cae Use this formula to check your answers in 
y after you make your last deposit? Pyercises 57 anaes 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Graph the function. State the domain and range. (Section 7.2) 


67. fy =, 68. g(x) =243 
rs m4 


70) = 


69. 
Bi gece Il 


hee) — 
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b. Use the pattern in the equations you solved in part 


‘ 


8.1-8.3 What Did You Learn? 


Core Vocabulary 


sequence, p. 410 sigma notation, p. 412 geometric sequence, p. 426 
terms of a sequence, p. 410 arithmetic sequence, p. 418 common ratio, p. 426 
series, p. 412 common difference, p. 4/8 geometric series, p. 428 
summation notation, p. 4/2 arithmetic series, p. 420 

Core Concepts 


Section 8.1 


Sequences, p. 4/0 
Series and Summation Notation, p. 4/2 
Formulas for Special Series, p. 4/3 


Section 8.2 


Rule for an Arithmetic Sequence, p. 418 
The Sum of a Finite Arithmetic Series, p. 420 


Section 8.3 


Rule for a Geometric Sequence, p. 426 
The Sum of a Finite Geometric Series, p. 428 


Mathematical Practices 


1. Explain how viewing each arrangement as individual tables can be helpful 
in Exercise 29 on page 415. 


2. How can you use tools to find the sum of the arithmetic series in Exercises 53 and 54 
- on page 423? 


3. How did understanding the domain of each function help you to compare the graphs 
in Exercise 55 on page 431? 


Study Skills 
' Keeping Your 
| Mind Focused 


© Before doing homework, review the concept boxes and 
examples. Talk through the examples out loud. 


e Complete homework as though you were also preparing 
for a quiz. Memorize the different types of problems, 
formulas, rules, and so on. 


1-8.3 Quiz 


Describe the pattern, write the next term, and write a rule for the nth term of the 
sequence. (Section 8.1) 


1. 1,7, eee 2.2), 10, 15; 207 3: 


Write the series using summation notation. Then find the sum of the series. (Section 8.1) 


A. 1 Hope 15 5. 0+ tse + 6Ne 16 = 25 100 


Write a rule for the nth term of the sequence. (Sections 8.2 and 8.3) 


| (5, 1.25) 


(8) 0)75) 
‘, (4, 1) 

@(2, 0.5) 
mia 0.25) 


Tell whether the sequence is arithmetic, geometric, or neither. Write a rule for the nth term 
of the sequence. Then find ay. (Sections 8.2 and 8.3) 


10:. 13,6, = 355. a =, Be cs 12. Fi 27, 


5. 


Nol 
Oo | — 
| 


13. One term of an arithmetic sequence is a,, = 19: The common difference is d = 7. Write a 
rule for the nth term. Then graph the first six terms of the sequence. (Section 8.2) 


14. Two terms of a geometric sequence are ag = —50 and ag = —6250. Write a rule for the 
nth term. (Section 8.3) ; 


Find the sum. (Sections 8.2 and 8.3) 


L, 2] ee tates 
15: > (n+ 5) 16. S11(-3)-? 17. > —a() 
pe k=l i=l 


18. Pieces of chalk are stacked in a pile. Part of the pile is shown. The 
bottom row has 15 pieces of chalk, and the top row has 6 pieces of 
chalk. Each row has one less piece of chalk than the row below it. How 
many pieces of chalk are in the pile? (Section 8.2) 


19. You accept a job as an environmental engineer that pays a salary 
of $45,000 in the first year. After the first year, your salary increases 
by 3.5% per year. (Section 8.3) 


a. Write a rule giving your salary a,, for your nth year of employment. 
b. What will your salary be during your fifth year of employment? 


c. You work 10 years for the company. What are your total earnings? 
Justify your answer. 
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Finding Sums of Infinite 


Geometric Series 


USING TOOLS 
STRATEGICALLY 


To be proficient in 
math, you need to use 
technological tools, 
such as a spreadsheet, 
to explore and deepen 
your understanding 

of concepts. 


Essential Question How can you find the sum of an infinite 


geometric series? 


‘EXPLORATION 1 Finding Sums of Infinite Geometric Series 


Work with a partner. Enter each geometric series in a spreadsheet. Then use the 
spreadsheet to determine whether the infinite geometric series has a finite sum. If it 
does, find the sum. Explain your reasoning. (The figure shows a partially completed 
spreadsheet for part (a).) 


el ee 
+ 
as 43 eee 1} ; 
Og lees A al 
By 1 eee ae as a 0.25 | 
3.9 27 81 4) 0.125. 
33-9. 27 Meh 5S. 0.0625 . 
CESS aia, ae ae Gi 0.03125) 
Yai 
i142 - See... _8i 


4°16 64 256 9 
10: 

144416, 64 , 256 _ 
5" 956) 5m os 7H 
Pee: eee ool _13 | 


10 100 1000 10,000 


EXPLORATION 2 Writing a Conjecture 


Work with a partner. Look back at the infinite geometric series in Exploration 1. 
Write a conjecture about how you can determine whether the infinite geometric series 


ay “ay aiemeay = 


has a finite sum. 


PteeCee@imem Writing a Formula 


Work with a partner. In Lesson 8.3, you learned that the sum of the first n terms of a 
geometric series with first term a, and common ratio r # 1 is 


When an infinite geometric series has a finite sum, what happens to r” as n increases? 
Explain your reasoning. Write a formula to find the sum of an infinite geometric series. 
Then verify your formula by checking the sums you obtained in Exploration 1. 


Communicate Your Answer 


4. How can you find the sum of an infinite geometric series? 


5. Find the sum of each infinite geometric series, if it exists. 


AD Sicelbc32 
. 1+0.1+ 0.01 + 0.001+0.0001+--- b 2+2+-+—+=“4+--- 
a. 1+ 0.1 + 0.01 + 0.001 + 0.0001 b Se ae 
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8.4 Lesson 


Core Vocabulary... 


partial sum, p. 436 


Previous 

repeating decimal 
fraction in simplest form 
rational number 


What You Will Learn 


> Find partial sums of infinite geometric series. 
& Find sums of infinite geometric series. 


Partial Sums of Infinite Geometric Series 


The sum S,, of the first 2 terms of an infinite series is called a partial sum. The partial 
sums of an infinite geometric series may approach a limiting value. 


Finding Partial Sums 


Consider the infinite geometric series 

ae ae 

2 4 & 16 32 
Find and graph the partial sums S, for n = 1, 2, 3, 4, and 5. Then describe what 
happens to S,, as n increases. 


SOLUTION 
Step 1 Find the partial sums. 


$= 5-05 

$= 54455075 

Sy=5 +5 +2 ~ 088 

S,=5+ tits ~094 
Ss=5t i tet ate 3097 


Step 2 Plot the points (1, 0.5), (2, 0.75), 
(3, 0.88), (4, 0.94), and (5, 0.97). 
The graph is shown at the right. - 

> From the graph, S,, appears to approach 


? nn 
1 as n increases. 


Sums of Infinite Geometric Series 


In Example 1, you can understand why S,, approaches | as n increases by considering 
the rule for the sum of a finite geometric series. 


softs) af 2-109 


n il =F 


As n increases, (3) approaches 0, so S,, approaches 1. Therefore, 1 is defined to be the 


sum of the infinite geometric series in Example 1. More generally, as n increases for 
any infinite geometric series with common ratio r between —1 and 1, the value of S,, 
approaches 
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G) Core Concept 


The Sum of an Infinite Geometric Series 


UNDERSTANDING The sum of an infinite geometric-series with first term a, and common ratio r is 
MATHEMATICAL given by 


TERMS 


Even though a geometric 
series with a common 
ratio of |r| < 1 has 
infinitely many terms, the 
series has a finite sum. 


Find the sum of each infinite geometric series. 


= eee ee 
a e150) 5 Dee FO 27 ~1-=-+—-— 
a. 230.7) ues 16 | 64 
SOLUTION 
a. For this series, a, = 3(0.7)! ~ ! = 3 and r = 0.7. The sum of the series is 
S= i = ; Formula for sum of an infinite geometric series 
= es 
-TW07 Substitute 3 for a, and:0.7 for r. 
= 10. Simplify. 


b. For this series, a, = 1 and a, = 3. So, the common ratio is r = = = 3. 


me | OO 


STUDY TIP 


Because |3| > 1, the sum does not exist. 


For the geometric series 


in part (b), the graph of the c. For this series, a; = 1 and a, = = So, the common ratio is 
partial sums S,, for 3 
n= 1, 2, 3, 4, 5, and 6 are ea 3 
shown. From the graph, it i a 
appears that as rn increases, . 
the partial sums do not The sum of the series is 
approach a fixed number. A 
Cae Formula for sum of an infinite geometric series 
400 ap 
: ] : 3 
= Substitute 1 for a, and 7 for if 
ale | 
4 wands 
: =~, Simplify. 
-50 


Monitoring Progress @) Help in English and Spanish at BigldeasMath.com 
1. Consider the infinite geometric series 
2 " 4 8 cs 16 as 32 


5 25 125 1625 3125 


Find and graph the partial sums S, forn = 1, 2, 3, 4, and 5. Then describe what 
happens to S,, as n increases. 


Find the sum of the infinite geometric series, if it exists. 


0 i 00 ey 3 3 3 
. >X(-= = og eee ee en 
2. > 2 3. 2317 vee ase © 
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“EXAMPLE Solving a Real-Life Problem 


A pendulum that is released to swing freely travels 18 inches on the first swing. On 
each successive swing, the pendulum travels 80% of the distance of the previous 
swing. What is the total distance the pendulum swings? 


<_© 0» ¢0 o» 


18(0.8) 18(0.8)2 18(0.8)3 


SOLUTION 
The total distance traveled by the pendulum is given by the infinite geometric series 
18 + 18(0.8) + 18(0.8)? + 18(0.8)3 + --: 


For this series, a, = 18 and r = 0.8. The sum of the series is 


S= a Formula for sum of an infinite geometric series 
sar 
18 
als Substitute 18 for a, and 0.8 for r. 
REMEMBER = 90. Simplify. 
Because a repeating 
decimal is a rational > The pendulum travels a total distance of 90 inches, or 7.5 feet. 
number, it can be written 
a , om e . . . . 

as |, where a and b are SeNViveae Writing a Repeating Decimal as a Fraction 


integers and b + 0. 


Write 0.242424 ... as a fraction in simplest form. 


SOLUTION 
Write the repeating decimal as an infinite geometric series. 
0.242424 ... = 0.24 + 0.0024 + 0.000024 + 0.00000024 + --- 
For this series, a, = 0.24 andr =n = 0.01. Next, write the sum of the series. 
S= i = ; Formula for sum of an infinite geometric series 
0.24 
1 001 Substitute 0.24 for a, and 0.01 for r. 
_ 0.24 ae 
= 9.99 Simplify. 
_ 24 , 
= 99 Write as a quotient of integers. 
ay si 
=e Simplify. 
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5. WHAT IF? In Example 3, suppose the pendulum travels 10 inches on its first 
swing. What is the total distance the pendulum swings? 


Write the repeating decimal as a fraction in simplest form. 


6205055, - : TO 22 ee. SO SI3132 7 
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8.4 Exercises 


Dynamic Solutions available at BigldeasMath.com 


Vocabulary and Core Concept Check 


1. COMPLETE THE SENTENCE The sum S,, of the first n terms of an infinite series is called 


a(n) ; 


2. WRITING Explain how to tell whether the series >'a,ri~ ' has a sum. 
2] 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-6, consider the infinite geometric series. 
Find and graph the partial sums S,, for n = 1, 2, 3, 4, 
and 5. Then describe what happens to S,, as n increases. 
(See Example 1.) 

mee | | I re 


2: D6 18 54 


4. =+-+5+—+2—+--- 
6 


ae 12 © 24 

ee 12 , 36, 108 , 324 
5 25 125 625 
1, Aare 

. 242+ 

met 6 36 «216 1296 


In Exercises 7-14, find the sum of the infinite geometric 
series, if it exists. (See Example 2.) 


s 1\"—! > 3\k-1 
7. 3(.) 8. > -6(3] 
n=1 5 Keoal 2. 
ei (3\- ! ZO Slee 
9 mr 10. 2(3) 
23\3 25\3 
on, 18 354! 
1. 2+—+ —+—+ 
4 16 64 
4 8 
= 79 pnt le te cs A 
12 5-2 5 25 
Sey, 1s 
. 34+54+24+-—+ 
: 2 De 12 de. 
44. 1 2 Ua 


mes CD 27 


ERROR ANALYSIS In Exercises 15 and 16, describe 
and correct the error in finding the sum of the infinite 
geometric series. 


15. >(7) % 


x 


For this series, a, = 1 andr=—. 


Section 8.4 


S alGmese 
16. 4+—4+—+—-+. 
3 9 Di 
x For this series, a, = 4 andr= 4 = . 
3 
Because . > 1, the series has no sum. 


17. MODELING WITH MATHEMATICS You push your 
younger cousin on a tire swing one time and then 
allow your cousin to swing freely. On the first swing, 
your cousin travels a distance of 14 feet. On each 
successive swing, your cousin travels 75% of the 
distance of the previous swing. What is the total 
‘distance your cousin swings? (See Example 3.) 


000 000 


14(0.75) 14(0.75)2 


18. MODELING WITH MATHEMATICS A company had 
a profit of $350,000 in its first year. Since then, the 
company’s profit has decreased by 12% per year. 
Assuming this trend continues, what is the total profit 
the company can make over the course of its lifetime? 
Justify your answer. 


In Exercises 19-24, write the repeating decimal as a 
fraction in simplest form. (See Example 4.) 


age 02222. 20. 0.444... 
21. O151616...... 22,, 0.625625025...... 
fees? D290 o 2 es 24. 130.130130130... 


25. PROBLEM SOLVING Find two infinite geometric 
series whose sums are each 6. Justify your answers. 
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26. HOW DO YOU SEE IT? 


Pa 


28. 


440 


The graph shows the partial 
sums of the ome series 
ay = ay ar a3 ar a, t+ 


What is the value of > ae 
Explain. 


MODELING WITH MATHEMATICS A radio station has 
a daily contest in which a random listener is asked 

a trivia question. On the first day, the station gives 
$500 to the first listener who answers correctly. On 
each successive day, the winner receives 90% of the 
winnings from the previous day. What is the total 
amount of prize money the radio station gives away 
during the contest? 


THOUGHT PROVOKING Archimedes used the sum 
of a geometric series to compute the area enclosed 
by a parabola and a straight line. In “Quadrature of 
the Parabola,” he proved that the area of the region 
is < the area of the inscribed triangle. The first term 
of the series for the parabola below is represented 
by the area of the blue triangle and the second term 
is represented by the area of the red triangles. Use 
Archimedes’ result to find the area of the region. 
Then write the area as the sum of an infinite 
geometric series. 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Determine the type of function represented by the table. 


= | 
4.5 | 13.5 40.5 


32. E x; 


=i 0.5 


le 
8 


Determine whether the sequence is arithmetic, geometric, or neither. 


eal; 3, =a 


oa, —/, —letl, 17.2... 35. 


Chapter 8 


Sequences and Series 


29) 


50: 


31. 


DRAWING CONCLUSIONS Can a person running at 
20 feet per second ever catch up to a tortoise that runs 
10 feet per second when the tortoise has a 20-foot 
head start? The Greek mathematician Zeno said no. 
He reasoned as follows: 


The person will keep 
halving the distance 
* but will never catch 
ip to the tortoise. 


20 ft 10 ft 


Looking at the race as Zeno did, the distances and the 
times it takes the person to run those distances both 
form infinite geometric series. Using the table, show 
that both series have finite sums. Does the person 
catch up to the tortoise? Justify your answer. 


Distance (ft) | 20 10 
Time (sec) 1 0.5 


MAKING AN ARGUMENT Your friend claims that 
0.999 .. . is equal to 1. Is your friend correct? Justify 
your answer. 


CRITICAL THINKING The Sierpinski triangle is a 
fractal created using equilateral triangles. The process 
involves removing smaller triangles from larger 
triangles by joining the midpoints of the sides of the 
larger triangles as shown. Assume that the initial 
triangle has an area of | an foot. 


A 
AA = 


Stage 1 Stage 2 


i a 
A 

ABSA 
Stage 3 


a. Let a, be the total area of all the triangles that are 
removed at Stage n. Write a rule for a,,. 


b. Find >) a,. Interpret your answer in the context 
n=] 
of this situation. 


(Section 6.7) 
x) 0 | 4 | 8 12 | 
motte 


Bac eae 


(Sections 8.2 and 8.3) 
36. 13.5, 40.5, 121.5, 364.5,... 


Using Recursive Rules with 


Sequences 


ATTENDING TO 
PRECISION 
To be proficient in math, 


you need to communicate 
precisely to others. 


Essential Question How can you define a sequence recursively? 


A recursive rule gives the beginning term(s) of a sequence and a recursive equation 
that tells how a, is related to one or more preceding terms. 


“EXPLORATION 1 


Evaluating a Recursive Rule 


Work with a partner. Use each recursive rule and a spreadsheet to write the first 
six terms of the sequence. Classify the sequence as arithmetic, geometric, or neither. 
Explain your reasoning. (The figure shows a partially completed spreadsheet for 
part (a).) 


aa, = 7,4, —4, ; 43 


nth Term. 


a joe 223) 


b. a, = 5,4, =a,_,—2 
. a, a, = 24, - 1 


Cc 
1 
d. a) = 1a, (Gee 


e. Gd; — 3, a= ae, el 


1 
74 | 
= el 
ga, = as, ay, =~ 54yn - | 


ha 


ane 4,4R— ie | 


h. a, = 4,a, =5,4, =a,_,; +a,_> 


"EXPLORATION 2 Writing a Recursive Rule 


Work with a partner. Write a recursive rule for the sequence. Explain 
your reasoning. 


aor Or lems, ...s Drm OO, 202. ae 
c. 3,6, 1272448. 96nae d. 128, 64, 32, 16, 8,4,... 
€.. 59,9; 5) eee | As Sos 


Se ieeelews@imem VWriting a Recursive Rule 


Work with a partner. Write a recursive rule for the sequence whose graph is shown. 


a. 3 b. 2 


Communicate Your Answer 


4. How can you define a sequence recursively? 


5. Write a recursive rule that is different from those in Explorations 1-3. Write 
the first six terms of the sequence. Then graph the sequence and classify it 
as arithmetic, geometric, or neither. 
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85 Lesson What You Will Learn 


Pm Evaluate recursive rules for sequences. 
BR Write recursive rules for sequences. 


re Vocabulary. » Translate between recursive and explicit rules for sequences. 


explicit rule, p. 442 fh Use recursive rules to solve real-life problems. 
recursive rule, p. 442 


Evaluating Recursive Rules 

So far in this chapter, you have worked with explicit rules for the nth term of a 
sequence, such as a, = 3n — 2 and a, = 7(0.5)”". An explicit rule gives a, as a 
function of the term’s position number n in the sequence. 


In this section, you will learn another way to define a sequence —by a recursive rule. 
A recursive rule gives the beginning term(s) of a sequence and a recursive equation 
that tells how a, is related to one or more preceding terms. 


Evaluating Recursive Rules 


Write the first six terms of each sequence. 


ad) = 1,4, =a,_,+4 b. f(1) = 1, ft) =3 + f(n — 1) 
SOLUTION 
a. dy = | Isttem b. f(1) = 1 


a)=a+4=1+4=5 2nd term f(2) = 3 + fl) = 301) = 3 
a,=a,+4=5+4=9 3rd term f3) = 3 « f(2) = 33) =9 
a,=a,+4=9+4=13 Ath term f(4) = 3 © f(3) = 39) = 27 
a4=a,+4=13+4=17  5Sthterm f(5) = 3 © f(4) = 3(27) = 81 
a,=a,+4=17+4=21  6thterm f(6) = 3 + f(S) = 3081) = 243 
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Write the first six terms of the sequence. 


1. a, =3,a,=a,-,-—7 2. dy = 162, a, = 0.5a,, _ ; 


Els 74 


3. (0) =1,f) =f—1)+n A. a, = 4,4,= 24, 4-1 


Writing Recursive Rules 


In part (a) of Example 1, the differences of consecutive terms of the sequence are 
constant, so the sequence is arithmetic. In part (b), the ratios of consecutive terms are 
constant, so the sequence is geometric. In general, rules for arithmetic and geometric 
sequences can be written recursively as follows. 


G) Core Concept 


Recursive Equations for Arithmetic and Geometric Sequences 
Arithmetic Sequence 


a, = a, —,; + d, where d is the common difference 
Geometric Sequence 
where r is the common ratio 


a, ~reda,—4, 
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Writing Recursive Rules 


Write a recursive rule for (a) 3, 13, 23, 33, 43, ... and (b) 16, 40, 100, 250, 625, .... 
SOLUTION 


Use a table to organize the terms and find the pattern. 


COMMON ERROR a. 


A recursive equation 

for a sequence does not 
include the initial term. leg 
To write a recursive rule 710" Eee + 10 
for a sequence, the initial 
term(s) must be included. 


The sequence is arithmetic with first term a, = 3 and common difference d = 10. 
a,=a,-,+d Recursive equation for arithmetic sequence 


=a,—,+ 10 Substitute 10 for d. 


A recursive rule for the sequence is a, = 3,4, =a, _, + 10. 


The sequence is geometric with first term a, = 16 and common ratio r = = 


(CSE a) Eee Recursive equation for geometric sequence 


5 


STUDY TIP = 4G Substitute 2 for r. 


The sequence in part (a) 
of Example 3 is called the 
Fibonacci sequence. The 
sequence in part (b) lists EXAMPLE 2 
factorial numbers. You 
will learn more about 
factorials in Chapter 10. 


: : 5 
A recursive rule for the sequence is a, = 16, a, = >a 


File 


Writing Recursive Rules 


Write a recursive rule for each sequence. 
a. 1 les eee Dadliele 26,2452... 
SOLUTION 


a. The terms have neither a common difference nor a common ratio. Beginning with 
the third term in the sequence, each term is the sum of the two previous terms. 


> A recursive rule for the sequence is a, = 1, a, = 1,a, =a,_,+4,_}. 


b. The terms have neither a common difference nor a common ratio. Denote the 
first term by ay = 1. Note thata, = 1=1 *a),a, =2 =2 *a,,a,=6=3 *a, 
and so on. 


p A recursive rule for the sequence is a) = 1,a, =n +a 


ro ile 
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Write a recursive rule for the sequence. 
5. 2, 14, 98, 686, 4802, ... 6.19  ).)s.. 
7 (ra i Pee BC © oe Sal. 2, 2,4, 0, Sco 


oe 


Section 8.5 Using Recursive Rules with Sequences 443 
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Chapter 8 


Translating Between Recursive and Explicit Rules 


Translating from Explicit Rules to Recursive Rules 


Write a recursive rule for (a) a, = —6 + 8n and (b) a, = —3(4)" 
SOLUTION 
a. The explicit rule represents an arithmetic sequence with first term 
a, = —6 + 8(1) = 2 and common difference d = 8. 
Ga, +a Recursive equation for arithmetic sequence 
a, = 4,—-,+8 Substitute 8 for d. 


A recursive rule for the sequence is a, = 2,a, =a, _, + 8. 


eh q ; ] \0 
b. The explicit rule represents a geometric sequence with first term a, = —3(4) = —3 
and common ratio r = £ 
a, =1*a,_; Recursive equation for geometric sequence 
aan, Substitute + for fz 


I 
A recursive rule for the sequence is a, = —3, a, = Pele 


Se" ithe Translating from Recursive Rules to Explicit Rules 


Write an explicit rule for each sequence. 


ain — 5,0, — a, 3 2 b. a, = 10,4, = 24, _ | 
SOLUTION 
a. The recursive rule represents an arithmetic sequence with first term a, = —5 and 
common difference d = —2. 
ad, =a,+(n-l)d Explicit rule for arithmetic sequence 
Gp 35 4 — 1) 2) Substitute —5 for a, and —2 for d. 
d= en Simplify. 
~ Anexplicit rule for the sequence is a, = —3 — 2n. 


b. The recursive rule represents a geometric sequence with first term a, = 10 and 
common ratio r = 2. 


aye =} Explicit rule for geometric sequence 


a, = 10(2)"—! Substitute 10-for a, and 2 for r. 


P Anexplicit rule for the sequence is a, = 10(2)"~!. 
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Write a recursive rule for the sequence. 

9. a, =17—A4n 10° a, = 163)" — ! 
Write an explicit rule for the sequence. 


T1.@, = —1204, = aS is 12. a, =2,a, = —6a 


ol 
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hing calculator to 
and dot modes. 
sequence and use 
feature. From the 
ippears the sequence 
es 1333. 


=.7*u(,_7-1)+400 


i) OSE IEIIEY 


Solving Real-Life Problems 


Solving a Real-Life Problem 


A lake initially contains 5200 fish. Each year, the {gauss 
population declines 30% due to fishing and other . - 
causes, so the lake is restocked with 400 fish. | “ei 

| 

H 


a. Write a recursive rule for the number a, of fish 
at the start of the nth year. 


b. Find the number of fish at the start of the 
fifth year. 


c. Describe what happens to the population 
of fish over time. 


SOLUTION 


a. Write a recursive rule. The initial value is 5200. Because the population declines 
30% each year, 70% of the fish remain in the lake from one year to the next. Also, 
400 fish are added each year. Here is a verbal model for the recursive equation. 


Fish at Fish at New 

start of =(0.7e start of Zs fish 

year n year 2— "1 added 
a, = 0.7 » Get + 400 


 Arecursive rule is a, = 5200, a, = (0.7)a, _ , + 400. 


b. Find the number of fish at the start of the fifth year. 3200 
Enter 5200 (the value of a,) in a graphing calculator. 


Then enter the rule 


.7 X Ans + 400 


5200 
-?*Ans+400 
4040 
3228 
2659.6 
22Onmae 
to find a,. Press the enter button three more times to 


find a, ~ 2262. 


> There are about 2262 fish in the lake at the start 
of the fifth year. 


334178 
333924 
333747 
333623 
5515256 
333475 
333433 


c. Describe what happens to the population of fish over 
time. Continue pressing enter on the calculator. The 
screen at the right shows the fish populations for 
years 44 to 50. Observe that the population of fish 
approaches 1333. 


> Over time, the population of fish in the lake 
stabilizes at about 1333 fish. 
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13. WHAT IF? In Example 6, suppose 75% of the fish remain each year. What happens 
to the population of fish over time? 
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REMEMBER 


In Section 8.3, you used 
a formula involving 
a geometric series to 
calculate the monthly 
payment for a 

~ similar loan. 
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Modeling with Mathematics 

You borrow $150,000 at 6% annual interest compounded monthly for 30 years. The 
monthly payment is $899.33. 

° Find the balance after the third payment. 


¢ Due to rounding in the calculations, the last payment is often different from the 
original payment. Find the amount of the last payment. 


SOLUTION 


1. Understand the Problem You are given the conditions of a loan. You are asked to 


find the balance after the third payment and the amount of the last payment. 


2. Make a Plan Because the balance after each payment depends on the balance 


after the previous payment, write a recursive rule that gives the balance after each 


payment. Then use a spreadsheet to find the balance after each payment, rounded to 


the nearest cent. 
0.06 


3. Solve the Problem Because the monthly interest rate is —— = 0.005, the balance 


12 
increases by a factor of 1.005 each month, and then the payment of $899.33 


is subtracted. 


Balance after Balance before 


payment = 1.005 payment — Payment 
a, =i. aM, — 399,33 


Use a spreadsheet and the recursive rule to find the balance after the third payment 
and after the 359th payment. 


Payment number iBalance after payment, 


1 149850.67 4 B2 =Round(1.005*150000—899.33, 2) 
_2 | ____149700.59_-_| B3 =Round(1.005*B2~899.33, 2) 

3 I 149549.76 

357 | 266738 .~—~«| 

398 #+|  178139~C*; 

359 | 890.97 _| B360 =Round(1.005*B359—-899.33, 2) 


> The balance after the third payment is $149,549.76. The balance after the 
359th payment is $890.97, so the final payment is 1.005(890.97) = $895.42. 


4. Look Back By continuing the spreadsheet for the 360th payment using the 


original monthly payment of $899.33, the balance is —3.91. 


360. | ~~~ ~—3.91 | B361 =Round(1.005*B360—899.33, 2) 


This shows an overpayment of $3.91. So, it is reasonable that the last payment is 
$899.33 — $3.91 = $895.42. 
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14. WHAT IF? How do the answers in Example 7 change when the annual interest rate 


is 7.5% and the monthly payment is $1048.82? 


Sequences and Series 


ol 
8.5 Exercises Dynamic Solutions available at SisideesMath.cam 


Vocabulary and Core Concept Check 


1. COMPLETE THE SENTENCE A recursive tells how the nth term of a sequence is 
related to one or more preceding terms. 


2. WRITING Explain the difference between an explicit rule and a recursive rule for a sequence. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-10, write the first six terms of the 25: 
sequence. (See Example 1.) 


5} a; = 4, a= 
ea, + 3 Gre Gai 
5. .f(0) = 4 6. f(0) = 10 
pa) — 2f(n — 1) f(n) = 5f(n- 1) ERROR ANALYSIS In Exercises 27 and 28, describe and 
correct the error in writing a recursive rule for the 
7 a, =2 ; 8. a,=1 sequence 5, 2, 3, —1, 4,.... 
oo (a,_ +1 a, = (a, — ;)* — 10 _ 
9. f(0) =2,f(l) =4 x Beginning with the third term in 
f(n) = f(n — 1) — f(n — 2) the sequence, each term a, equals 
4a, —2 — 4, — 4-90, a recursive rule 
10. f() = 2,f(2) =3 is given by 
ye) —yor— 1) f(n — 2) Ay = 4, — 2 ~ An — 4: 
In Exercises 11-22, write a recursive rule for the 
sequence. (See Examples 2 and 3.) 28. 
feeeeieeO,—7,... 12. 54, 43,32, 21, 10,... x Beginning with the second term in 
the sequence, each term a, equals 
foe 4emo2, 768,... 14. 4, —12, 36, —108,... 4, — 1 — 3. So, arecursive rule is 
given by 
Hie 11 
15. le lose 8) 154522529 eeee ; 4,=5,a,=4, 4-35. 
pee, 0,500,... 18. 3,5, 15,75, 1125,... 
To, 1,455, 9, 14,... 202.16; 9.722.555 In Exercises 29-38, write a recursive rule for the 


sequence. (See Example 4.) 
2am, 50, 144, 720,... 22. —3, —1, 2,6, 11,... 


29. a= 3% An 30. 00.— —2 —8n 
In Exercises 23-26, write a recursive rule for the 
sequence shown in the graph. 31. a, = 12 — 10n 32. a, =9—5Sn 
2s: 33. 6a, — 2 a4. a,=——71(6)'~ | 
35. a2,—2.5 —0.6n 36. a@,— —L.4-- 057 
1 i es 
Te. ee : = 5 n | 
37.54, I 4 38. a, a‘ ) 
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39. REWRITING A FORMULA 53. 


You have saved $82 to 
buy a bicycle. You save 
an additional $30 each 
month. The explicit rule 
a,, = 30n + 82 gives the 
amount saved after 

n months. Write a 
recursive rule for the 
amount you have saved 
n months from now. 


40. REWRITING A FORMULA Your salary is given by the 
explicit rule a,, = 35,000(1.04)" ~ !, where n is the 
number of years you have worked. Write a recursive 
rule for your salary. 


In Exercises 41-48, write an explicit rule for the 
sequence. (See Example 5.) 


41. a, =3,4,=—a,_,—6 42. a,—167a,—a,_, +7 
43. a, = —2,a, =3a,_, 44. a, = 13,4, = 4a, _, 
45. a, = —-12,4,=a4,_,+9.1 
46. a, = —4,a, = 0.65a, _, 
54. 
47. a,=5,4,=4,_;-5 48. a, = —5, a, = 5a, 


49. REWRITING A FORMULA A grocery store arranges 
cans in a pyramid-shaped display with 20 cans 
in the bottom row and two fewer cans in each 
subsequent row going up. The number of cans in 
each row is represented by the recursive rule a, = 20, 
a,, = a, _, — 2. Write an explicit rule for the number 
of cans in row n. 


50. REWRITING A FORMULA The value of a car is given 
by the recursive rule a, = 25,600, a, = 0.86a, _ ,, 
where n is the number of years since the car was new. 
Write an explicit rule for the value of the car after 
n years. 


51. USING STRUCTURE What is the-1000th term of the 
sequence whose first term is a, = 4 and whose nth 
term is a, = a, _ , + 6? Justify your answer. 


@) 4006. —- 5998 
©) 1010 CD 10,000 


55. 


52. USING STRUCTURE What is the 873rd term of the 


sequence whose first term is a, = 0.01 and whose nth ae: 


term is a, = 1.01a, _ ,? Justify your answer. 


CA) 58.65 -(B) 8.73 
© 1.08 CD) 586,459.38 
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PROBLEM SOLVING An online music service initially 
has 50,000 members. Each year, the company loses 
20% of its current members and gains 5000 new 
members. (See Example 6.) 


Beginning of first year 


PANT T TATE coc 


Beginning of second year 


)bRTTTTT TT THT 
eis 20% J _ 45,000 members 


Key: f = 5000 members | = join Hf = leave 


a. Write a recursive rule for the number a,, of 
members at the start of the nth year. 


b. Find the number of members at the start of the 
fifth year. 


c. Describe what happens to the number of members 
over time. 


PROBLEM SOLVING You add chlorine to a swimming 
pool. You add 34 ounces of chlorine the first week and 
16 ounces every week thereafter. Each week, 40% of 
the chlorine in the pool evaporates. 


34 oz of chlorine 16 oz of chlorine 
are added are added 


40% of 


a hlorine has 
SA sporated 


First week Each successive week 


a. Write a recursive rule for the amount of chlorine 
in the pool at the start of the nth week. 


b. Find the amount of chlorine in the pool at the start 
of the third week. 


c. Describe what happens to the amount of chlorine 
in the pool over time. 


OPEN-ENDED Give an example of a real-life situation 
which you can represent with a recursive rule that 
does not approach a limit. Write a recursive rule that 
represents the situation. , 


OPEN-ENDED Give an example of a sequence in 
which each term after the third term is a function of 
the three terms preceding it. Write a recursive rule for 
the sequence and find its first eight terms. 


37. 


58. 


59. 


60. 


MODELING WITH MATHEMATICS You borrow 61. 


$2000 at 9% annual interest compounded monthly 
for 2 years. The monthly payment is $91.37. 
(See Example 7.) 


a. Find the balance after the fifth payment. 


b. Find the amount of the last payment. 


MODELING WITH MATHEMATICS You borrow 
$10,000 to build an extra bedroom onto your house. 
The loan is secured for 7 years at an annual interest 
rate of 11.5%. The monthly payment is $173.86. 


a. Find the balance after the fourth payment. 


b. Find the amount of the last payment. 


COMPARING METHODS In 1202, the mathematician 
Leonardo Fibonacci wrote Liber Abaci, in which he 
proposed the following rabbit problem: 


Begin with a pair of newborn rabbits. When a pair 
of rabbits is two months old, the rabbits begin 
producing a new pair of rabbits each month. 
Assume none of the rabbits die. 


——— 
Month as | 6 | 
Pairs at start ; ‘an | 

| of month | 


BE 


1 Ww 


NM 


35/8 


This problem produces a sequence called the 
Fibonacci sequence, which has both a recursive 
formula and an explicit formula as follows. 


Recursive: a, = 1, a, = 1,4, =a, _»7+4,_, 


n 


\'5 


ave ae = n 

Explicit f, = [15 a E EI) 
5 5) \ 2m 

Use each formula to determine how many rabbits 

there will be after one year. Justify your answers. 


USING TOOLS A town library initially has 54,000 
books in its collection. Each year, 2% of the books are 
lost or discarded. The library can afford to purchase 
1150 new books each year. 


a. Write a recursive rule for the number a,, of books 
in the library at the beginning of the nth year. 


b. Use the sequence mode and the dot mode of a 
graphing calculator to graph the sequence. What 
happens to the number of books in the library over 
time? Explain. 


Section 8.5 


62. 


63. 


DRAWING CONCLUSIONS A tree farm initially has 
9000 trees. Each year, 10% of the trees are harvested 
and 800 seedlings are planted. 


a. Write a recursive rule for the number of trees on 
the tree farm at the beginning of the nth year. 


b. What happens to the number of trees after an 
extended period of time? 


DRAWING CONCLUSIONS You sprain your ankle 
and your doctor prescribes 325 milligrams of an 
anti-inflammatory drug every 8 hours for 10 days. 
Sixty percent of the drug is removed from the 
bloodstream every 8 hours. 


a. Write a recursive rule for the amount of the drug 
in the bloodstream after n doses. 


b. The value that a drug level approaches after an 
extended period of time is called the maintenance 
level. What is the maintenance level of this drug 
given the prescribed dosage? 


c. How does doubling the dosage affect the 
maintenance level of the drug? Justify 
your answer. 


FINDING A PATTERN A fractal tree starts with a single 


branch (the trunk). At each stage, each new branch 
from the previous stage grows two more branches, 


as shown. 


Stage 1 Stage 2 
Stage 3 Stage 4 


a. List the number of new branches in each of the 
first seven stages. What type of sequence do these 
numbers form? 


b. Write an explicit rule and a recursive rule for the 
sequence in part (a). 
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64. THOUGHT PROVOKING Let a, = 34. Then write the 68. MAKING AN ARGUMENT Your friend says it is 


terms of the sequence until you discover a pattern. impossible to write a recursive rule for a sequence 
i ar that is neither arithmetic nor geometric. Is your friend 
Boe, if a, is even ener 
a =? correct? Justify your answer. 
Toll é P 
SG20= i if a,, is odd 


69. CRITICAL THINKING The first four triangular numbers 
,, and the first four square numbers S,, are represented 
by the points in each diagram. 


65. MODELING WITH MATHEMATICS You make a 
$500 down payment on a $3500 diamond ring. You 
borrow the remaining balance at 10% annual interest KY 
compounded monthly. The monthly payment is e Pes 
1 2 3 4 


$213.59. How long does it take to pay back the loan? 
What is the amount of the last payment? Justify 
your answers. 


66. HOW DO YOU SEE IT? The graph shows the first six . a tt ii 
1 2 3) 4 


terms of the sequence a, = p, a, = ra, _. 


Do the same for a, = 25. What can you conclude? 


an 


e(1, p) a. Write an explicit rule for each sequence. 
b. Write a recursive rule for each sequence. 


c. Write a rule for the square numbers in terms of 
the triangular numbers. Draw diagrams to explain 
why this rule is true. 


a. Describe what happens to the values in the 70. CRITICAL THINKING You are saving money for 
sequence as n increases. retirement. You plan to withdraw $30,000 at the 
: ; beginning of each year for 20 years after you retire. 
b. Describe the set of possible values for 7. Explain Based on the type of investment you are making, you 
FOUL Tees can expect to earn an annual return of 8% on your 


savings after you retire. 


67. REASONING The rule for a recursive sequence is a. Let a, be your balance n years after retiring. Write 
as follows. a recursive equation that shows how a, is related 
toa 


fU) = 3.f(2) = 10 ge 
Hoe"4 + (Ge i ee b. Solve the equation from part (a) for a,, _ ,. 
Find ap, the minimum amount of money you 
a. Write the first five terms of the sequence. should have in your account when you retire. 


b. Use finite differences to find a pattern. What type CPUC ita) 
of relationship do the terms of the sequence show? 


c. Write an explicit rule for the sequence. 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Solve the equation. Check your solution. (Section 5.4) 


TINS + 27), 2s aN X Soros 


73. Vx + 16=19., 74. 2Vx-—13=-5 


The variables x and y vary inversely. Use the given values to write an equation relating x and y. 
Then find y when x = 4. (Section 7.1) 


75. x=2,y=9 76. x= —-4,y=3 77. x= 10, y = 32 
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Core Vocabulary 


partial sum, p. 436 
explicit rule, p. 442 
recursive rule, p. 442 


Core Concepts 


Section 8.4 


Partial Sums of Infinite Geometric Series, p. 436 
The Sum of an Infinite Geometric Series, p. 437 


Section 8.5 


Evaluating Recursive Rules, p. 442 
Recursive Equations for Arithmetic and Geometric Sequences, p. 442 
Translating Between Recursive and Explicit Rules, p. 444 


Mathematical Practices 


1. Describe how labeling the axes in Exercises 3—6 on page 439 clarifies the relationship 
between the quantities in the problems. 


2. What logical progression of arguments can you use to determine whether the statement in 
Exercise 30 on page 440 is true? 


3. Describe how the structure of the equation presented in Exercise 40 on page 448 allows 
you to determine the starting salary and the raise you receive each year. 


4. Does the recursive rule in Exercise 61 on page 449 make sense when n = 5? Explain 
your reasoning. 


---------------- Performance Task - - - - 


Integrated Circuits 
and Moore’s Law 


In April of 1965, an engineer named Gordon Moore noticed how quickly the 
size of electronics was shrinking. He predicted how the number of transistors 
that could fit on a 1-inch diameter circuit would increase over time. In 1965, 
only 50 transistors fit on the circuit. A decade later, about 65,000 transistors 
could fit on the circuit. Moore’s prediction was accurate and is now known 
as Moore’s Law. What was his prediction? How many transistors will be 
able to fit on a 1-inch circuit when you graduate from high school? 


“ 


To explore the answers to this question and more, go to 
BigldeasMath.com. 


—_ — =e oe oe ele 
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r » Chapter Review Dynanic Solutions available at BigideasMath.com 


Defining and Using Sequences and Series (pp. 409-476) 


4 
Find the sum > (i? — 3). 
i=l 


4 
> (i2 — 3) = (12 — 3) + (22 — 3) + (32 — 3) + 4 — 3) 
f=ii 


=-2+1+6+13 
18 


1. Describe the pattern shown in the figure. Then write a rule for 
the nth layer of the figure, where n = | represents the top layer. 


Write the series using summation notation. 


2. 7 + 10d3 ee 3, 02+ 6 Fiz. 


Find the sum. 


7 46 

4. 9-13) 5: 
ae i=1 
12 5 
i=l ist 2 


Write a rule for the nth term of the sequence 9, 14, 19, 24,.... Then find a,,. 


The sequence is arithmetic with first term a, = 9 and common difference d = 14-9 =5. 
So, a rule for the nth term is 


‘a, =a,t+(n—1)d Write general rule. 
=9+(n-1)5 Substitute 9 for a, and 5 for d. 
=5n+4. Simplify. 


P Atuleisa, = 5n + 4, and the 14th term is a,, = 5(14) + 4 = 74. 


8. Tell whether the sequence 12, 4, —4, —12, —20, ... is arithmetic. Explain your reasoning. 


Write a rule for the nth term of the arithmetic sequence. Then graph the first six terms of 
the sequence. 


Or 283) 14, 20.3 10. a), =42,d=3 11. ag = —12, ay, = —36 
36 

12. Find the sum >) (2 + 33). 
i=1 


13. You take a job with a starting salary of $37,000. Your employer offers you an annual raise of 
$1500 for the next 6 years. Write a rule for your salary in the nth year. What are your total 
earnings in 6 years? 
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Analyzing Geometric Sequences and Series = (pp. 425-432) 


8 
Find the sum > 6(3)' ~ 4. 


i=1 
Step 1 Find the first term and the common ratio. 
| a, = 6(3)!-!=6 identify first term. 
r=3 Identify common ratio. 
Step 2 Find the sum. 


Mee er ge ’ 
Se = a, Write rule for Sz. 
We 
a ieee : 
hs ee Substitute 6 for a, and 3 for r. 
= 19,680 Simplify. 


14. Tell whether the sequence 7, 14, 28, 56, 112, . . . is geometric. Explain your reasoning. 


Write a rule for the nth term of the geometric sequence. Then graph the first six terms of the 


sequence. 


8 


toe es. 10,4, —, 28 16. a; = 162,r = —3 17. a, = 16, a, = 256 


3 


9 
18. Find the sum >)5(—2)'- 1. 
i=l! 


Finding Sums of Infinite Geometric Series (op. 435-440) 


~ i-1 
Find the sum of the series >> (2) , if it exists. 


i=1 


For this series, a, = 1 andr = ;. Because : | < 1, the sum of the series exists. 
The sum of the series is | 
S= pe Formula for the sum of an infinite geometric series 
Be sil ; 4 
=r Substitute 1 for a, and — for r. 
4 5 
j= 
5 
= 5. Simplify. 


£1 sel palit 
4°16’ 64° 256’° 
sums S,, for n = 1, 2, 3, 4, and 5. Then describe what happens to S,, as n increases. 


19. Consider the infinite geometric series 1, 


i 
32 


20. Find the sum of the infinite geometric series —2 + 5 —-—+—+---, if it exists. 


CO|— 


21. Write the repeating decimal 0.1212... as a fraction in simplest form. 


Chapter 8 Chapter Review 


. .. Find and graph the partial 


453 


454 


Using Recursive Rules with Sequences (pp. 441-450) 


a. Write the first six terms of the sequence ay = 46, a, =a, _, — 8. 


ay = 46 ist term 
a; —a,—- 8 = 46-8 = 38 2nd term 
a, = a, — 8 = 38 — 8 = 30 3rd term 
a, =a, —- 8 = 30-8 = 22 4th term 
a,=a,—-8=22-8=14 5th term 
a,=a,—8=14-8=6 6th term 


b. Write a recursive rule for the sequence 6, 10, 14, 18, 22,.... 


Use a table to organize the terms and find the pattern. 


ee 7 


4 a 


The sequence is arithmetic with the first term a, = 6 and common difference d = 4. 


i, = 0, are 


= p= emt 


n 


+4 +4 


Recursive equation for arithmetic sequence 


Substitute 4 for d. 


 Arecursive rule for the sequence is a, = 6,4, =a, _, + 4. 


Write the first six terms of the sequence. 


22. a> 1,6, —4,- 7 ae 


23. a,=6,a,=4a,-, 24 f(0)=4, fn) =fin—1)+2n 


Write a recursive rule for the sequence. 


26.2, 2,4, 12,48... 2. 27. T3340 l..5, 


ant 
28. Write a recursive rule for a, = 105(3) : 


5 


Write an explicit rule for the sequence. 


29. a, = —4,a, =a, —, + 26 


30. a,=8,a,=—Sa,_, 31. a, =26,a,= 


2 
=a 


5 


all 


32. A town’s population increases at a rate of about 4% per year. In 2010, the town had a 
population of 11,120. Write a recursive rule for the population P,, of the town in year n. 


Let n = 1 represent 2010. 


33. The numbers 1, 6, 15, 28, ... are called hexagonal numbers because they represent the 
number of dots used to make hexagons, as shown. Write a recursive rule for the 


Chapter 8 


, nth hexagonal number. 


Sequences and Series 


188 


$3 Chapter Test 


Find the sum. 


le 


24 16 oo 6 
> (6i — 13) 2. dn? 3. > 2(0.8)*-! 4. >4(-3)i7! 
il n=1 k=1 i) 


Determine whether the graph represents an arithmetic sequence, geometric sequence, or 
neither. Explain your reasoning. Then write a rule for the nth term. 


>: 6. 7. 
Write a recursive rule for the sequence. Then find dy. 

8. a, =32,r=5 9. a,=2+7n 105 270 3 ieee, 
11. Write a recursive rule for the sequence 5, —20, 80, —320, 1280, .. .. Then write an 


12. 


13; 


14. 


ae 


explicit rule for the sequence using your recursive rule. 


The numbers a, b, and c are the first three terms of an arithmetic sequence. Is b half of the 
sum of a and c? Explain your reasoning. 


Use the pattern of checkerboard quilts shown. 
_ -. 
— fo 
a) tt 
= = 
n=1,a,=1 n=2,a,=2 n=3,a,=5 n=4,a,=8 


a. What does 7 represent for each quilt? What does a,, represent? 


b. Make a table that shows n and a, forn = 1, 2, 3, 4, 5, 6, 7, and 8. 


2 
e. Use the rule a, = + a ~ (-1)"] to find a, for n = 1, 2, 3, 4, 5, 6, 7, and 8. 


Compare these values to those in your table in part (b). What can you conclude? 
Explain. 


During a baseball season, a company pledges to donate $5000 to a charity plus $100 for 
each home run hit by the local team. Does this situation represent a sequence or a series? 
Explain your reasoning. 


The length £, of the first loop of a spring is 16 inches. The length @, of the 
second loop is 0.9 times the length of the first loop. The length @; of the third 
loop is 0.9 times the length of the second loop, and so on. Suppose the spring 
has infinitely many loops, would its length be finite or infinite? Explain. Find 
the length of the spring, if possible. 


f, = 16 in. 
fy = 16(0.9) in. 
J, = 16(0.9)2 in. 
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7% Cumulative Assessment 


1. The frequencies (in hertz) of the notes on a piano form a geometric sequence. The 
frequencies of G (labeled 8) and A (labeled 10) are shown in the diagram. What is 
the approximate frequency of E flat (labeled 4)? 


(@) 247 Hz 
311 Hz 284 789811 
© 330Hz 
BOZ hz 440 Hz 
@ 554 Hz 


2. You take out a loan for $16,000 with an interest rate of 0.75% per month. At the end of 
each month, you make a payment of $300. 


a. Write a recursive rule for the balance a,, of the loan at the beginning of the 
nth month. 


b. How much do you owe at the beginning of the 18th month? 
c. How long will it take to pay off the loan? 
d. If you pay $350 instead of $300 each month, how long will it take to pay off 


the loan? How much money will you save? Explain. 


3. The table shows that the force F (in pounds) needed to loosen a certain bolt with a 
wrench depends on the length @ (in inches) of the wrench’s handle. Write an equation 
that relates 2 and F. Describe the relationship. 


Length,@, 4.6. 10: 12 


ee —, > 


Force, F | 375 | 250. 150} 125 | 


4. Order the functions from the least average rate of change to the greatest average rate 
of change on the interval | < x < 4. Justify your answers. 


A. f(x) =4Vx4+2 B. x and y vary inversely, and 
y = 2 whenx = 5. 


C. D. x] oy | 
aor 
p ie 
3 2 
4 5 
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5. A running track is shaped like a rectangle with two semicircular ends, as shown. 
The track has 8 lanes that are each 1.22 meters wide. The lanes are numbered from 
1 to 8 starting from the inside lane. The distance from the center of a semicircle to 
the inside of a lane is called the curve radius of that lane. The curve radius of lane | 
is 36.5 meters, as shown in the figure. 


a Pee ee m 


Not drawn to scale 


a. Is the sequence formed by the curve radii arithmetic, geometric, or neither? Explain. 
b. Write a rule for the sequence formed by the curve radii. 


c. World records must be set on tracks that have a curve radius of at most 50 meters in 
the outside lane. Does the track shown meet the requirement? Explain. 


. The diagram shows the bounce heights of a basketball and a baseball 


dropped from a height of 10 feet. On each bounce, the basketball bounces 

to 36% of its previous height, and the baseball bounces to 30% of its previous 
height. About how much greater is the total distance traveled by the basketball 
than the total distance traveled by the baseball? 


Basketball Baseball 


C® 1.34 feet 2.00 feet 
CC) 2.68 feet @) 5.63 feet 


. Classify the solution(s) of each equation as real numbers, imaginary numbers, or pure 
imaginary numbers. Justify your answers. 


a. x+V—-16=0 Be Cer) — (3 0) — 6 ek ce. 3x2 — 14 = —20 
d. x7+2x=-3 e. x2 = 16 f. x2 -—5x-—8=0 
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Maintaining Mathematical Proficiency 


Absolute Value 


Order the expressions by value from least to greatest: |6|, | —3|, — \10 — 6| 
=A 


The absolute value of a 
negative number is positive. 


So, the order is i Z ; | —3|, |10 — 6], and |6]. 
4 


Order the expressions by value from least to greatest. 


—5 
1. |4|,|2 — 9], 6+ 4], -|7| 2. 19 — 31, Jol, 4, 


[2 


3. |—83|,|-2- 8], |9 — 1|,|9] + |—2| -—]1| 4. |—4+ 201, —|4?|,|5| —|3.- 2], |—15]| 


Pythagorean Theorem 


‘xample 2 Find the missing side length of the triangle. 


10 cm a+ hb? = 
102 + b? = 262 
100 + b? = 676 
b? = 576 

b= 24 


P So, the length is 24 centimeters. 


Find the missing side length of the triangle. 


11. ABSTRACT REASONING The line segments connecting the points (x. y,), (>, y,), and (1, ¥) 
form a triangle. Is the triangle a right triangle? Justify your answer. 


Dynamic Solutions available at BigldeasMath.com 


Mathematical | Mathematically proficient students reason quantitatively by creating 
Pra ctl Ces valid representations of problems. 


Reasoning Abstractly and Quantitatively 


G Core Concept 


The Unit Circle 


The unit circle is a circle in the coordinate plane. Its center 
is at the origin, and it has a radius of 1 unit. The equation of 
the unit circle is 


x+y? = 1, Equation of unit circle 


As the point (x, y) starts at (1, 0) and moves counterclockwise 
around the unit circle, the angle 6 (the Greek letter theta) moves 
from 0° through 360°. 


Find the exact coordinates of the point (x, y) on the unit circle. 


SOLUTION 


Because 0 = 45°, (x, y) lies on the line y = x. 
Write equation of unit circle. 
Substitute x for y. 
Add like terms. 


Divide each side by 2. 


Take positive square root of each side. 


? 


| L pene 
OF 


> The coordinates of (x, y) are (J. == 
V2 V2 


Monitoring Progress 


Find the exact coordinates of the point (x, y) on the unit circle. 
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Right Triangle Trigonometry 


CONSTRUCTING 
VIABLE ARGUMENTS 


To be proficient in 

math, you need to 
understand and use stated 
assumptions, definitions, 
and previously established 
results in constructing 
arguments. 


Essential Question How can you find a trigonometric function of 


an acute angle 6? 


Consider one of the acute angles 0 of a right triangle. 
Ratios of a right triangle’s side lengths are used to 


define the six trigonometric functions, as shown. aS 
re 

: : opp. ‘ adj. w 
Sine sin 9 = PP: Cosine cos 9 = 2- = 
hyp. hyp. 9 

ok 

e} 


Tangent tan @= ODEs Cotangent cot 6= adj. 
adj. opp. 


adjacent side 


Secant sec 0 = HYP Cosecant csc = hyp. 
adj. opp. 


EXPLORATION 1 Trigonometric Functions of Special Angles 


Work with a partner. Find the exact values of the sine, cosine, and tangent functions 
for the angles 30°, 45°, and 60° in the right triangles shown. 


“EXPLORATION 2 


Exploring Trigonometric Identities 


Work with a partner. 


Use the definitions of the trigonometric functions to explain why each trigonometric 
identity is true. 


a. sin 6 = cos(90° — @) b. cos 6 = sin(90° — 4) 
Sei) = do 
. csc 0 : cot @ 


Use the definitions of the trigonometric functions to complete each trigonometric 
identity. 


e. (sin 6)? + (cos 6)? = i f. (sec 6) — (tan 6)? = 


Communicate Your Anewer 


3. How can you find a trigonometric function of an acute angle 6? 


4. Use a calculator to find the lengths x and y 
of the legs of the right triangle shown. 1 
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9.1 Lesson What You Will Learn 


P Evaluate trigonometric functions of acute angles. 


Find unknown side lengths and angle measures of right triangles. 
Core Vocabulary. PR Use trigonometric functions to solve real-life problems. 
sine, p. 462 
Soe: Ps The Six Trigonometric Functions 


tangent, p. 462 


cosecant, p. 462 Consider a right triangle that has an acute angle 0 


secant, p. 462 (the Greek letter theta). The three sides of the triangle hypotenuse 
cotangent, p. 462 are the hypotenuse, the side opposite 0, and the side opposite 
adjacent to 0. ane 
Previous NO let eR ict, 3 
right triangle Ratios of a rig t trang e’s side engt s are used to 
hypotenuse define the six trigonometric functions: sine, cosine, 
Pic onale tangent, cosecant, secant, and cotangent. These six adjacent side 
g functions are abbreviated sin, cos, tan, csc, sec, and 
Pythagorean Theorem ; 
cot, respectively. 
reciprocal 


complementary angles 
. ie G Core Concept 


Right Triangle Definitions of Trigonometric Functions 


Let @ be an acute angle of a right triangle. The six trigonometric functions of 6 are 
defined as shown. 


Sg cueasite C08 6 oe ee 
hypotenuse hypotenuse adjacent 

csc 0 = hypotenuse Oe hypotenuse ea adjacent 
opposite adjacent - opposite 


REMEMBER 


The Pythagorean Theorem 
states that a2 + b? = c2 
for a right triangle with 
hypotenuse of length c 
and legs of lengths a 

and b. 


The abbreviations opp., adj., and hyp. are often used to represent the side lengths 
of the right triangle. Note that the ratios in the second row are reciprocals of the 
ratios in the first row. 


1 1 ; ] 
— t — 
sin 6 seas cos 0 coe tan 0 


“EXAMPLE 1. Evaluating Trigonometric Functions 


Evaluate the six trigonometric functions of the angle 0. 


SOLUTION 


From the Pythagorean Theorem, the length of the 3: 
hypotenuse is 


csc 8 = 


hypotenuse 


hyp. = V52 + 122 


= V169 
= 13. 
Using adj. = 5, opp. = 12, and hyp. = 13, the values of the six trigonometric 
Z functions of 6 are: 

oe eaje 2 opp. _ 12 
g = opp. — 12 __ adj. _ 5 — opp. _ 12 
a yp, 13 O80 ey aid ue eG 
_ hyp. _ 13 _ hyp. _ 13 adj. _ 5 
g=— = — §= = = te=— = — 
a opp. 12 a adj. 5 a opp. 12 
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eiageaees Evaluating Trigonometric Functions 


In a right triangle, 6 is an acute angle and sin 6 = . Evaluate the other five 
trigonometric functions of 6. 


SOLUTION 


Step 1 Draw a right triangle with acute angle 6 such that 
the leg opposite @ has length 4 and the hypotenuse 7 
has length 7. : 


Step 2 Find the length of the adjacent side. By the 
Pythagorean Theorem, the length of the other leg is 


adj. = V7? — 42 = V33. 


adj. = /33 


Step 3 Find the values of the remaining five trigonometric functions. 


Because sin 6 = -, csc 9 = np. = i The other values are: 
a adj V33 tan 9 = OPP: ahs 4V33 
hyp 7 adj. 1/33 33 
Be 
see Oe x 7 we v5 tea adi V3 
adj. 1/33 5) opp 4 


Monitoring Progress @) Help in English and Spanish at BigideasMath.com 


Evaluate the six trigonometric functions of the angle 6. 


4 70. 17 3. 
Fe Zak 
7 15 


4. In aright triangle, @ is an acute angle and cos 0 = a Evaluate the other five 
trigonometric functions of 6. 


nore, 


The angles 30°, 45°, and 60° occur frequently in trigonometry. You can use the 
trigonometric values for these angles to find unknown side lengths in special 
right triangles. 


G Core Concept 


Trigonometric Values for Special Angles 


The table gives the values of the six trigonometric functions for the angles 30°, 
45°, and 60°. You can obtain these values from the triangles shown. 
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READING 


Throughout this chapter, 
a capital letter is used 

to denote both an angle 
of a triangle and its 
measure. The same letter 
in lowercase is used to 
denote the length of the 


side opposite that angle. } 
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Finding Side Lengths and Angle Measures 


“EXAMPLE 3 Finding an Unknown Side Length 


Find the value of x for the right triangle. ‘ 
SOLUTION ae 


x 


Write an equation using a trigonometric function that 
involves the ratio of x and 8. Solve the equation for x. 


cos 30° = eon Write trigonometric equation. 
hyp. 
V3 =2 Substitute. 
2 8 
B= x Multiply each side by 8. 


> The length of the side is x = 4V3 ~ 6.93. 


Finding all unknown side lengths and angle measures of a triangle is called solving 
the triangle. Solving right triangles that have acute angles other than 30°, 45°, and 60° 
may require the use of a calculator. Be sure the calculator is set in degree mode. 


“EXAMPLE 4 Using a Calculator to Solve a Right Triangle 

Solve AABC. B 

SOLUTION y a 
[| 


Because the triangle is a right triangle, A and B are AAG C 
complementary angles. So, B = 90° — 28° = 62°. 


Next, write two equations using trigonometric functions, one that involves the ratio 
of a and 15, and one that involves c and 15. Solve the first equation for a and the 
second equation for c. 


tan 28° = OPP: Write trigonometric equation. sec 28° = eyD: 
adj. adj. 
tan 28° = & Substitute sec 28° = —— 
ils : iN) 
15(tan 28°) =a Solve for the variable. 15(- | =cC 
7.98 =a Use a calculator. 16.99 ~c 


P So, B= 62°, a ~ 7.98, andc ~ 16.99. 


Monitoring Progress ) Help in English and Spanish at BigideasMath.com 


5. Find the value of x for the right triangle shown. 


x 
Solve AABC using the diagram at the left and the given measurements. 
6. B=45°,c=5 7. A = 32°,b= 10 
8. A=71°,c = 20 9. B= 60°,a=7 
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FINDING AN 
ENTRY POINT 


The tangent function is 
used to find the unknown 
distance because it involves 
the ratio of x and 2. 


Solving Real-Life Problems 


Using Indirect Measurement 


You are hiking near a canyon. While standing at A, 
you measure an angle of 90° between B and C, as 
shown. You then walk to B and measure an angle of 
76° between A and C. The distance between A and B 
is about 2 miles. How wide is the canyon between 

A and C? 


SOLUTION 
tan 76° = ~ Write trigonometric equation. 
2(tan 76°) = x Multiply each side by 2. 
8.0 =x Use a calculator. 


& The width is about 8.0 miles. 


If you look at a point above you, such as the top of 
a building, the angle that your line of sight makes 
with a line parallel to the ground is called the angle 
of elevation. At the top of the building, the angle 
between a line parallel to the ground and your line 
of sight is called the angle of depression. These 
two angles have the same measure. 


angle of 
depression 


eeiamenems Using an Angle of Elevation 


A parasailer is attached to a boat with a rope 72 feet long. The angle of elevation from 
the boat to the parasailer is 28°. Estimate the parasailer’s height above the boat. 


SOLUTION 


Step 1 Draw a diagram that represents the situation. 


72 ft gi 
h 
a 


Step 2 Write and solve an equation to find the height h. 
h 


sin 28° = 49 Write trigonometric equation. 
72(sin 28°) = h Multiply each side by 72. 
33.8 =h Use a calculator. 


> The height of the parasailer above the boat is about 33.8 feet. 


Monitoring Pr ogress ) Help in English and Spanish at BigideasMath.com 
10. In Example 5, find the distance between B and C. 


11. WHAT IF? In Example 6, estimate the height of the parasailer above the boat 
when the angle of elevation is 38°. 
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hed 
9.1 Exercises Dynamic Solutions available at Bigideashtath.com 


~Vocabulary and Core Concept Check 


1. COMPLETE THE SENTENCE In aright triangle, the two trigonometric functions of @ that are defined 
using the lengths of the hypotenuse and the side adjacent to 6 are and 


VOCABULARY Compare an angle of elevation to an angle of depression. 
WRITING Explain what it means to solve a right triangle. 


DIFFERENT WORDS, SAME QUESTION Which is different? Find “both” answers. 


at is ‘ ayapyy 
What is the cosecant of 6? | What is 1, 
sin 6 


What is the ratio of the side opposite 6 to the hypotenuse? 


What is the ratio of the hypotenuse to the side opposite 9? 


Monitoring Progress and Modeling with Mathematics 


In Exercises 5-10, evaluate the six trigonometric 12. ANALYZING RELATIONSHIPS Evaluate the six 
functions of the angle 6. (See Example /.) trigonometric functions of the 90° — @ angle in 
Exercises 5-10. Describe the relationships you notice. 
In Exercises 13-18, let 6 be an acute angle of a right 
triangle. Evaluate the other five trigonometric functions 
of 6. (See Example 2.) 
A 7 
13. sind= 14. cosd= ee 
al 15 
= E 15. tanéd=< 16. csc 0= = 
17. sec d= 2 
18. coté= “ 
19. ERROR ANALYSIS Describe and correct the error in 
finding sin 6 of the triangle below. 
7 8 
11. REASONING Let @ be an acute angle of a right 
triangle. Use the two trigonometric functions 
4 v97 ee 
tan 0 = 9 and sec 0 = “9 0 sketch and label 
the right triangle. Then evaluate the other four s 
trigonometric functions of 8. Sia 6 = Cee 
hyp. 17 
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20. ERROR ANALYSIS Describe and correct the error in 
finding csc 6, given that @ is an acute angle of a right 
triangle and cos 6 = a. 


In Exercises 21-26, find the value of x for the right 
triangle. (See Example 3.) 


21; 22. 
9 6 
a et 


23. 30° 24. 30° 


25. 8 26. 


USING TOOLS In Exercises 27—32, evaluate the 
trigonometric function using a calculator. Round your 
answer to four decimal places. 


27. cos 14° 28. tamil” 
29. csc 59° 30. sin 23° 
31. cot 6° 32. secll” 


In Exercises 33-40, solve AABC using the diagram and 
the given measurements. (See Example 4.) 


Gitar, 8 
33. B= 36°,a= 23 34. A=27,b=9 
35. A=55°,a=17 36. B= 16°,b= 14 
37. A= 43°,b=31 38. B=31°,a= 23 


39. B=72°,c = 12.8 40. A= 64,a=74 


41. 


42. 


43. 


44. 


45. 


46. 


Section 9.1 


MODELING WITH MATHEMATICS To measure the 
width of a river, you plant a stake on one side of the 
river, directly across from a boulder. You then walk 
100 meters to the right of the stake and measure a 
79° angle between the stake and the boulder. What is 
the width w of the river? (See Example 5.) 


MODELING WITH MATHEMATICS Katoomba Scenic 
Railway in Australia is the steepest railway in the 
world. The railway makes an angle of about 52° with 
the ground. The railway extends horizontally about 
458 feet. What is the height of the railway? 


MODELING WITH MATHEMATICS A person whose 
eye level is 1.5 meters above the ground is standing 
75 meters from the base of the Jin Mao Building in 
Shanghai, China. The person estimates the angle 
of elevation to the top of the building is about 80°. 
What is the approximate height of the building? 
(See Example 6.) 


MODELING WITH MATHEMATICS The Duquesne 
Incline in Pittsburgh, Pennsylvania, has an angle of 
elevation of 30°. The track has a length of about 
800 feet. Find the height of the incline. 


MODELING WITH MATHEMATICS You are standing 
on the Grand View Terrace viewing platform at Mount 
Rushmore, 1000 feet from the base of the monument. 


Not drawn to scale 


a. You look up at the top of Mount Rushmore at an 
angle of 24°. How high is the top of the monument 
from where you are standing? Assume your eye 
level is 5.5 feet above the platform. 


b. The elevation of the Grand View Terrace is 
5280 feet. Use your answer in part (a) to find the 
elevation of the top of Mount Rushmore. 


WRITING Write a real-life problem that can be solved 
using a right triangle. Then solve your problem. 
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47. 


48. 


49. 


468 


MATHEMATICAL CONNECTIONS The Tropic of 50. 
Cancer is the circle of 
latitude farthest north Tropic of North Pole 
of the equator where Cancerec*° 777: 135° 
the Sun can appear equator<—__ — 
directly overhead. It lies 
23.5° north of the equator, eerith Pole Sit 
as shown. 
a. Find the circumference of the Tropic of Cancer 
using 3960 miles as the approximate radius 
of Earth. 
: 2 
b. What is the distance between two points on the 2 
Tropic of Cancer that lie directly across from 
each other? 
HOW DO YOU SEE IT? Use the figure to answer 
each question. 
y h 
= ; 53. 
x 


a. Which side is adjacent to 0? 
b. Which side is opposite of 6? 


c. Does cos @ = sin(90° — 6)? Explain. 


PROBLEM SOLVING A passenger in an airplane sees 
two towns directly to the left of the plane. 


= 
5 Ree | 


a. What is the distance d from the airplane to the 
first town? 


b. What is the horizontal distance x from the airplane 
to the first town? 


c. What is the distance y between the two towns? 
Explain the process you used to find your answer. 


PROBLEM SOLVING You measure the angle of 
elevation from the ground to the top of a building as 
32°. When you move 50 meters closer to the building, 
the angle of elevation is 53°. What is the height of 
the building? 


MAKING AN ARGUMENT Your friend claims it is 
possible to draw a right triangle so the values of the 
cosine function of the acute angles are equal. Is your 
friend correct? Explain your reasoning. 


THOUGHT PROVOKING Consider a semicircle with a 
radius of 1 unit, as shown below. Write the values of 
the six trigonometric functions of the angle @. Explain 
your reasoning. 


CRITICAL THINKING A procedure for approximating 
ar based on the work of Archimedes is to inscribe a 
regular hexagon in a circle. 


a. Use the diagram to solve for x. What is the 
perimeter of the hexagon? 


b. Show that a regular n-sided polygon inscribed 
in a circle of radius | has a perimeter of 
2n sin( 180) : 
H 
c. Use the result from part (b) to find an expression 


in terms of n that approximates 7. Then evaluate 
the expression when n = 50. 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Perform the indicated conversion. 


54. 5 years to seconds 55. 12 pints to gallons 


(Skills Review Handbook) 


-56. 5.6 meters to millimeters 


Find the circumference and area of the circle with the given radius or diameter. 
(Skills Review Handbook) 


Sy 


r = 6 centimeters 58. r= 11 inches 
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59. d= 14 feet 


Angles and Radian Measure 


REASONING 
ABSTRACTLY 


To be proficient in math, 
you need to make sense 
of quantities and their 
relationships in problem 
situations. 


Essential Question How can you find the measure of an angle 


in radians? 


Let the vertex of an angle be at the origin, with one side of the angle on the positive 
x-axis. The radian measure of the angle is a measure of the intercepted arc length on 
a circle of radius 1. To convert between degree and radian measure, use the fact that 


a radians aa 
180° ; 


EXPLORATION 1 Writing Radian Measures of Angles 


Work with a partner. Write the radian measure of each angle with the given 
degree measure. Explain your reasoning. 


a. 


‘emery is: 
radian 
| measure 
= a 
180° 
degree 
measure : 
225 


“EXPLORATION 2 Writing Degree Measures of Angles 


Work with a partner. Write the degree measure of each angle with the given 
radian measure. Explain your reasoning. 


degree | 
measure \y 


radian 
measure 


Communicate Your Answer 


3. How can you find the measure of an angle 
in radians? 


4. The figure shows an angle whose measure is 
30 radians. What is the measure of the angle in 
degrees? How many times greater is 30 radians 
than 30 degrees? Justify your answers. SS 

~—p| 30 radians 
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G72 Lesson What You Will Learn 


& Draw angles in standard position. 
C V | & Find coterminal angles. 
» Use radian measure. 
initial side, p. 470 
tertrinel side, p 470 
standard position, p. 470 


coterminal, p. 477 
radian, p. 477 


sector, p. 472 
contral angle, p. 472 C) Core Concept 
Previous 


radius of a circle 
circumference of a circle 


Drawing Angles in Standard Position 


In this lesson, you will expand your study of angles to include angles with measures 
that can be any real numbers. 


Angles in Standard Position 


In a coordinate plane, an angle can be formed 
by fixing one ray, called the initial side, and 
rotating the other ray, called the terminal side. 
about the vertex. 


90° 
terminal 
side 


Fi aes 3 
180° vertex] initial 360° 


An angle is in standard position when its vertex side 
is at the origin and its initial side lies on the 
positive x-axis. 270° 


The measure of an angle is positive when the rotation of its terminal side is 
counterclockwise and negative when the rotation is clockwise. The terminal side 
of an angle can rotate more than 360°. 


“EXAMPLE 1 Drawing Angles in Standard Position 


Draw an angle with the given measure in standard position. 


a, 240° b. 500° C. =S0% 

SOLUTION 

a. Because 240° is 60° b. Because 500° is 140° c. Because —50° is 
more than 180°, the more than 360°, the negative, the terminal 
terminal side is 60° terminal side makes side is 50° clockwise 
counterclockwise past one complete rotation from the positive 
the negative x-axis. 360° counterclockwise X-axis. 


plus 140° more. 
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Draw an angle with the given measure in standard position. 


Ba ae 2300; 3. =O 4. —450° 


470 Chapter 9 Trigonometric Ratios and Functions 


STUDY TIP 


If two angles differ by a 
multiple of 360°, then the 
angles are coterminal. 


STUDY TIP 


Notice that 1 radian 
is approximately equal 
toro/.3°. 


180° = wradians 


eo. 1 radian 


57.3° = 1 radian 


Finding Coterminal Angles 


In Example 1(b), the angles 500° and 140° are coterminal because their terminal 
sides coincide. An angle coterminal with a given angle can be found by adding or 
subtracting multiples of 360°. 


Finding Coterminal Angles 


Find one positive angle and one negative angle that are coterminal with (a) —45° 
and (b) 395°. 


SOLUTION 


There are many such angles, depending on what multiple of 360° is added or 
subtracted. 


a. —45° + 360° = 315° b. 395° — 360° = 35° 
—45° — 360° = —405° 395° — 2(360°) = =325 


Monitoring Progress @) Help in English and Spanish at BigldeasMath.com 


Find one positive angle and one negative angle that are coterminal with the 
given angle. 


S280) Ga230" 7. 740° 8..— 1353 


Using Radian Measure 


Angles can also be measured in radians. To define 
a radian, consider a circle with radius r centered at 
the origin, as shown. One radian is the measure of 
an angle in standard position whose terminal side 
intercepts an arc of length r. 


Because the circumference of a circle is 27r, there 
are 27 radians in a full circle. So, degree measure 
and radian measure are related by the equation 
360° = 27r radians, or 180° = 7 radians. 


© Core Concept 


Converting Between Degrees and Radians 


Degrees to radians Radians to degrees 
Multiply degree measure by Multiply radian measure by 
q radians 180° 


180° a radians 
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READING 


The unit “radians” is often 
omitted. For instance, the 


aan . 
measure —7—5 radians may 


_ be written simply as a” 


>a i" i26aeae Convert Between Degrees and Radians 


Convert the degree measure to radians or the radian measure to degrees. 


te) pe 
a. 120 b. D 
SOLUTION 
ane ; radians =a Sees 180° | 
sen 120 degrees [ans a ( rae ta) 7 radians 
—d 20 = SE 
3 
Concept Summary 
Degree and Radian Measures of Special Angles 
The diagram shows equivalent degree and y radian 
radian measures for special angles from 2a 4 7 measure 
0° to 360° (0 radians to 277 radians). 37 3 
4 


90° 
203 
135° 


150° 


You may find it helpful to memorize the 
equivalent degree and radian measures of 
special angles in the first quadrant and for 


degree 
measure 


90° = 5 radians. All other special angles 


shown are multiples of these angles. 
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Convert the degree measure to radians or the radian measure to degrees. 


En deel 10. —40° ie aE 12. =6:28 


A sector is a region of a circle that is bounded by two radii and an arc of the circle. 
The central angle 6 of a sector is the angle formed by the two radii. There are simple 
formulas for the arc length and area of a sector when the central angle is measured 

in radians. 


G Core Concept 


Arc Length and Area of a Sector 


The arc length s and area A of a sector with 
radius r and central angle 6 (measured in 
radians) are as follows. 


Arc length: s = ré 


Area: A = 5120 
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COMMON ERROR 


You must write the 


measure of an angle 
in radians when using 
these formulas for the 
arc length and area of 
a sector. 


ANOTHER WAY 


Because the central 

angle is 90°, the sector 
represents ; of a circle 
with a radius of 200 feet. 


A=4+ ar? =7 + 2(200) 


= 10,0007. 1, (area of square) 


Modeling with Mathematics 


A softball field forms a sector with the dimensions shown. Find the length of the 
outfield fence and the area of the field. 


SOLUTION 


1. Understand the Problem You are given the 
dimensions of a softball field. You are asked 
to find the length of the outfield fence and the 
area of the field. 


outfield 
fence ~\ 


2. Make a Plan Find the measure of the central 
angle in radians. Then use the arc length and 
area of a sector formulas. 


3. Solve the Problem ——— re 
Step 1 Convert the measure of the central angle to radians. 
= _m radians _ 
90° = 90 degrees | 180 | 


aL 
2 


radians 


Step 2 Find the arc length and the area of the sector. 


Arc length: s = ré Area: A = 3770 
zs Tw a 2(7 
200( 5 5 (200) ( 
= 1007 = 10,0007 
= 314 = 31,416 


> The length of the outfield fence is about 314 feet. The area of the field 
is about 31,416 square feet. 


4. Look Back To check the area of the field, 
consider the square formed using the two 
200-foot sides. 


By drawing the diagonal, you can see that 

the area of the field is less than the area of the 
square but greater than one-half of the area of 
the square. 


200 ft 


area of square 


1 ? es 
3 (200)? < 31,416 < 2002 


20,000 < 31,416 < 40,000 / 
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13. WHAT IF? In Example 4, the outfield fence is 220 feet from home plate. Estimate 
the length of the outfield fence and the area of the field. 
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e 
9.2 Exercises Dynamic Solutions avaitable at BigideasMathcom 


Vocabulary and Core Concept Check 


COMPLETE THE SENTENCE An angle is in standard position when its vertex is at the 
and its lies on the positive x-axis. 


WRITING Explain how the sign of an angle measure determines its direction of rotation. 


VOCABULARY In your own words, define a radian. 


WHICH ONE DOESN'T BELONG? Which angle does not belong with the other three? Explain 
your reasoning. 


—90° { 450° | 90°. i =290; 


Monitoring Progress and Modeling with Mathematics 


In Exercises 5-8, draw an angle with the given measure 22. OPEN-ENDED Using radian measure, give one positive 
in standard position. (See Example 1.) angle and one negative angle that are coterminal with 
5 110° 6. 450° the angle shown. Justify your answers. 


7. —900° 8.) 1. 


In Exercises 9-12, find one positive angle and one 

negative angle that are coterminal with the given angle. S a 
ages 315 

(See Example 2.) 


oa 10.255; 


Hele 12. —800° ANALYZING RELATIONSHIPS In Exercises 23-26, match 


the angle measure with the angle. 
In Exercises 13-20, convert the degree measure 


to radians or the radian measure to degrees. 23. 600° 24. ea 
_.. 4 
(See Example 3.) 
13. 40° 14, 315° 25, 22 26. —240° 
1S. 260 16. —500 A y B i 
7 37 
1 _ 3a 
9 18 7 
x x 
19. 25 20. 12 
21. WRITING The terminal side of an angle in 
standard position rotates one-sixth of a revolution C y D y 


counterclockwise from the positive x-axis. Describe 
how to find the measure of the angle in both degree 
and radian measwres. 
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27. MODELING WITH MATHEMATICS The observation 
deck of a building forms a sector with the dimensions 
shown. Find the length of the safety rail and the area 
of the deck. (See Example 4.) 


28. MODELING WITH MATHEMATICS In the men’s shot 
put event at the 2012 Summer Olympic Games, the 
length of the winning shot was 21.89 meters. A shot 
put must land within a sector having a central angle 
of 34.92° to be considered fair. 


.: 


| 
| 
| 
| 


a. The officials draw an arc across the fair landing 
area, marking the farthest throw. Find the length 
of the arc. 


b. All fair throws in the 2012 Olympics landed 
within a sector bounded by the arc in part (a). 
What is the area of this sector? 


29. ERROR ANALYSIS Describe and correct the error in 
converting the degree measure to radians. 


x 24° = 24 degrees [ Se dewraes & dearees) 


a radians 

a 4320 
7 

= 1375.1 radians 


radians 


30. ERROR ANALYSIS Describe and correct the error 
in finding the area of a sector with a radius of 
6 centimeters and a central angle of 40°. 


x A= 5 (6)*(40) = 720 cm? 


31. PROBLEM SOLVING When a CD player reads 
information from the outer edge of a CD, the CD 
spins about 200 revolutions per minute. At that speed, 
through what angle does a point on the CD spin in 
one minute? Give your answer in both degree and 
radian measures. 


32. PROBLEM SOLVING You work every Saturday from 
9:00 A.M. to 5:00 P.M. Draw a diagram that shows the 
rotation completed by the hour hand of a clock during 
this time. Find the measure of the angle generated by 
the hour hand in both degrees and radians. Compare 
this angle with the angle generated by the minute 
hand from 9:00 A.M. to 5:00 P.M. 


USING TOOLS In Exercises 33-38, use a calculator to 
evaluate the trigonometric function. 


33. cos $7 34. sin 
107 (-s2) 

ci, ye 7 36. cot 5 

i, CO 1129) 38. cos6 


39. MODELING WITH MATHEMATICS The rear windshield 
wiper of a car rotates 120°, as shown. Find the area 
cleared by the wiper. 


40. MODELING WITH MATHEMATICS A scientist 
performed an experiment to study the effects of 
gravitational force on humans. In order for humans 
to experience twice Earth’s gravity, they were placed 
in a centrifuge 58 feet long and spun at a rate of about 
15 revolutions per minute. 


a. Through how many radians did the people rotate 
each second? 


b. Find the length of the arc through which the 
people rotated each second. 
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41. 


42. 


43. 


476 


REASONING In astronomy, the terminator is the 
day-night line on a planet that divides the planet into 
daytime and nighttime regions. The terminator moves 
across the surface of a planet as the planet rotates. 

It takes about 4 hours for Earth’s terminator to move 
across the continental United States. Through what 
angle has Earth rotated during this time? Give your 
answer in both degree and radian measures. 


——— - ~—e 


terminator 


HOW DO YOU SEE IT? Use the graph to find the 
measure of 6. Explain your reasoning. 


MODELING WITH MATHEMATICS A dartboard is 
divided into 20 sectors. Each sector is worth a point 
value from 1 to 20 and has shaded regions that double 
or triple this value. A sector is shown below. Find the 
areas of the entire sector, the double region, and the 
triple region. 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Find the distance between the two points. 


48. (1, 4), (3,6). 


52. 


Chapter 9 


50) (—3;9), (— Sai) Sie 
ee 14 22) ieee) 53. 


44. 


45. 


46. 


(Skills Review Handbook) 

49. (—7, —13), (10, 8) 
(2,125) 
(4, 16), (—1, 34) 


Trigonometric Ratios and Functions 


THOUGHT PROVOKING ris an irrational number, 
which means that it cannot be written as the ratio 
of two whole numbers. 7 can, however, be written 
exactly as a continued fraction, as follows. 


Ba 


Show how to use this continued fraction to obtain a 
decimal approximation for 7. 


MAKING AN ARGUMENT Your friend claims that 
when the arc length of a sector equals the radius, the 


2 
area can be given by A = a Is your friend correct? 
Explain. 


PROBLEM SOLVING A spiral staircase has 15 steps. 
Each step is a sector with a radius of 42 inches and a 


central angle of me 


a. What is the length of the arc formed by the outer 
edge of a step? 


b. Through what angle would you rotate by climbing 
the stairs? 


c. How many square inches of carpeting would you 
need to cover the 15 steps? 


MULTIPLE REPRESENTATIONS There are 60 minutes 
in | degree of arc, and 60 seconds in 1 minute of arc. 
The notation 50° 30’ 10” represents an angle with a 
measure of 50 degrees, 30 minutes, and 10 seconds. 


a. Write the angle measure 70.55° using the 
notation above. 


b. Write the angle measure 110° 45’ 30” to the 
nearest hundredth of a degree. Justify your answer. 


Trigonometric Functions of 


Any Angle 


Essential Question How can you use the unit circle to define the 


trigonometric functions of any angle? 


Let 6 be an angle in standard position with (x, y) a point on the terminal side of 6 and 
r= \x* + y* # 0. The six trigonometric functions of 0 are defined as shown. 


csc0=1 y#0 
uy, 

cos @==— sec 0=~,x #0 
OG 


tand=>x#0 cot6=~,y #0 
x y 


Work with a partner. Find the sine, cosine, and tangent of the angle 6 in standard 
position whose terminal side intersects the unit circle at the point (x, y) shown. 


CONSTRUCTING 
VIABLE ARGUMENTS 


To be proficient in 

math, you need to 

understand and use stated Communicate Your Anewer 
assumptions, definitions, 
and previously established 
results. 


2. How can you use the unit circle to define the trigonometric functions of any angle? 
3. For which angles are each function undefined? Explain your reasoning. 


a. tangent b. cotangent c. secant d. cosecant 
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93 =Lesson What You Will Learn 


P Evaluate trigonometric functions of any angle. 


C | — Find and use reference angles to evaluate trigonometric functions. 


unit circle, p. 479 Trigonometric Functions of Any Angle 
quadrantal angle, p. 479 


reference angle, p. 480 


You can generalize the right-triangle definitions of trigonometric functions so that they 
apply to any angle in standard position. 
Previous 


eat G) Core Concept 


Pythagorean Theorem 


General Definitions of Trigonometric Functions 


Let 6 be an angle in standard position, and let (x, y) y 
be the point where the terminal side of @ intersects 

the circle x2 + y? = r°. The six trigonometric 

functions of 6 are defined as shown. 


(x, y) 


Se csc 6=1,y #0 - 
r y 
ox r 
cos 9 = = sec 0=-,x #0 
r x 
y Xi 
tan€@=-,x #0 cotd=-—,y #0 
5 y 


These functions are sometimes called circular functions. 


wee iueaeae Evaluating Trigonometric Functions Given a Point 


Let (—4, 3) be a point on the terminal side of 
an angle @ in standard position. Evaluate the 
six trigonometric functions of 6. 


SOLUTION 


Use the Pythagorean Theorem to find the length of r. 


r= VaR 
= V(—4)2 + 32 
= 25 
Using x = —4, y = 3, and r = 5, the values of the six trigonometric functions of @ are: 
sinp=2=2 oe G= Fa 3 
4 r 5 
s 6 =— x =-—_—-— ee 
cos : 5 sec 0 : 4 
3 2 4 
an é ‘A cot r 3 
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ANOTHER WAY 


The general circle 

x2 + y2 = r2 can also be used 
to find the six trigonometric 
functions of 6. The terminal 
side of @ intersects the circle 
at (0, —r). So, 


i 


sing=%=—" = 
; 


The other functions can be 
evaluated similarly. 


— 


G) Core Concept 


The Unit Circle 


The circle x2 + y* = 1, which has center (0, 0) 
and radius 1, is called the unit circle. The values 
of sin 6 and cos @ are simply the y-coordinate and 
x-coordinate, respectively, of the point where the 


terminal side of @ intersects the unit circle. 


It is convenient to use the unit 


(x, y) 


circle to find trigonometric functions of quadrantal 


angles. A quadrantal angle is an angle in standard position whose terminal side lies on 
an axis. The measure of a quadrantal angle is always a multiple of 90°, or 5 radians. 


Se ¢%\i20aeae Using the Unit Circle 


Use the unit circle to evaluate 


SOLUTION © 


Step 1 Draw a unit circle with the angle 6 = 270° in 


standard position. 


Step 2 Identify the point where the terminal side 
of @ intersects the unit circle. The terminal 
side of @ intersects the unit circle at (0, —1). 


Step 3 


tan g=2=>! 
x 


Monitoring Progress 


Find the values of the six trigonometric 
functions. Let x = 0 and y = —1 to evaluate 
the trigonometric functions. 


the six trigonometric functions of 9 = 270°. 


=-—] aci=—=—— = | 
Vieira 
0 sec 0=—~ =} undefined 
X 
undefined ers == an =0 
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Evaluate the six trigonometric functions of 6. 


Ae 


Z 


4. Use the unit circle to evaluate the six trigonometric functions of 6 = 180°. 
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Trigonometric Functions of Any Angle 479 


READING 


| The symbol @’ is read as 


“theta prime.” 


480 
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Reference Angles 


G Core Concept 


Reference Angle Relationships 


Let @ be an angle in standard position. The reference angle for 0 is the acute 
angle @' formed by the terminal side of 0 and the x-axis. The relationship between 
@ and 6’ is shown below for nonquadrantal angles @ such that 90° < @ < 360° or, 


in radians, = <6< 27. 


Quadrant Il Quadrant Ill Quadrant IV 


Degrees: #’ = 180°— @ Degrees: 6’ = @— 180° Degrees: @’ = 360° — 0 
Radians: 0’ = 7-— 0 Radians: 0’ = @— 7 Radians: 6’ = 27 — 6 


T> eV 28am Finding Reference Angles 


Find the reference angle 0’ for (a) 6 = “7 and (b) 6 = —130°. 


SOLUTION 

a. The terminal side of @ lies in Quadrant IV. So, 
0 = 27 - 3 = a The figure at the right shows 
9 = =2 and 6 == 


b. Note that @ is coterminal with 230°, whose terminal side 
lies in Quadrant III. So, 6’ = 230° — 180° = 50°. The 
figure at the left shows @ = —130° and 6’ = 50°. 


Reference angles allow you to evaluate a trigonometric function for any angle 0. The 
sign of the trigonometric function value depends on the quadrant in which @ lies. 


G) Core Concept 


Evaluating Trigonometric Functions 


Use these steps to evaluate a 


: Signs of Function Values 
trigonometric function for any angle 0: 2 


; ; Quadrant II y Quadrant | 
Step 1 Find the reference angle 6’. sin 6, csc: + sin 6, cscO: + 
Step 2 Evaluate the trigonometric cos 6, sec@: — | cos, secé: + 
function for 6’. tan 6, cot 6: — tan @, coté: + 


; : x 
Step 3 Determine the sign of the Quadrant III Quadrant IV 
: : : ial ts ete — Math CxeG) 2 = 
trigonometric function value 
cos 6, sec 6: — cos 6, sec @: + 


from the quadrant in which 
0 lies. 


tan 6, cot @: + tan @, cot 6: — 


Trigonometric Ratios and Functions 


INTERPRETING 
MODELS 


This model neglects air 
resistance and assumes 
that the projectile’s 
starting and ending 
heights are the same. 


27 eames Using Reference Angles to Evaluate Functions 


Evaluate (a) tan(—240°) and (b) csc a 


SOLUTION 


a. The angle —240° is coterminal with 120°. The reference 
angle is 6’ = 180° — 120° = 60°. The tangent function = g’ = 60°” 
is negative in Quadrant II, so 


tan(~240°) = —tan 60° = —V3. 


b. The angle a is coterminal with ot The 


reference angle is 


The cosecant function is positive in Quadrant II, so 


Geen = eee 
sc 6 : 


“EXAMPLE ! 


Solving a Real-Life Problem 


The horizontal distance d (in feet) traveled by a projectile launched at 


an angle 6 and‘ with an initial speed v (in feet per second) is given by 
2 
d= a sin 26. Model for horizontal distance 


Estimate the horizontal distance traveled by a golf ball 
that is hit at an angle of 50° with an initial speed of 
105 feet per second. 


SOLUTION 


Note that the golf ball is launched at an angle of 8 = 50° with initial speed 
of v = 105 feet per second. 


d= 5 sin 20 Write mode! for horizontal distance. 
iste . : 
= a5 sin(2 * 50°) Substitute 105 for v and 50° for @. 
= 339 Use a calculator. 


> The golf ball travels a horizontal distance of about 339 feet. 
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Sketch the angle. Then find its reference angle. 


=r isa 
5 PAO 6. —260° 7. — .— 
5 0 9 8 A 
Evaluate the function without using a calculator. 
9. cos(=210)) 10. sec = 


11. Use the model given in Example 5 to estimate the horizontal distance traveled 
by a track and field long jumper who jumps at an angle of 20° and with an initial 
speed of 27 feet per second. 
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9.3 Exercises Dynamic Solutions available at BigiceasMath.com 


Vocabulary and Core Concept Check 


COMPLETE THE SENTENCE A(n) is an angle in standard position whose terminal 
side lies on an axis. 


. WRITING Given an angle 6 in standard position with its terminal side in Quadrant III, explain 
how you can use a reference angle to find cos 6@. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-8, evaluate the six trigonometric In Exercises 15-22, sketch the angle. Then find its 
functions of 0. (See Example 1.) reference angle. (See Example 3.) 
3: 4. 1S 0 16; 7150: 
17, 320) 185-350: 
157 87 
19. —— 20. — 
4 5) 
57 137 
21. —— 22. == 
6 6 


23. ERROR ANALYSIS Let (—3, 2) be a point on the 
terminal side of an angle @ in standard position. 
Describe and correct the error in finding tan 6. 


24. ERROR ANALYSIS Describe and correct the error in 
finding a reference angle 6’ for 6 = 650°. 


Ais coterminal with 290°, whose 
terminal side lies in Quadrant IV. 
So,0' = 290° — 270° =o; 
In Exercises 9-14, use the unit circle to evaluate the six 
trigonometric functions of 6. (See Example 2.) 


9. @=0° 10. @= 540° In Exercises 25-32, evaluate the function without using 
a calculator. (See Example 4.) 
T Hs 
ee 2, 622 25. sec 135° 26. tan 240° 
13. C= 270; 14. 0=-27 ~ 270) 28. csc(—420°) 
29. tan{ ~3) 30. cot =82) 
31. cos z 32. Sec ut 
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In Exercises 33-36, use the model for horizontal 
distance given in Example 5. 


33. 


34. 


30. 


36. 


37: 


You kick a football at an angle of 60° with an initial 
speed of 49 feet per second. Estimate the horizontal 
distance traveled by the football. (See Example 5.) 


The “frogbot” is a robot designed for exploring rough 
terrain on other planets. It can jump at a 45° angle 
with an initial speed of 14 feet per second. Estimate 


the horizontal distance the frogbot can jump on Earth. 


At what speed must the in-line skater launch himself 
off the ramp in order to land on the other side of 
the ramp? 


- 
. -* 
~ 


= = ec - 


To win a javelin throwing competition, your last 
throw must travel a horizontal distance of at least 

100 feet. You release the javelin at a 40° angle with 
an initial speed of 71 feet per second. Do you win the 
competition? Justify your answer. 


MODELING WITH MATHEMATICS A rock climber is 
using a rock climbing treadmill that is 10 feet long. 
The climber begins by lying horizontally on the 
treadmill, which is then rotated about its midpoint by 
110° so that the rock climber is climbing toward the 
top. If the midpoint of the treadmill is 6 feet above 
the ground, how high above the ground is the top of 
the treadmill? 


38. 


ao: 


40. 
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REASONING A Ferris wheel has a radius of 75 feet. 
You board a car at the bottom of the Ferris wheel, 
which is 10 feet above the ground, and rotate 255° 
counterclockwise before the ride temporarily stops. 
How high above the ground are you when the ride 
stops? If the radius of the Ferris wheel is doubled, 
is your height above the ground doubled? Explain 
your reasoning. 


DRAWING CONCLUSIONS A sprinkler at ground 
level is used to water a garden. The water leaving the 
sprinkler has an initial speed of 25 feet per second. 


a. Use the model for horizontal distance given in 
Example 5 to complete the table. 


1 
Angle of —— Horizontal distance 


toe 
40° 


60° | 


b. Which value of @ appears to maximize the 
horizontal distance traveled by the water? Use the 
model for horizontal distance and the unit circle to 
explain why your answer makes sense. 


c. Compare the horizontal distance traveled by the 
water when @ = (45 — k)° with the distance when 
6= (45 + k)’, forO <k < 45. 


MODELING WITH MATHEMATICS Your school’s 
marching band is performing at halftime during 

a football game. In the last formation, the band 
members form a circle 100 feet wide in the center 
of the field. You start at a point on the circle 100 feet 
from the goal line, march 300° around the circle, and 
then walk toward the goal line to exit the field. How 
far from the goal line are you at the point where you 
leave the circle? 


eee) Starting [ 
*& | position | 


Rie aanemeearenet 


Tay, 


i} Tt sil 


goal line 
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41. 


42. 


43. 


44, 


45. 


ANALYZING RELATIONSHIPS Use symmetry and 
the given information to label the coordinates of the 
other points corresponding to special angles on the 
unit circle. 


THOUGHT PROVOKING Use the interactive unit circle 
tool at BigldeasMath.com to describe all values of 6 
for each situation. 


a. sin 8 > 0, cos 6 < 0, and tan @ > 0 


b. sin 6 > 0. cos 8 < 0. and tan 6 < 0 


CRITICAL THINKING Write tan @ as the ratio of two 
other trigonometric functions. Use this ratio to explain 
why tan 90° is undefined but cot 90° = 0. 


HOW DO YOU SEE IT? Determine whether each 
of the six trigonometric functions of @ is positive, 
negative, or zero. Explain your reasoning. 


Wy 


USING STRUCTURE A line with slope m passes 
through the origin. An angle 6 in standard position 
has a terminal side that coincides with the line. Use 

a trigonometric function to relate the slope of the line 
to the angle. 


Maintaining Mathematical Proficiency 


484 


Find all real zeros of the polynomial function. 


49. f(x) = 44+ 234224 Bx —12 


Graph the function. (Section 4.8) 
a1. fx) =26G 2 ye 
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46. 


47. 


48. 


MAKING AN ARGUMENT Your friend claims that 
the only solution to the trigonometric equation 
tan 0 = V3 is 0 = 60°. Is your friend correct? 
Explain your reasoning. 


PROBLEM SOLVING When two atoms in a molecule 
are bonded to a common atom, chemists are interested 
in both the bond angle and the lengths of the bonds. 
An ozone molecule is made up of two oxygen atoms 
bonded to a third oxygen atom, as shown. 


128 pm (128, 0) 


a. In the diagram, coordinates are given in 
picometers (pm). (Note: 1 pm = 107!* m) Find the 
coordinates (x, y) of the center of the oxygen atom 
in Quadrant II. 


b. Find the distance d (in picometers) between the 
centers of the two unbonded oxygen atoms. 


MATHEMATICAL CONNECTIONS The latitude of a | 
point on Earth is the degree measure of the shortest 
arc from that point to the equator. For example, 

the latitude of point P in the diagram equals the 
degree measure of arc PE. At what latitude 6 is the 
circumference of the circle of latitude at P half the 
distance around the equator? 


circle Of . "js 
latitude 


equator 


Reviewing what you learned in previous grades and lessons 


(Section 4.6) 
50. f(x) = © + 4x4 — 143 — 14x2 — 15x - 18 


52. f(x) = $(x — 4x + 5) + 9) 


Trigonometric Ratios and Functions 


53. f(x) = x4 + 13 —- 2) 


Graphing Sine and Cosine Functions 


LOOKING FOR 
STRUCTURE 


To be proficient in math, 
you need to look closely 
to discern a pattern 

or structure. 


Essential Question What are the characteristics of the graphs of the 


sine and cosine functions? 


“EXPLORATION 1 Graphing the Sine Function 


Work with a partner. 


a. Complete the table for y = sin x, where x is an angle measure in radians. 


T — = ill T 9 es = 


Bee om | ST | 37 | 


sl 


b. Plot the points (x, y) from part (a). Draw a smooth curve through the points to 
sketch the graph of y = sin x. 


c. Use the graph to identify the x-intercepts, the x-values where the local maximums 
and minimums occur, and the intervals for which the function is increasing or 
decreasing over —27r < x < 277. Is the sine function even, odd, or neither? 


“EXPLORATION 2 Graphing the Cosine Function 


Work with a partner. 


a. Complete a table for y = cos x using the same values of x as those used in 
Exploration 1. 


b. Plot the points (x, y) from part (a) and sketch the graph of y = cos x. 


c. Use the graph to identify the x-intercepts, the x-values where the local maximums 
and minimums occur, and the intervals for which the function is increasing or 
decreasing over —27 < x < 277. Is the cosine function even, odd, or neither? 


Communicate Your Anewer 


3. What are the characteristics of the graphs of the sine and cosine functions? 


4. Describe the end behavior of the graph of y = sin x. 
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94 Lesson What You Will Learn 


® Explore characteristics of sine and cosine functions. 
B® Stretch and shrink graphs of sine and cosine functions. 


Core Vocabulary. ~ Translate graphs of sine and cosine functions. 


amplitude, p. 486 > 


Reflect graphs of sine and cosine functions. 


periodic function, p. 486 


le, p. 486 : as : A . 
MEY, Exploring Characteristics of Sine and Cosine Functions 
phase shift p. 488 In this lesson, you will learn to graph sine and cosine functions. The graphs of sine 
midline, p. 488 and cosine functions are related to the graphs of the parent functions y = sin x and 
pee; y = cos x, which are shown below. 

revious 
transformations | 
x-intercept 


486 


maximum 
value: 1 


alle 
amplitude: 1 
aie 


minimum 
value: —1 


maximum -— iY 
value: 1 | ¥ = COS X} 


ra 
amplitude: 1 
ae 


minimum 
value: —1 


G) Core Concept 


Characteristics of y = sin x and y = cos x 


¢ The domain of each function is all real numbers. 


¢ The range of each function is —1 < y < 1. So, the minimum value of each 
function is —1 and the maximum value is 1. 


* The amplitude of the graph of each function is one-half of the difference of 
the maximum value and the minimum value, or [1 —-(-1)] = 1. 


¢ Each function is periodic, which means that its graph has a repeating pattern. 
The shortest repeating portion of the graph is called a cycle. The horizontal 
length of each cycle is called the period. Each graph shown above has a period 
of 27. 


¢ The x-intercepts for y = sin x occur when x = 0, +a, 427, £377,.... 


Sie on OYE on. Ger 


The x-intercepts for y = cos x occur when x = + a SE a oe 
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REMEMBER 


The graph of y = a - f(x) is 
a vertical stretch or shrink 
of the graph of y = f(x) by 
a factor of a. 


The graph of y = f(bx) 
is a horizontal stretch or 
shrink of the graph of 


y = f(x) by a factor of i 


REMEMBER 


A vertical stretch of a 
graph does not change its 
x-intercept(s). So, it makes 
sense that the x-intercepts 
of g(x) = 4sin x and 

f(x) = sin x are the same. 


4 


Stretching and Shrinking Sine and Cosine Functions 
The graphs of y = a sin bx and y = a cos bx represent transformations of their parent 
functions. The value of a indicates a vertical stretch (a > 1) or a vertical shrink 

(0 < a < 1) and changes the amplitude of the graph. The value of b indicates a 
horizontal stretch (0 < b < 1) ora horizontal shrink (b > 1) and changes the period 
of the graph. 


y = asin bx 
y = acos bx 


vertical stretch or shrink by a factor of a J a horizontal stretch or shrink by a factor of ul 


b 
G Core Concept 

Amplitude and Period 

The amplitude and period of the graphs of y = a sin bx and y = a cos bx, where 

a and b are nonzero real numbers, are as follows: 

Amplitude = |a| Period = 7 
b 
Each graph below shows five key points that partition the interval 0 < x < = into 
four equal parts. You can use these points to sketch the graphs of y = a sin bx and 
y = acos bx. The x-intercepts, maximum, and minimum occur at these points. 
—- a) y= asin bx . y = a cos bx 
rk isdad (0, a) —— 2 | 
ar ‘pb! 
(%. 0) 
x 
EXAMPLE Graphing a Sine Function 
Identify the amplitude and period of g(x) = 4 sin x. Then graph the function and 
describe the graph of g as a transformation of the graph of f(x) = sin x. 
SOLUTION 
The function is of the form g(x) = a sin bx where a = 4 and b = 1. So, the amplitude 
9) 

is a = 4 and the period is 22 = a = 27. 


Intercepts: (0, 0); ( ° 27, 0] = (7, 0); (27, 0) 


sien = a 
Maximum: (3 277, 4 (Z.4 


\ 


Minimum: (3 27, -4) = (34, -4| 


> The graph of g is a vertical stretch by a factor of 4 of the graph of f. 
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ra 


— + —— » 


STUDY TIP : 


After you have drawn 
one complete cycle of 
the graph in Example 2 
on the interval 0 < x < 1, 
you can extend the graph 
by repeating the cycle as 
many times as desired to 
the left and right of 

= 0 Se |. 


REMEMBER 
The graph of y = f(x) + k 
is a vertical translation of 
the graph of y © f(x). 
The graph of y = f(x — A) 
is a horizontal translation 


of the graph of y = f(x). } 


Graphing a Cosine Function 


Identify the amplitude and period of g(x) = 2 cos 27x. Then graph the function and 


describe the graph of g as a transformation of the graph of f(x) = cos x. 


SOLUTION 
The function is of the form g(x) = a cos bx where a = ; and b = 277. So, the 
amplitude is a = ; and the period is =n = 2 = 1. 


aera.» =(! (3. \=(3 
Intercepts: F 1,0] re) 4 Te) mi 


; Pe a ] 
Maximums: (0. 5 F | Il. ) 


a/ 


ee 1 Lala iF 
Minimum: @ 1-4} (4 


ys 


> The graph of g is a vertical shrink by a factor of and a horizontal shrink by a 


factor of E - of the graph of f. 
) aT 


4 


Monitoring Progress ) Help in English and Spanish at BigldeasMath.com 


Identify the amplitude and period of the function. Then graph the function and 
describe the graph of g as a transformation of the graph of its parent function. 


1. 2x) = ‘ sinx 2. g(x) = cos 2x 3. gx) =2sinam 4. gx)= + cos ox 


Translating Sine and Cosine Functions 


The graphs of y = a sin b(x — h) + k and y = acos b(x — h) + k represent 
translations of y = a sin bx and y = a cos bx. The value of k indicates a translation up 
(k > 0) or down (k < Q). The value of / indicates a translation left (h < 0) or right 

(h > 0). A horizontal translation of a periodic function is called a phase shift. 


G) Core Concept 


Graphing y = asin b(x — h) + k andy = acos b(x — h) +k 
To graph y = a sin b(x — h) + kor y = acos b(x — h) + k where a > 0 and 
b > 0, follow these steps: 
Step 1 Identify the amplitude a, the period 9 the horizontal shift h, and the 
a i” b 
vertical shift k of the graph. 
Step 2 Draw the horizontal line y = k, called the midline of the graph. 


Step 3 Find the five key points by translating the key points of y = a sin bx or 
y = acos bx horizontally / units and vertically k units. 


Step 4 Draw the graph through the five translated key points. 
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LOOKING FOR 
STRUCTURE 


The graph of g isa 
translation 3 units up of 


So, add 3 to the 
y-coordinates of the 
five key points of f. 


LOOKING FOR 
STRUCTURE 


The graph of gisa 
translation 37 units 

right of the graph of 

f(x) = 5 cos $x. So, add 37 
to the x-coordinates of the 
five key points of f. 


the graph of f(x) = 2 sin 4x. 


Graphing a Vertical Translation 


Graph g(x) = 2 sin 4x + 3. 
SOLUTION 


Step 1 Identify the amplitude, period, horizontal shift, and vertical shift. 


Amplitude: a = 2 Horizontal shift: h = 0 
Sy. LIC ae eT ‘ : 
eriod 5 i ao Vertical shift 3 


Step 2 Draw the midline of the graph, y = 3. 
Step 3 Find the five key points. 


Ony =k: 0,0 + 3)=@, 3); (20+ 3}= (Bos: 3) =(2 3 


Maximum: ie 2 =r 3} = Z 5) 


ie 3%r Yen 
M tee | =| 
inimum 3 3 


Step 4 Draw the graph through the key points. 


2otgesems § Graphing a Horizontal Translation 


Graph g(x) = 5 cos 5x ee iF 


SOLUTION 
Step 1 Identify the amplitude, period, horizontal shift, and vertical shift. 
Amplitude: a = 5 Horizontal shift: h = 3a 
Period: = = 7 = 47 Vertical shift: k = 0 
> 


Step 2 Draw the midline of the graph. Because k = 0, the midline is the x-axis. 
Step 3 Find the five key points. 

Ony =k: (a7 + 37, 0) = (7, 0); 

(3a + 37, 0) = (67, 0) 


Maximums: (0 + 37, 5) = (37, 5); 
(4a + 37, 5) = (77, 5) 


Minimum: (27 + 377, —5) = Ga, —5) 


Step 4 Draw the graph through the key points. 


Monitoring Progress a) Help in Engtish and Spanish at BigideasMath.com 


Graph the function. 
5. g(x) =cosx+4 6. g(x) = 5 sin( x = 4 7. g(x) = sin(x + m7) - 1 
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REMEMBER 


Th 


is result makes sense 


because the graph of 
y = —f(x) is a reflection in 
the x-axis of the graph of 


STU 


In 


y = f(x). 


DY TIP 


Example 5, the 


maximum value and 


mi 


nimum value of f 


are the minimum value 


an 


490 


d maximum value, 


respectively, of g. 


meee 


Reflecting Sine and Cosine Functions 

You have graphed functions of the form y = a sin b(x — h) + k and 

y = acos b(x — h) + k, where a > 0 and b > 0. To see what happens when a < 0, 
consider the graphs of y = —sin x and y = —cos x. 


The graphs are reflections of the graphs of y = sin x and y = cos x in the x-axis. In 
general, when a < 0, the graphs of y = a sin b(x — h) + kand y = acos bx — h) + k 
are reflections of the graphs of y = |a| sin b(x — h) + k and y = |a| cos b(x — h) + k, 
respectively, in the midline y = k. 


Graphing a Reflection 


weed Biel Se 
Graph g(x) = —2 sin al a). 


SOLUTION 
Step 1 Identify the amplitude, period, horizontal shift, and vertical shift. 
Amplitude: |a| = |—2] = 2 Horizontal shift: h = a 
Period: = = 2 = 30 Vertical shift: k = 0 
3 


Step 2 Draw the midline of the graph. Because k = 0, the midline is the x-axis. 


Step 3 Find the five key points of f(x) = | —2| sin F(x a 3. 


2 
Ony=k: (0 i z, 0) = i 0); (32 4 5 0| = (2, 0); (3m ra o 0) = (2 0] 
Maximum: Ae 45 2| = ee 2| 


Step 4 Reflect the graph. Because a < 0, 
the graph is reflected in the midline 


Z Sa (5, - 
y Cee 2 becomes 4? 


lla lla 
a(4%, ~2) becomes (5, 2] 
an 4 becomes 4 v 


Step 5 Draw the graph through the key points. 


Monitoring Progress @) Help in English and Spanish at BigldeasMath.com 


Graph the function. 


Say ~cos(x Es z| oa ein sx E10. eee ces oa 
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9.4 Exercises Dynamic Solutions nyaivlable at BitideasMath.cont 


Vocabulary and Core Concept Check 


COMPLETE THE SENTENCE The shortest repeating portion of the graph of a periodic function is 
called a(n) 


WRITING Compare the amplitudes and periods of the functions y = 5cos x and y = 3 cos 2x. 


VOCABULARY What is a phase shift? Give an example of a sine function that has a phase shift. 


VOCABULARY What is the midline of the graph of the function y = 2 sin 3(x + 1) — 2? 


Monitoring Progress and Modeling with Mathematics 


USING STRUCTURE In Exercises 5—8, determine whether In Exercises 13-20, identify the amplitude and period of 
the graph represents a periodic function. If so, identify the function. Then graph the function and describe the 
the period. graph of g as a transformation of the graph of its parent 
function. (See Examples I and 2.) 


a 13. g(x) =3sinx 14. g(x) =2sinx 
15. g(x) = cos 3x 16. g(x) = cos 4x 
17. g(x) = sin 27x 18. g(x) = 3 sin 2x 
19. g(x) = cos 4x 20. g(x) = 5 cos 4ax 
an 


21. ANALYZING EQUATIONS Which functions have an 
amplitude of 4 and a period of 2? 


@) vy = 4 cos 2x 
y = —4sin mm 
© y=2sin4x 


: : @ y=4cos m 
In Exercises 9—12, identify the amplitude and period of 


the graph of the function. 22. WRITING EQUATIONS Write an equation of the form 
9. y 10. y y = asin bx, where a > 0 and b > 0, so that the graph 
0.5 has the given amplitude and period. 


a. amplitude: 1 b. amplitude: 10 
period: 5 period: 4 


c. amplitude: 2 d. amplitude: : 
period: 27 period: 37 
11. 23. MODELING WITH MATHEMATICS The motion 
of a pendulum can be modeled by the function 
d = 4 cos 87rt, where d is the horizontal displacement 
(in inches) of the pendulum relative to its position at 
rest and ¢ is the time (in seconds). Find and interpret 
the period and amplitude in the context of this 
situation. Then graph the function. 
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24. 


MODELING WITH MATHEMATICS A buoy bobs up 
and down as waves go past. The vertical displacement 
y (in feet) of the buoy with respect to sea level can be 
modeled by y = 1.75 cos 7, where f is the time 

(in seconds). Find and interpret the period and 
amplitude in the context of the problem. Then graph 
the function. 


In Exercises 25-34, graph the function. (See Examples 


USING STRUCTURE In Exercises 37— 40, describe the 
transformation of the graph of f represented by the 
function g. 


37. f(x) = cos x, g(x) = 2 cos{ x = 4) tal 
38. f(x) = sinx, e(x) =3 sin(x + 4 = 
39. f(x) = sin x, g(x) = sin 3(x + 377) —5 


40. f(x) = cos x, g(x) = cos 6(x — m7) +9 


In Exercises 41—48, graph the function. (See Example 5.) 


41. g(x) = —cosx+3 42. g(x) = -sinx —5 
43. (x) = —sin > =f AA cies 2m 
45. g(x) = —sinx — m) +4 

46. 2(x) = —cos(x + m) — 2 


47. g(x) = —-4 cos x oF A = 
48. (x) = —5 sin(x = 4 48 


49. USING EQUATIONS Which of the following is a 
point where the maximum value of the graph of 


y = —4 cos (x = Al occurs? 
OT) (34) 
© 4) @D (7,4) 


50. ANALYZING RELATIONSHIPS Match each function 
with its graph. Explain your reasoning. 


a. y=3+sinx be y=" 3 + cos x 


: =sin 2x2 
c. y = sin 2/x = 


d. y= cos 2(x = 4 


3 and 4.) 
25. g(x) =sinx +2 26. g(x) =cosx—4 
27. 9(x) = cos(x = a 28. ¢(x) = sin(x = 4 
29. 2(x)=2co0sx~- 1 30. g(x) =3sinx+ 1 
31. g(x) = sin 2(x + 77) 
32. g(x) = cos 2(x — 7) 
33. e(x) = sin 50 +2m)+3 
34. g(x) = cos 50x =—377) —5 
35. ERROR ANALYSIS Describe and correct the error in 
finding the period of the function y = sin oa 
x Period: —-= ot lala = 
2ar 
36. ERROR ANALYSIS Describe and correct the error in 
determining the point where the maximum value of 
the function y = 2 sin( x = 4) occurs. 
x Maximum: 
(2-2-|-s2--3 
= (0, 2) 
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WRITING EQUATIONS In Exercises 51-54, write a rule 7: 


for g that represents the indicated transformations of 
the graph of f. 


51. f(x) = 3 sin x; translation 2 units up and 7 units right 


52. f(x) = cos 277; translation 4 units down and 3 units left 


53. f(x) = = COS ax; translation | unit down, followed by 


a reflection in the line y = —1 


54. f(xy) = 4 sin 6x; translation 2 units down and 1 unit 


right, followed by a reflection in the line y = a 


55. MODELING WITH MATHEMATICS The height h 
(in feet) of a swing above the ground can be modeled 
by the function h = —8 cos @ + 10, where the pivot is 
10 feet above the ground, the rope is 8 feet long, and 
@is the angle that the rope makes with the vertical. 
Graph the function. What is the height of the swing 
when 6 is 45°? 


Front view Side view 


56. DRAWING A CONCLUSION In a particular region, the 
population L (in thousands) of lynx (the predator) and 
the population H (in thousands) of hares (the prey) 
can be modeled by the equations 


L=11.5+ 6.5 sin se 
H = 27.5 + 17.5 cos ml 


where f is the time in years. 


a. Determine the ratio of hares to lynx when 
t = 0, 2.5, 5, and 7.5 years. 


b. Use the figure to explain how the changes in the 
two populations appear to be related. 


Animal Populations 


cu 
= 2 
ad 

“ao 
ao 
oC 
a+ 


Time (years) 


Section 9.4 


58. 


ay. 


60. 


USING TOOLS The average wind speed s (in miles per 
hour) in the Boston Harbor can be approximated by 


= 3.38 site—“—-G@-4 3) 1 
Ss sin F939 8) se 2s 


where ¢ is the time in days and t = 0 represents 
January 1. Use a graphing calculator to graph the 
function. On which days of the year is the average 
wind speed 10 miles per hour? Explain your 
reasoning. 


USING TOOLS The water depth d (in feet) for the Bay 


of Fundy can be modeled by d = 35 — 28 cos pot 


where f¢ is the time in hours and t = 0 represents 
midnight. Use a graphing calculator to graph the 
function. At what time(s) is the water depth 7 feet? 
Explain. 


[ 


re | 


high tide 


\ naesgepnaeeenaeemen wipes napichameeineacnince ered 


MULTIPLE REPRESENTATIONS Find the average rate of 
change of each function over the interval 0 < x < 7. 


REASONING Consider the functions y = sin(— x) and 
y = cos(—2). 


a. Construct a table of values for each equation 
using the quadrantal angles in the interval 
29x Se 


b. Graph each function. 


c. Describe the transformations of the graphs of the 
parent functions. 
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61. MODELING WITH MATHEMATICS You are riding a 66. THOUGHT PROVOKING Use a graphing calculator 


Ferris wheel that turns for 180 seconds. Your height to find a function of the form y = sin byx + cos box 
h (in feet) above the ground at any time ¢ (in seconds) whose graph matches that shown below. 


can be modeled by the equation 
- eee 4 _— 

h = 85 sin a0" 10) + 90. 

a. Graph the function. 


b. How many cycles 
does the Ferris wheel 
make in 180 seconds? 


c. What are your maximum 
and minimum heights? 


67. PROBLEM SOLVING For a person at rest, the blood 
pressure P (in millimeters of mercury) at time / (in 
62. HOW DO YOU SEE IT? Use the graph to answer seconds) is given by the function 
each question. Bap 
P = 100 — 20 cos - ah 


Graph the function. One cycle is equivalent to one 
heartbeat. What is the pulse rate (in heartbeats per 
minute) of the person? 


a. Does the graph represent a function of the form 
f(x) = a sin bx or f(x) = a cos bx? Explain. 


b. Identify the maximum value, minimum value, 


period, and amplitude of the function. 
68. PROBLEM SOLVING The motion of a spring can 


be modeled by y = A cos kf, where y is the vertical 


63. FINDINGA PATTERN Write an expression in terms of displacement (in feet) of the spring relative to its 
the integer n that represents all the x-intercepts of the position at rest, A is the initial displacement (in feet), 
graph of the function y = cos 2x. Justify your answer. k is a constant that measures the elasticity of the 


spring, and ¢ is the time (in seconds), 
64. MAKING AN ARGUMENT Your friend states that for 
functions of the form y = a sin bx and y = a cos bx, 
the values of a and b affect the x-intercepts of the 
graph of the function. Is your friend correct? Explain. 


a. You have a spring whose motion can be modeled 
by the function y = 0.2 cos 6f. Find the initial 
displacement and the period of the spring. Then 
graph the function. 


65. CRITICAL THINKING Describe a transformation of the b. When a damping force is applied to the spring, 
graph of f(x) = sin x that results in the graph of the motion of the spring can be modeled by the 
Q(x) = cos x. function y = 0.2e~+*! cos 4t. Graph this function. 


What effect does damping have on the motion? 


Maintaining Mathematical Proficiency Reviewing what you learned in prewous prades and lessons 


Simplify the rational expression, if possible. (Section 7.3) 


x2 oe 4) v2) Seon: ~ . 2 
Be ot ee 6 70. * 2x° ia 4 SS X lo 


x+3 x2 — 2y — 24 “et 4x —§ - re+x— 20 


Find the least common multiple of the expressions. (Section 7.4) 


73. 2x, 2 — 4) 74. vm tiv+ 2 75. 2+ 8xt+ 1l2.x+ 6 
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9.1-9.4 What Did You Learn? 


Core Vocabulary 

sine, p. 462 standard position, p. 470 amplitude, p. 456 
cosine, p. 462 coterminal, p. 47/ periodic function, p. 486 
tangent, p. 462 radian, p. 47] cycle, p. 486 

cosecant, p. 462 sector, p. 472 period, p. 486 

secant, p. 462 central angle, p. 472 phase shift, p. 488 
cotangent, p. 462 unit circle, p. 479 midline, p. 488 

initial side, p. 470 quadrantal angle, p. 479 

terminal side, p. 470 reference angle, p. 480 

Core Concepts 


Section 9.1 


Right Triangle Definitions of Trigonometric Functions, p. 462 
Trigonometric Values for Special Angles, p. 463 


Section 9.2 


Angles in Standard Position, p. 470 Degree and Radian Measures of Special Angles, p. 472 
Converting Between Degrees and Radians, p. 47/ Arc Length and Area of a Sector, p. 472 

Section 9.3 

General Definitions of Trigonometric Functions, p. 478 Reference Angle Relationships, p. 480 

The Unit Circle, p. 479 Evaluating Trigonometric Functions, p. 480 

Section 9.4 


Characteristics of y = sin x and y = cos x, p. 486 
Amplitude and Period, p. 487 
Graphing y = a sin b(x — h) + k and y = acos b(x — h) + k, p. 488 


Mathematical Practices 


1. Make a conjecture about the horizontal distances traveled in part (c) of Exercise 39 on page 483. 


2. Explain why the quantities in part (a) of Exercise 56 on page 493 make sense in the context of 
the situation. 


a - - eee Study Sli =-==- ----- 


Form a Final Exam 
Study Group 


Form a study group several weeks before the final exam. 
The intent of this group is to review what you have already 
learned while continuing to learn new material. 


9.1-9.4 Quiz 


1. Inaright triangle, @is an acute angle and sin 6 = 5. Evaluate the other five trigonometric 
functions of 6. (Section 9.1) 


Find the value of x for the right triangle. (Section 9.1) 


7a 3. 12 4. 
a 
8 < 27 
x 
| | 
x 
Draw an angle with the given measure in standard position. Then find one positive angle 
and one negative angle that are coterminal with the given angle. (Section 9.2) 
0 sigs 0 
5. 40 6. — 7. —960 


6 


Convert the degree measure to radians or the radian measure to degrees. (Section 9.2) 


3% 
8. — 9. —60° 1032. 
10 


Evaluate the six trigonometric functions of 6. (Section 9.3) 


uf U 


14. Identify the amplitude and period of g(x) = 3 sin x. Then graph the function and describe 
the graph of g as a transformation of the graph of f(x) = sin x. (Section 9.4) 


15. Identify the amplitude and period of g(x) = cos 5ax + 3. Then graph the 
function and describe the graph of g as a transformation of the graph 
of fix) = cos x. (Section 9.4) 


16. You are flying a kite at an angle of 70°. You have let out a total of 
400 feet of string and are holding the reel steady 4 feet above the ground. 
(Section 9.1) 


a. How high above the ground is the kite? 


b. A friend watching the kite estimates that the angle of elevation 
to the kite is 85°. How far from your friend are you standing? 


17. The top of the Space Needle in Seattle, Washington, is a revolving, circular 
restaurant. The restaurant has a radius of 47.25 feet and makes one complete 
revolution in about an hour. You have dinner at a window table from 7:00 P.M. 
to 8:55 P.M. Compare the distance you revolve with the distance of a person 
seated 5 feet away from the windows. (Section 9.2) 
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Graphing Other Trigonometric 


Functions 


Essential Question What are the characteristics of the graph of 


the tangent function? 


“EXPLORATION 1 Graphing the Tangent Function 


Work with a partner. 


a. Complete the table for y = tan x, where x is an angle measure in radians. 


b. The graph of y = tan x has vertical asymptotes at x-values where tan x is undefined. 
Plot the points (x, y) from part (a). Then use the asymptotes to sketch the graph of 


y = tanx. 
MAKING SENSE 
OF PROBLEMS c. For the graph of y = tan x, identify the asymptotes, the slaigagen!s. and a : 
To be proficient in math, intervals for which the function is increasing or decreasing over ot Sx oe 
you need to consider Is the tangent function even, odd, or neither? 
analogous problems and 
try special cases of the : 
ne Communicate Your Answer 


original problem in order 


be gain insight into 2. What are the characteristics of the graph of the tangent function? 
its solution. i an 
3. Describe the asymptotes of the graph of y = cot x on the interval a5 


Pie 
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S55 Lesson What You Will Learn 


& Explore characteristics of tangent and cotangent functions. 


& Graph tangent and cotangent functions. 
Core Vocabulary., » Graph secant and cosecant functions. 
Previous 
peal ede Exploring Tangent and Cotangent Functions 
perio 


The graphs of tangent and cotangent functions are related to the graphs of the parent 


amplitude : 
i functions y = tan x and y = cot x, which are graphed below. 
x-intercept 
transtormaions <— x approaches a ——__ + x approaches 7 —> 


i 


14.10 | 1256 | Undef. 


«<—— tan x approaches —co —— »——— tan x approaches ce ——> 


sin x 
Because tan x = 


, tan x 


is undefined for x-values at 
which cos x = 0, such as 


x= ag +1,571. 


The table indicates that the graph 

has asymptotes at these values. 

The table represents one cycle of the 
graph, so the period of the graph is 7. 


You can use a similar approach 
to graph y = cot x. Because 


cos x : 
cot x = ——,, cot x is undefined for 
sin x 


x-values at which sin x = 0, which 
are multiples of 7. The graph has 
asymptotes at these values. The 
period of the graph is also 77. 


G) Core Concept 


Characteristics of y = tan x and y = cot x 


The functions y = tan x and y = cot x have the following characteristics. 


L- period: 7 


* The domain of y = tan x is all real numbers except odd multiples of = 
At these x-values, the graph has vertical asymptotes. 


STUDY TIP 


Odd multiples of 5 are ¢ The domain of y = cot x is all real numbers except multiples of 7. 


values such as these: At these x-values, the graph has vertical asymptotes. 


e The range of each function is all real numbers. So, the functions do not have 


= 5. fae maximum or minimum values, and the graphs do not have an amplitude. 
+3. a == 22 * The period of each graph is 7. 

+5) ee 5a ¢ The x-intercepts for y = tan x occur when x = 0, +1, ct Dar, See 
“ee 


* The x-intercepts for y = cot x occur when x 


I 
I+ 
NIA 
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Graphing Tangent and Cotangent Functions 


The graphs of y = a tan bx and y = a cot bx represent transformations of their parent 
functions. The value of a indicates a vertical stretch (a > 1) or a vertical shrink 

(0 < a < 1). The value of b indicates a horizontal stretch (0 < b < 1) or a horizontal 
shrink (b > 1) and changes the period of the graph. 


G Core Concept 


Period and Vertical Asymptotes of y = a tan bx and y = a cot bx 


The period and vertical asymptotes of the graphs of y = a tan bx and y = a cot bx, 
where a and b are nonzero real numbers, are as follows. 


* The period of the graph of each function is Br 


e The vertical asymptotes for y = a tan bx are at odd multiples of ap} 
¢ The vertical asymptotes for y = a cot bx are at multiples of Br 


—— 


Each graph below shows five key x-values that you can use to sketch the graphs of 

y = atan bx and y = a cot bx fora > O and b > 0. These are the x-intercept, the 
x-values where the asymptotes occur, and the x-values halfway between the x-intercept 
and the asymptotes. At each halfway point, the value of the function is either a or —a. 


| | 
| 
i | 
| | 


Graph one period of g(x) = 2 tan 3x. Describe the graph of g as a transformation of the 
graph of f(x) = tan x. 


SOLUTION 


The function is of the form g(x) = a tan bx where a = 2 and b = 3. So, the period is 


Intercept: (0, 0) 


Asymptotes: x = SS oe = ee ee 
2\b] 23) 6” 2|b| 2(3)’ 6 
i j MY aa a4 ae — Ti Dale 
Halfway points: - a) loam 2) | ee i; 
S| a Se a a | 
ey) | 4(3) 2| fe aed 


> The graph of g is a vertical stretch by a factor of 2 and a horizontal shrink by a 
factor of ; of the graph of f. 
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ONS J0aee Graphing a Cotangent Function 


Graph one period of g(x) = cot 5x. Describe the graph of g as a transformation of the 
graph of f(x) = cot x. 


SOLUTION 


The function is of the form g(x) = a cot bx where a = | and b = 7 So, the period is 


Intercept: = 0) = Pn J Niet) 
2 


Asymptotes: x = 0;x = a =—,orx = 27 


3 


Halfway points: i a) = a 
A 


> The graph of g is a horizontal stretch by a factor of 2 of the graph of f. 


2 
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Graph one period of the function. Describe the graph of g as a transformation of 


STUDY TIP the graph of its parent function. 
Bec aicene ee a 1. g(x) =tan2x 2. g(x) = 4 cot x 3. g(x) =2cot4x 4. g(x) =S5tan m 


sec x is undefined for 
x-values at which ; : 
cos x = 0. The graph of Graphing Secant and Cosecant Functions 
y = sec x has vertical 
asymptotes at these 

' x-values. You can use 
‘ similar reasoning to 
| understand the vertical | 


' asymptotes of the graph Ly = seta ub 


| « of ey: = ese x. el i 


The graphs of secant and cosecant functions are related to the graphs of the parent 
functions y = sec x and y = csc x, which are shown below. 


U) 
Ieee 
F rd *e 


N 
os 


| | 
| Ww \ | | 
L-_period: 27— |-period: 27—- 


G) Core Concept 


Characteristics of y = sec x and y = csc x 


The functions y = sec x and y = csc x have the following characteristics. 


¢ The domain of y = sec x is all real numbers except odd multiples of 5 — 
At these x-values, the graph has vertical asymptotes. 


* The domain of y = csc x is all real numbers except multiples of 7. 
At these x-values, the graph has vertical asymptotes. 


¢ The range of each function is y < —1 and y 2 1. So, the graphs do not have 
an amplitude. 


The period of each graph is 277. 
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To graph y = a sec bx or y = a csc bx, first graph the function y = a cos bx or 
y = asin bx, respectively. Then use the asymptotes and several points to sketch a 
graph of the function. Notice that the value of b represents a horizontal stretch or 


shrink by a factor of ; 


27 


[>| 


, so the period of y = a sec bx and y = acsc bx is 


De igeseas Graphing a Secant Function 


Graph one period of g(x) = 2 sec x. Describe the graph of g as a transformation of the 
graph of f(x) = sec x. 


SOLUTION 
Step 1 Graph the function y = 2 cos x. 
The period is = = 277. 


Step 2 Graph asymptotes of g. Because the 
asymptotes of g occur when 2 cos x = 0, 
7 7 _ 37 
graph x = ae > and x = 2% 
Step 3 Plot points on g, such as (0, 2) and 
(a7, —2). Then use the asymptotes to 
sketch the curve. 


> The graply of g is a vertical stretch by a factor of 2 of the graph of f. 


2 \igeem Graphing a Cosecant Function 


Graph one period of g(x) = 3 esc ax. Describe the graph of g as a transformation of 


the graph of f(x) = . 
LOOKING FOR graph of f(x) = esc x 
In Examples 3 and 4, . 
notice that the plotted Step 1 Graph the function y = 5 sin 7x. The period is a wh 
points are on both 
graphs. Also, these Step 2 Graph asymptotes of g. Because the 


points represent a local 
maximum on one graph - 
and a local minimum on graph x = 0, x = 1, and x = 2. 
the other graph. 


asymptotes of g occur when : sin 7x = 0, 


Step 3 Plot points on g, such as (2. | and 
Bi 


(3, -1) Then use the asymptotes to 


sketch the curve. 


> The graph of g is a vertical shrink by a factor of and a horizontal shrink by 
a factor of + of the graph of f. 
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Graph one period of the function. Describe the graph of g as a transformation of 
the graph of its parent function. 


5. e(x)=csc3x 6. gx) = : sec x 7. g(x) =2csc2x 8. g(x) = 25sec mx 
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9.5 Exercises 


Dynamic Solutions available at BigldeasMath.com 


an amplitude. 


Vocabulary and Core Concept Check 


1. WRITING Explain why the graphs of the tangent, cotangent, secant, and cosecant functions do not have 


2. COMPLETE THE SENTENCE The and functions are undefined for x-values at which sin x = 0. 
3. COMPLETE THE SENTENCE The period of the function y = sec x is , and the period of y = cot x is 


WRITING Explain how to graph a function of the form y = a sec bx. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 5-12, graph one period of the function. 
Describe the graph of g as a transformation of the graph 
of its parent function. (See Examples I and 2.) 


5. g(x) = 2 tanx 6. g(x) = 3 tanx 

7. g(x) = cot 3x 8. g(x) = cot 2x 

9. (x) = 3 cottx 10. g(x) = 4 cot 5x 
11. g(x) = 5 tan TX 12. g(x) = ; tan 271Xx 


13. ERROR ANALYSIS Describe and correct the error in 
finding the period of the function y = cot 3x. 


x Period: <" = en 
|p| 3 


14. ERROR ANALYSIS Describe and correct the error 
in describing the transformation of f(x) = tan x 
represented by g(x) = 2 tan 5x. 


A vertical stretch by a factor of 5 and 
a horizontal shrink by a factor of 3. 


15. ANALYZING RELATIONSHIPS Use the given graph to 
graph each function. 


a. f(x) = 3 sec 2x 


b. f(x) = 4 csc 3x 
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16. USING EQUATIONS Which of the following are 
asymptotes of the graph of y = 3 tan 4x? 


® x= 


an OY 
OF a 


In Exercises 17—24, graph one period of the function. ' 
Describe the graph of g as a transformation of the graph 
of its parent function. (See Examples 3 and 4.) 


17. g(x) = 3 cscx 18. g(x) =2cscx 

19. 2(x) = sec 4x 20. g(x) = sec 3x 
= ei 

21. g(x) = 5 Sec 7X 22. g(x) = Zi sec 27x 

23. g(x) = csc a 24. g(x) =csc a 


ATTENDING TO PRECISION In Exercises 25-28, use the 
graph to write a function of the form y = a tan bx. 


25. 


Trigonometric Ratios and Functions 


USING STRUCTURE In Exercises 29-34, match the 
equation with the correct graph. Explain your 


reasoning. 
29. 2(x) = 4tanx 30. g(x) =4cotx 
31. g(x) = 4 csc m 32. g(x) =4sec mx 
33. g(x) = sec 2x 34. g(x) = csc 2x 
A. 
Cor | D. 
| 
2 | 
7 UE 26 
2 | 
| 
| 
E. F 


35. 


36. 


WRITING Explain why there is more than one tangent 
function whose graph passes through the origin and 
has asymptotes at x = —7aandx = 7. 


USING EQUATIONS Graph one period of each 
function. Describe the transformation of the graph of 


its parent function. 
a. g(x) = secxt+ 3 b. g(x) =cscx—2 


c. g(x) = cot(x — 7) d. g(x) = —tanx 


WRITING EQUATIONS In Exercises 37-40, write a rule 
for g that represents the indicated transformation of the 
graph of f. 


37. 


38. 


39: 


f(x) = cot 2x; translation 3 units up and 7 units left 


f(x) = 2 tan x; translation 7 units right, followed by 
a horizontal shrink by a factor of : 


f(x) = 5 sec (x — 7); translation 2 units down, 
followed by a reflection in the x-axis 


Section 9.5 


44. 


40. f(x) = 4 csc x; vertical stretch by a factor of 2 and a 


reflection in the x-axis 


41. MULTIPLE REPRESENTATIONS Which function has 
a greater local maximum value? Which has a greater 
local minimum value? Explain. 


A. F(x) = = csc WX B. 


) 


\ 
\ 


A 


42. 


ANALYZING RELATIONSHIPS Order the functions 
from the least average rate of change to the greatest 


average rate of change over the interval =a <x< 7 


43. 


REASONING You are standing on a bridge 140 feet 
above the ground. You look down at a car traveling 
away from the underpass. The distance d (in feet) the 
car is from the base of the bridge can be modeled by 
d = 140 tan 6. Graph the function. Describe what 
happens to @ as d increases. 


USING TOOLS You use a video camera to pan up the 
Statue of Liberty. The height h (in feet) of the part of 
the Statue of Liberty that can be seen through your 
video camera after time f (in seconds) can be modeled 


by # = 100 tan aah Graph the function using a 
graphing calculator. What viewing window did you 
use? Explain. 
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45. MODELING WITH MATHEMATICS You are standing 48. HOW DO YOU SEE IT? Use the graph to answer 


120 feet from the base of a 260-foot building. You each question. 
watch your friend go down the side of the building in 
a glass elevator. 


» your friend _ 
vA a = Te = = 


=3 


hep 
| 
{ 
| 


a. What is the period of the graph? 


: : ; : ; ‘ at is the range of the function? 
a. Write an equation that gives the distance d (in Le EMSS 222 


feet) your friend is from the top of the building as c. Is the function of the form f(x) = a csc bx or 


a function of the angle of elevation 0. f(x) = a sec bx? Explain. 


b. Graph the function found in part (a). Explain how 
the graph relates to this situation. 


46. MODELING WITH MATHEMATICS You are standing 
300 feet from the base of a 200-foot cliff. Your friend 


; : . cosine and secant functions. 
is rappelling down the cliff. 


a. Write an equation that gives the distance d 
(in feet) your friend is from the top of the cliff 
as a function of the angle of elevation @. 


iiantoasmiiiaidaiiiiia —eieeiam 


b. Graph the function found 


in part (a). graph the function 


c. Use a graphing calculator 
to determine the angle of 
elevation when your friend 
has rappelled halfway 
down the cliff. 


1 x 3 
== =+ =k 
y 5(tanz cot 5] 


49. ABSTRACT REASONING Rewrite a sec bx in terms 
of cos bx. Use your results to explain the relationship 
between the local maximums and minimums of the 


50. THOUGHT PROVOKING A trigonometric equation 
that is true for all values of the variable for which 
both sides of the equation are defined is called a 
trigonometric identity. Use a graphing calculator to / 


Use your graph to write a trigonometric identity 
involving this function. Explain your reasoning. 


47. MAKING AN ARGUMENT Your friend states that it 51. CRITICAL THINKING Find a tangent function whose 
is not possible to write a cosecant function that has graph intersects the graph of y — a) sin 5° only at 
the same graph as y = sec x. Is your friend correct? minimum points of the sine function. 


Explain your reasoning. 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 
Write a cubic function whose graph passes through the given points. (Section 4.9) 
32. (= 190) C10), 0),405 3) 53.0 — 2,0), 0) 7 O)s( 056) 
54. (—1,0), (2, 0), (3, 0), (1, —2) 33. (=3,0),(- 1, OGD) (- 2,1) 


Find the amplitude and period of the graph of the function. (Section 9.4) 
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MODELING WITH 
MATHEMATICS 


To be proficient in math, 

you need to apply the 

mathematics you know 

to solve problems arising 
— in everyday life. 


Modeling with Irigonometric : 

Functions : 
——— 

Essential Question What are the characteristics of the real-life 


problems that can be modeled by trigonometric functions? 


re: ) Modeling Electric Currents 


Work with a partner. Find a sine function that models the electric current shown 
in each oscilloscope screen. State the amplitude and period of the graph. 


a. & ” b. 


Communicate Your Answer 


2. What are the characteristics of the real-life problems that can be modeled by 
trigonometric functions? 


3. Use the Internet or some other reference to find examples of real-life situations 
that can be modeled by trigonometric functions. 
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9.6 Lesson 


Core Vocabulary... 


frequency, p. 506 
sinusoid, p. 507 


Previous 
amplitude 
period 
midline 


What You Will Learn 


> Interpret and use frequency. 
> Write trigonometric functions. 
P Use technology to find trigonometric models. 


Frequency 


The periodic nature of trigonometric functions makes them useful for modeling 
oscillating motions or repeating patterns that occur in real life. Some examples are 
sound waves, the motion of a pendulum, and seasons of the year. In such applications, 


the reciprocal of the period is called the frequency, which gives the number of cycles 
per unit of time. 


“EXAMPLE 1 


Using Frequency 


A sound consisting of a single frequency is called a pure tone. An audiometer 
produces pure tones to test a person’s auditory functions. An audiometer produces 
a pure tone with a frequency f of 2000 hertz (cycles per second). The maximum 
pressure P produced from the pure tone is 2 millipascals. Write and graph a sine 
model that gives the pressure P as a function of the time ¢ (in seconds). 


a tint 


SOLUTION 


Step 1 Find the values of a and b in the model P = a sin bt. The maximum pressure 
is 2, so a = 2. Use the frequency f to find b. 


F = naan ee ’ sacl 
requency aero Write relationship involving frequency and period 
Se) 
2000 = — Substitute. 
27 
400077 = b Multiply each side by 277. 


The pressure P as a function of time tis given by P = 2 sin 40007. 


Step 2 Graph the model. The amplitude is a = 2 and the period is 


The key points are: 


Intercepts: (0, 0); (; . an 0] = ( : 0} (. 0) 


4000’ 2000’ 
Maximum: ds ° — = =< 2| 
im 2 ade _ \- ie — 
Minimam: ( 000° Z, 8000’ 2) 


> The graph of P = 2 sin 4000zt is shown at the left. 
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STUDY TIP 


Because the graph repeats 


every 


» 
ney 


us 


2 


units, the period 
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1. WHAT IF? In Example 1, how would the function change when the audiometer 
produced a pure tone with a frequency of 1000 hertz? 


Writing Trigonometric Functions 


Graphs of sine and cosine functions are called sinusoids. One method to write a sine 
or cosine function that models a sinusoid is to find the values of a, b, h, and k for 


y=asinba—h)t+k or y=acosbx—h)+k 


Qn 


b is the period (b > 0), his the horizontal shift, and k is 


where |a| is the amplitude, 
the vertical shift. 


Writing a Trigonometric Function 


Write a function for the sinusoid shown. 


SOLUTION 


Step 1 Find the maximum and minimum values. From the graph, the maximum 
value is 5 and the minimum value is — 1. 


Step 2 Identify the vertical shift, k. The value of k is the mean of the maximum and 
minimum values. 
pe (maximum value) + (minimum value) _ 5 + (—1)_4_, 
2 2 na 
Step 3 Decide whether the graph should be modeled by a sine or cosine function. 
Because the graph crosses the midline y = 2 on the y-axis, the graph is a sine 
curve with no horizontal shift. So, h = 0. 


Step 4 Find the amplitude and period. The period is 


The graph is not a reflection, so a > 0. Therefore, a = 3. 


> The function is y = 3 sin 4x + 2. Check this by graphing the function on a 
graphing calculator. 
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Check 


Use the table feature of a 
graphing calculator to check 
your model. 


Ss e%ViJaaem Modeling Circular Motion 


Two people swing jump ropes, as shown in the diagram. The highest point of the 
middle of each rope is 75 inches above the ground, and the lowest point is 3 inches. 
The rope makes 2 revolutions per second. Write a model for the height A (in inches) of 
a rope as a function of the time f (in seconds) given that the rope is at its lowest point 


when t = 0. 
i 
-* 


-—-. 
jo 


— — = 
_ 


~ 


3 in. above ground. B= 3 x 


Not drawn to scale 


SOLUTION 


A rope oscillates between 3 inches and 75 inches above the ground. So, a sine 
or cosine function may be an appropriate model for the height over time. 


Step 1 Identify the maximum and minimum values. The maximum height of 
a rope is 75 inches. The minimum height is 3 inches. 


Step 2 Identify the vertical shift, k. 


ee (maximum value) + (minimum value) _ 75 + 3 _ 39 


Step 3 Decide whether the height should be modeled by a sine or cosine function. 
When ¢ = 0, the height is at its minimum. So, use a cosine function whose 
graph is a reflection in the x-axis with no horizontal shift (h = 0). 


Step 4 Find the amplitude and period. 


The atnplituderis (| = Coes ame) Cn vale) a 


Because the graph is a reflection in the x-axis, a < 0. So, a = —36. Because 
* arope is rotating at a rate of 2 revolutions per second, one revolution is 


completed in 0.5 second. So, the period is oa = 0.5, and b = 47. 


> A model for the height of a rope is h(t) = —36 cos 4at + 39. 
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Write a function for the sinusoid. 


4. WHAT IF? Describe how the model in Example 3 changes when the lowest point 
of a rope is 5 inches above the ground and the highest point is 70 inches above 
the ground. 
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Using Technology to Find Trigonometric Models 


Another way to model sinusoids is to use a graphing calculator that has a sinusoidal 
regression feature. 


“EXAMPLE 4 


Using Sinusoidal Regression 


The table shows the numbers N of hours of daylight in Denver, Colorado, on the 
15th day of each month, where t = 1 represents January. Write a model that gives N 
as a function of ¢ and interpret the period of its graph. 


5 6 
| 14.38 | 14.98 | 


SOLUTION 


Step 1 Enter the data in a graphing Step 2 
calculator. 


Step 3 The scatter plot appears Step 4 Graph the data and the model 
sinusoidal. So, perform a in the same viewing window. 
sinusoidal regression. 

20 
STUDY TIP SinReg | 
Notice that the sinusoidal y=axsin(bx+c)+d 
regression feature finds ce - 764734198 
a model of the form Pan? eae 
= a sin(bx + ©) + d. This Ved ad 
y <; d=12.13293913 
function has a period of a of 13 
because it can be written 
as y= asin b{x + ‘} +d. > The model appears to be a good fit. So, a model for the data is 
N = 2.76 sin(0.511t — 1.59) + 12.1. The period, an =~ 12, makes sense 


because there are 12 months in a year and you would expect this pattern to 
continue in following years. 
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5. The table shows the average daily temperature T (in degrees Fahrenheit) for 
a city each month, where m = 1 represents January. Write a model that gives T 
as a function of m and interpret the period of its graph. 
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‘al 
9.6 Exercises Dynamec Solutions available at BigideasMath cam 


Vocabulary and Core Concept Check 
1. COMPLETE THE SENTENCE Graphs of sine and cosine functions are called 


2. WRITING Describe how to find the frequency of the function whose graph is shown. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-10, find the frequency of the function. In Exercises 13-16, write a function for the sinusoid. 


: ; (See Example 2.) 
3. y=sinx 4. y=sin 3x 


13. 
5. y=cos4x+ 2 6. y = —cos 2x 


ee TTX 
7. y=sin3ax 8. y=cos ie 


9. y= =~cos0.75x-—8 10. y=3sin0.2x+ 6 


tot— 


11. MODELING WITH MATHEMATICS The lowest 14. 
frequency of sounds that can be heard by humans 
is 20 hertz. The maximum pressure P produced 
from a sound with a frequency of 20 hertz is 
0.02 millipascal. Write and graph a sine model that 
gives the pressure P as a function of the time ¢ 
(in seconds). (See Example I.) 


12. MODELING WITH MATHEMATICS A middle-A tuning 15. 
fork vibrates with a frequency f of 440 hertz (cycles 
per second). You strike a middle-A tuning fork with a 
force that produces a maximum pressure of 5 pascals. 
Write and graph a sine model that gives the pressure P 
as a function of the time ¢ (in seconds). 


16. 
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17. ERROR ANALYSIS Describe and correct the error in 


18. 


Jes 


20. 


finding the amplitude of a sinusoid with a maximum 
point at (2, 10) and a minimum point at (4, —6). 


x jal = maximum value) + (minimum value) | 
= j 
2 PI 


Oo —'6 


ERROR ANALYSIS Describe and correct the error 
in finding the vertical shift of a sinusoid with a 
maximum point at (3, —2) and a minimum point 
avi7, —8). 


x = (maximum value) + (minimum value) 
a 


tS 


i 2 
=5 


MODELING WITH MATHEMATICS One of the largest 
sewing machines in the world has a flywheel (which 
turns as the machine sews) that is 5 feet in diameter. 
The highest point of the handle at the edge of the 
flywheel is 9 feet above the ground, and the lowest 
point is 4 feet. The wheel makes a complete turn 
every 2 seconds. Write a model for the height h 

(in feet) of the handle as a function of the time t 

(in seconds) given that the handle is at its lowest point 
when t = 0. (See Example 3.) 


MODELING WITH MATHEMATICS The Great Laxey 
Wheel, located on the Isle of Man, is the largest 
working water wheel in the world. The highest 

point of a bucket on the wheel is 70.5 feet above the 
viewing platform, and the lowest point is 2 feet below 
the viewing platform. The wheel makes a complete 
turn every 24 seconds. Write a model for the height h 
(in feet) of the bucket as a function of time ¢ 

(in seconds) given that the bucket is at its lowest 
point when ¢ = 0. 


{ 
\ 
\ 
i 
i 
, 
\ 
\ 
' 
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USING TOOLS In Exercises 21 and 22, the time ¢ is 
measured in months, where ¢ = 1 represents January. 
Write a model that gives the average monthly high 
temperature D as a function of ¢ and interpret the 
period of the graph. (See Example 4.) 


213 


22. 7 


23. 


24. 


Air Temperatures in Apple Valley, CA 


| iis Ms 


Water Temperatures at Miami Beach, FL 


= 1 ore | 5 | 
5 Lee 


No 


— 


MODELING WITH MATHEMATICS A circuit has an 
alternating voltage of 100 volts that peaks every 

0.5 second. Write a sinusoidal model for the voltage V 
as a function of the time ft (in seconds). 


MULTIPLE REPRESENTATIONS The graph shows the 
average daily temperature of Lexington, Kentucky. 
The average daily temperature of Louisville, 
Kentucky, is modeled by y = —22 cos a ae Sie 
where y is the temperature (in degrees Fahrenheit) and 
tis the number of months since January 1. Which city 
has the greater average daily temperature? Explain. 


| Daily Temperature in Lexington 


Temperature 
(F°) 


Ome 4.. 6 8. 10 ear 
Months since January 1 
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2D. 


26. 


2. 
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USING TOOLS The table shows the numbers of 
employees N (in thousands) at a sporting goods 
company each year for 1! years. The time f is 
measured in years, with tf = | representing the 
first year. 


mr l2[3aPals | 


es 
Doe 
hee LC 


| Te Soha) 0-| Tt eg 
W | 16.7| 17.8) 21 | 22 | 24.1 | 


- 


a. Use sinusoidal regression to find a model that 
gives N as a function of f. 


b. Predict the number of employees at the company 
in the 12th year. 


THOUGHT PROVOKING The figure shows a tangent 
line drawn to the graph of the function y = sin x. At 
several points on the graph, draw a tangent line to 
the graph and estimate its slope. Then plot the points 
(x, m), where m is the slope of the tangent line. What 
can you conclude? 


The slope of the tangent 
line at (0, 0) is 1. 


REASONING Determine whether you would use a sine 
or cosine function to model each sinusoid with the 
y-Intercept described. Explain your reasoning. 


a. The y-intercept occurs at the maximum value of 
the function. 


b. The y-intercept occurs at the minimum value of 
the function. 


c. The y-intercept occurs halfway between the 
maximum and minimum values of the function. 


28. 


29. 


30. 


as 


HOW DO YOU SEE IT? What is the frequency of the 
function whose graph is shown? Explain. 


USING STRUCTURE During one cycle, a sinusoid 
has a minimum at (Zz 3) and a maximum at a 8). 


Write a sine function and a cosine function for the 
sinusoid. Use a graphing calculator to verify that 
your answers are correct. 


MAKING AN ARGUMENT Your friend claims that a 
function with a frequency of 2 has a greater period 

than a function with a frequency of is Is your friend 
correct? Explain your reasoning. 


PROBLEM SOLVING The low tide at a port is 3.5 feet 
and occurs at midnight. After 6 hours, the port is at 
high tide, which is 16.5 feet. 


a. Write a sinusoidal model that gives the tide depth 
d (in feet) as a function of the time f (in hours). Let 
t = 0 represent midnight. 


b. Find all the times when low and high tides occur 
in a 24-hour period. 


c. Explain how the graph of the function you wrote 
in part (a) is related to a graph that shows the tide 
depth d at the port t hours after 3:00 A.M. 


Mainta ining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Simplify the expression. (Section 5.2) 


17 3, 3 
V6 -2 


v2 


32; 34. 


Expand the logarithmic expression. (Section 6.5) 


37. In2x 
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ee 


lis 
a ss | 


38. log, 5x? 


Using Trigonometric Identities 


REASONING 
ABSTRACTLY 


To be proficient in math, 
you need to know and 
flexibly use different 
properties of operations 
and objects. 


Essential Question How can you verify a trigonometric 
identity? 


Peeee NGO mm Writing a Trigonometric Identity 


Work with a partner. In the figure, the point 
(x, y) is on a circle of radius c with center at 
the origin. 


a. Write an equation that relates a, b, and c. 


b. Write expressions for the sine and cosine 
ratios of angle 6. 


c. Use the results from parts (a) and (b) to 
find the sum of sin?@ and cos26. What do 
you observe? 


d. Complete the table to verify that the identity you wrote in part (c) is valid 
for angles (of your choice) in each of the four quadrants. 


cos2 6 sin2 6 + cos2 6 


PCReC Eee Writing Other Trigonometric Identities 


Work with a partner. The trigonometric identity you derived in Exploration 1 1s 
called a Pythagorean identity. There are two other Pythagorean identities. To derive 
them, recall the four relationships: 


sin 0 cos 6 
tan @= te=— 
s cos 6 er sin 0 
ee Play pales 
sec 0 ea csc 6 sin 8 


a. Divide each side of the Pythagorean identity you derived in Exploration |] 
by cos?6 and simplify. What do you observe? 


b. Divide each side of the Pythagorean identity you derived in Exploration 1 
by sin?6 and simplify. What do you observe? 


Communicate Your Answer 


3. How can you verify a trigonometric identity? 
4. Is sin 8 = cos @a trigonometric identity? Explain your reasoning. 


5. Give some examples of trigonometric identities that are different than those in 
Explorations 1 and 2. 
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What You Will Learn 


Use trigonometric identities to evaluate trigonometric functions and 
simplify trigonometric expressions. 


Core.Vocabulary.. Pe Verify trigonometric identities. 


trigonometric identity, p. 574 ; 
Prdvicte Using Trigonometric Identities 


unit circle Recall that when an angle @ is in standard 
position with its terminal side intersecting 
the unit circle at (x, y), then x = cos 6 and 
y = sin 0. Because (x, y) is on a circle 
centered at the origin with radius 1, it 


STUDY TIP follows that 
Note that sin? 6 represents oe 
(sin 6)2 and cos? @ 
represents (cos 6)?. 


(cos 6, siné) = (x, y) 


and 


cos? 9+ sin? @= 1. 


The equation cos” 6 + sin? 6 = 1 is true for any value of 0. A trigonometric equation 
that is true for all values of the variable for which both sides of the equation are 
defined is called a trigonometric identity. In Section 9.1, you used reciprocal 
identities to find the values of the cosecant, secant, and cotangent functions. These 
and other fundamental trigonometric identities are listed below. 


G Core Concept 


Fundamental Trigonometric Identities 
Reciprocal Identities 


1 1 
oo = t 6 = — 
ee sin @ a cos 0 es tan 0 
Tangent and Cotangent Identities 
‘ He qe ae 
cos 0 sin 9 


Pythagorean Identities 


sin? 6+ cos? 6= 1 1+ tan? @=sec?@ 4x,.1+cot? @=csc? 6 


Cofunction Identities 


T 


sin(Z = 6) = cos 0 cos( 2 = 6) = sin 0 tan( = = 6) = cot 6 


2 


Negative Angle Identities 


sin(— 6) = —sin 0 cos(— 9) = cos 8 tan(— 6) = —tan @ 


In this section, you will use trigonometric identities to do the following. 
¢ Evaluate trigonometric functions. 
* Simplify trigonometric expressions. 


¢ Verify other trigonometric identities. 
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Finding Trigonometric Values 


Given that sin 9 = e and < 6 < 7, find the values of the other five trigonometric 


functions of 6. 
SOLUTION 
Step 1 Find cos 6. 
sin? 8+ cos? 9@= 1 Write Pythagorean identity. 
4\" Cm Rio 
5 + cos* @= 1 Substitute 5 for sin 6. 
4\° 4\ 
cos = I — FE Subtract (4) from each side. 
cos* 6 = ae Simplify. 
25 
cos 9 = +3 Take square root of each side. 
cos 9 = -2 Because @ is in Quadrant Il, cos 6 is negative. 


Step 2 Find the values of the other four trigonometric functions of 6 using the values 
of sin 6 and cos 6. 


a 2 
sin 6 5 4 cos 6 5 3 
t Se _ ee 
a3 3 cot 6 0 ae 4 
5 5 
if 5 1 1 5 
f] es = er 
csc ind 4 4 sec 363 3 
5 2 
“EXAMPLE 2 Simplifying Trigonometric Expressions 
Simplify (a) tan( = = 6) sin 6 and (b) sec 0 tan? 0 + sec 0. 
SOLUTION 
a. tan( 7 = 6) sin @ = cot 6sin 0 Cofunction identity 
— (s 2) sin é) Cotangent identity 
sin 6 
= cos 0 Simplify. 
b. sec @ tan? @+ sec 6 = sec &sec* 8 — 1) + sec 0 Pythagorean identity 
= sec? @ — sec 6 + sec 0 Distributive Property 
= sec? 6 Simplify. 
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1. Given that cos 0 = Z and0O < @< = find the values of the other five 


trigonometric functions of 6. 


Simplify the expression. 


tan x CSC x 
Sec x 


2. sin x cot x sec x 3. cos 6 — cos @sin2 0 4. 
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LOOKING FOR 
STRUCTURE 


| To verify the identity, you 

{ must introduce 1 — sin x 

| into the denominator. 

| Multiply the numerator 
and the denominator by 
1 — sin x so you get an 


equivalent expression. 
(and > 


Verifying Trigonometric Identities 

You can use the fundamental identities from this chapter to verify new trigonometric 
identities. When verifying an identity, begin with the expression on one side. Use 
algebra and trigonometric properties to manipulate the expression until it is identical 
to the other side. 


Verifying a Trigonometric Identity 


2 
Verify the identity i = sin? 0. 
SOLUTION 
Pye 2 
eae ee e Write as separate fractions. 
sec? @ sec? @ sec? 0 
1 
ae | ] simply 
secid 
= 1— cos? 0 Reciprocal identity 
= sin? 0 Pythagorean identity 


Notice that verifying an identity is not the same as solving an equation. When 
verifying an identity, you cannot assume that the two sides of the equation are equal 
because you are trying to verify that they are equal. So, you cannot use any properties 
of equality, such as adding the same quantity to each side of the equation. 


Verifying a Trigonometric Identity 


Verify the identity sec x + tan x = me 
1 sings 
SOLUTION 
sec x + tanx = =e: tan x Reciprocal identity 
COS X 
Soe oe Tangent identity 
COS X COS X 
aie Se Add fractions. 
COS x 


l+snx 1-—sinx 
— . M ti lyb 
cos x (is sined pa V5 


— sin x 
1 —sinx 


1 — sin? x ae 

= re Simplify numerator. 

cos x(1 — sin x) 
Cos 0 

cos (i sinhy) 


Pythagorean identity 


cos x ae 
= ———— Simplify. 
Sih x ey 
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Verify the identity. 
5. cot(— 6) = —cot 6 6. csc? x(1 — sin? x) = cot? x 


7. cos x csc x tanx = 1 8. (tan? x + 1)(cos? x — 1) = —tan?x 
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9.7 Exercises 


Dynamic Solutions avasable at BitideashWati.cam 


Vocabulary and Core Concept Check 


1. WRITING Describe the difference between a trigonometric identity and a trigonometric equation. : 


2. WRITING Explain how to use trigonometric identities to determine whether sec(— 6) = sec 6 or 
sec(— 6) = —sec 86. 
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In Exercises 3-10, find the values of the other five 
trigonometric functions of 6. (See Example J.) 


3, sin @=2.0<0<2 


2 
+ aL oa 
4. sin@= ai oa 
5 er a 
; a2 
pro = —-," <6 
co = 59 ~ <7 
7 cos 0= —2, 7 < 0< 52 
8 sec 0= 2,57 < 6 < 2m 
9. cot = 3,57 << 2m 
10. ec O= 2, 7< 0< 52 


In Exercises 11-20, simplify the expression. 
(See Example 2.) 


11. sin xcotx 12. cos 6(1 + tan? 6) 
in(— 0) cos" x 
13, un aq. Soe 
cos(— 6) cot-x 
7 
cos( = a x} 
——- 16. sin(Z - 0) sec 6 
CSC X DB 
97. sl Yi Cole v 18. COSaa dl =| 
sin(—x) cot x Cos’ x 
cos( = = 6) 
oe = Cs? 9 
exe 


sec x sin x + cos( 2 = x) 
20. 


I + sec x 


ERROR ANALYSIS In Exercises 21 and 22, describe and 
correct the error in simplifying the expression. 


21, 
x 1 — sin? 0=1 —(1 + cos? 6) 
=1-—1- cos? 0 
= —cos* 0 
74). 
x _cosx 1 
tan x csc x = — _— 
sinx sinx 
_ OSX 
sin? x 


In Exercises 23-30, verify the identity. (See Examples 3 
and 4.) 


23. sinxcscx = 1 24. tan @csc 8cos 6= 1 
25. cos( F = x) cot x = cos x 
26. sin(S = x] tan x = sinx 


T 
Z_6)+1 
cos( 5 — 8) eter. 


27. =1 
1 — sin(— 4) tan? x 
29. 1 + cos x 4 _Sinx  _ oe 
sin x le coses 
30. Ss GSGry ss COt 
I reosig=x) 


31. USING STRUCTURE A function fis odd when 
f(—x) = —f(x). A function fis even when 
F(—x) = f(x). Which of the six trigonometric 
functions are odd? Which are even? Justify your 
answers using identities and graphs. 


32. ANALYZING RELATIONSHIPS As the value of cos 6 
increases, what happens to the value of sec 6? Explain 
your reasoning. 
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33. 


34. 


35. 


36. 


Find the value of x for the right triangle. 
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MAKING AN ARGUMENT Your friend simplifies 

an expression and obtains sec x tan x — sin x. You 
simplify the same expression and obtain sin x tan? x. 
Are your answers equivalent? Justify your answer. 


HOW DO YOU SEE IT? The figure shows the unit 
circle and the angle 0. 


a. Is sin 0 positive or negative? cos 6? tan @? 
b. In what quadrant does the terminal side of ~— 6 lie? 


c. Is sin(— 6) positive or negative? cos(— 6)? 
tan(— 6)? 


MODELING WITH MATHEMATICS A vertical gnomon 
(the part of a sundial that projects a shadow) has 
height h. The length s of the shadow cast by the 
gnomon when the angle of the Sun above the horizon 
is 6 can be modeled by the equation below. Show that 
the equation below is equivalent to s = h cot 0. 


_ hsin(90° — @) 
5 SSS SS 
sin 0 


THOUGHT PROVOKING Explain how you can use a 
trigonometric identity to find all the values of x for 
which sin x = cos x. 


41. 


Chapter 9 


(Section 9.1) 


a7. 


38. 


DRAWING CONCLUSIONS Sratic friction is the amount 
of force necessary to keep a stationary object on a 

flat surface from moving. Suppose a book weighing 

W pounds is lying on a ramp inclined at an angle 6. 
The coefficient of static friction u for the book can be 
found using the equation uW cos 6 = W sin 0. 


a. Solve the equation for u and simplify the result. 


b. Use the equation from part (a) to determine what 
happens to the value of u as the angle @ increases 
from 0° to 90°. 


PROBLEM SOLVING When light traveling in a medium 
(such as air) strikes the surface of a second medium 
(such as water) at an angle 6,, the light begins to 

travel at a different angle 6,. This change of direction 
is defined by Snell’s law, n, sin 0, = ny sin 6), where 
n, and n, are the indices of refraction for the two 
mediums. Snell’s law can be derived from the equation 


air: ny 
ny Ny 


Veo? 6, +1. Ycot? 6, + 1 


\ water: n. 
9 


a. Simplify the equation to derive Snell’s law. 


b. What is the value of n, when 0, = 55°, 8, = 35°, 
and n, = 2? 


c. If 6; = 64, then what must be true about the 
values of n, and n,? Explain when this situation 
would occur. 


WRITING Explain how transformations of the 
graph of the parent function f(x) = sin x support the 


cofunction identity sin(F = 6) = cos 0. 


40. USING STRUCTURE Verify each identity. 


a. In|sec 6| = —In|cos 0| 


b. In|tan 6| = In|sin 6| — In|cos 6] 


Reviewing what you learned in previous grades and lessons 


Trigonometric Ratios and Functions 


Using Sum and Difference Formulas 


CONSTRUCTING 
VIABLE ARGUMENTS 


To be proficient in math, 
you need to understand 
and use stated assumptions, 
definitions, and previously 
established results. 


Essential Question How can you evaluate trigonometric 


functions of the sum or difference of two angles? 


“EXPLORATION 1 Deriving a Difference Formula 


Work with a partner. 


a. Explain why the two triangles shown are congruent. 


(cos a, SIN a) ge 
ve (cos b, sin b) 
(Nx 


(cos(a — b), sin(a — b)) 


TS, 


b. Use the Distance Formula to write an expression for d in the first unit circle. 


c. Use the Distance Formula to write an expression for d in the second unit circle. 


d. Write an equation that relates the expressions in parts (b) and (c). Then simplify 
this equation to obtain a formula for cos(a — b). 


EXPLORATION 2 Deriving a Sum Formula 


Work with a partner. Use the difference formula you derived in Exploration 1 to write 
a formula for cos(a + b) in terms of sine and cosine of a and b. Hint: Use the fact that 


cos(a + b) = cos[a — (—b)]. 


EXPLORATION 3 Deriving Difference and Sum Formulas 


Work with a partner. Use the formulas you derived in Explorations 1 and 2 to write 
formulas for sin(a — b) and sin(a + b) in terms of sine and cosine of a and b. Hint: 
Use the cofunction identities 


. (1 7 f 
sin(Z = a| = cos a and cos( 2 = a) = sina 
and the fact that 


cos|(2 = a) - i = sin(a — b) and sin(a + b) = sin[a — (—b)]. 


Communicate Your Anecwer 


4. How can you evaluate trigonometric functions of the sum or difference of 
two angles? 


5. a. Find the exact values of sin 75° and cos 75° using sum formulas. Explain 
your reasoning. 


b. Find the exact values of sin 75° and cos 75° using difference formulas. 
Compare your answers to those in part (a). 
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98 ‘Lesson What You Will Learn 


Pm Usesum and difference formulas to evaluate and simplify trigonometric 
expressions. 


Core Vocabulary. Use sum and difference formulas to solve trigonometric equations and 
Previous rewrite real-life formulas. 


ratio 
Ko 


Using Sum and Difference Formulas 


In this lesson, you will study formulas that allow you to evaluate trigonometric 
functions of the sum or difference of two angles. 


© Core Concept 


Sum and Difference Formulas 
Sum Formulas Difference Formulas 
sin(a + b) = sinacosb+cosasinb | sin(a — b) = sinacos b — cosa sin b 


cos(a + b)=cosacosb—sinasinb | cos(a— b)=cosacosb+ sina sin b 


tan a + tan b tan a — tan b 
1 — tanatanb 


tan(a + b) = tan(a — b) = 


1+ tanatanb 


In general, sin(a + b) # sina + sin b. Similar statements can be made for the other 
trigonometric functions of sums and differences. 


“EXAMPLE 1 Evaluating Trigonometric Expressions 


Find the exact value of (a) sin 15° and (b) tan z 
SOLUTION 
Check ¢ a. sin 15° = sin(60° — 45°) Substitute 60° — 45° for 15°. 
3in(15°) : : = sin 60° cos 45° — cos 60° sin 45° Difference formula for sine 
2988190451 a V3 (v2 1 {v2 
= = Evaluate. 
C[66)-[C2))/4 - 2\2! 2\2 
- 2588190451 | _ V6 -Vv2 noe 
oe . Simplify. 
- a: > The exact value of sin 15° is ee) Check this with a calculator. 
V7 _ Tv, W : aT Tt pean 
Check | b. tan 7p 2 tan( = a = Substitute 3 F a for 72" 
tan(7n/12)) tan J + tan 
-3 . 732050808 = a Sum formula for tangent 
-2- [(3) od 
-3.732050808 - V3 er 
— Evaluate. 
i-V3<1 
=-2-V3 Simplify. 


PB The exact value of tan x is —2 — V3. Check this with a calculator. 
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ANOTHER WAY 


You can also use a 
Pythagorean identity and 
quadrant signs to find 

sin a and cos b. 


Using a Difference Formula 


Find cos(a — b) given that cos a = -3 with 7<a< oa and sin b = = with 


Geb < 7 
5 


SOLUTION 
Step 1 Find sin a and cos b. 
Because cos a = = and a is in Because sin b = ic and b is in 


Quadrant III, sin a = = as 


Quadrant I, cos b = 13° as shown 


shown in the figure. in the figure. 


/132 — 52 = 12 


Step 2 Use the difference formula for cosine to find cos(a — b). 


cos(d’— b) = cosacosb + sina sin b Difference formula for cosine 


bee: =| | 3)( 5.) 
= ——(——]+|-=]|— Evaluate. 
le 5)\13 ee 
_ 63 a 
= ee Simplify. 
>» The value of cos(a — b) is -% 


“EXAMPLE 3 Simplifying an Expression 


Simplify the expression cos(x + 7). 


SOLUTION 
cos(x + 7) = cos x cos 7 — sin x sin 77 Sum formula for cosine 
= (cos x)(—1) — (sin x)(0) Evaluate. 
= —cos x Simplify. 


Monitoring Progress ) Help in English and Spanish at BigideasMath.com 


Find the exact value of the expression. 


: 57 7 
q : isa ? — : a 
1. sin 105 2. cos 15 3. tan D 4. cos 1D 
. : : ee | eee T _ 24 
5. Find sin(a — b) given that sin a = 7 withO <a< oy and cos b = 55 
with <b < = 


Simplify the expression. 


6. sin(x + 77) 7h, CONG? = Lap) 8. tan(x — 7) 
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Solving Equations and Rewriting Formulas 


SON aeae a = Solving a Trigonometric Equation 
Solve sin(x =e 5) ae sin x = =| = 1for0 <x < 27. 


————]> soOLUTION 
ANOTHER WAY 


sin( x “ 2] = sin( x —™)=] Write equation. 
You can also solve the 3 3 

equation by using a sin x cos ~ + cos x sin = + sin x cos = — cos x sin = 1 Use formulas. 
graphing calculator. First, 3 ae 3 ix 3 

graph each side of the din ar MoS xr doin te ‘a x=1 Evaluate. 
original equation. Then 2 2 2 2 

use the intersect feature sinx = 1 Simplify. 

to find the x-value(s) - 

where the expressions Pr In the interval 0 < x < 27, the solution is x = > 

are equal. 


Rewriting a Real-Life Formula 


The index of refraction of a transparent material is the ratio of the speed of light in a 


ae ty a vacuum to the speed of light in the material. A triangular prism, like the one shown, 
> 


can be used to measure the index of refraction using the formula 


atte) 

sin( 2 + | 

see . 
D2 


For a = 60°, show that the formula can be rewritten as n = 3 + Foot . 


b= 


prism 


SOLUTION 
sin( 2 + 30°} e 
n= —___@_ Write formula with 2 = s'2 30°. 
5. a 2 /2 
sin 2 


sin g cos 30° + cos ue sin 30° 
2 2 . 
= Sum formula for sine 


sin u 
2 
(sin $)(% + (cos $)(4) 
eH! Dune 
pees ae Evaluate. 
sin 9 
2 
lea le —cos 8 
2 2 2 : : 
= ; + ‘ Write as separate fractions. 
sin °) sin 5 
V3 iy. 6 ee 
=— +=cot> : 
5 5 cot 5 Simplify. 


Monitoring Progress @) Help in English and Spanish at BigldeasMath.com 


9. Solve sin(Z _ x) = sin( x se 3) = 1 for0 <x < 27. 
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al 
9.8 Exercises Dynamic Solutions avanabdic at BiultieasiMath com 


Vocabulary and Core Concept Check 


1. COMPLETE THE SENTENCE Write the expression cos 130° cos 40° — sin 130° sin 40° as the cosine 
of an angle. 


2. WRITING Explain how to evaluate tan 75° using either the sum or difference formula for tangent. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-10, find the exact value of the expression. 24. 
(See Example 1.) x sin (x = x = sin 5008 <= cos 7 sin x 
S.)etan(—15°) 4. tan 195° 
= V2 oe eee 
a. sin 37 6. sin(—163)) 2 2 
lia ave SA 
7 105° : ne, = —— (cos x — sin x) 
cos 8. cos 7) 2 
ik : 10 
2. tant? - sn 72) | = 
a 12 si: 12 25. What are the solutions of the equation 2 sinx — 1 = 0 
forth <x < 27) 
In Exercises 11-16, evaluate the expression given ® T 7 
a T ais. age eee 3 6 
that cosa = — with 0 <a < and sin b = ~7q en 
27 Sa 
aa <b < 27. (See Example 2.) 3 MD a 
11. sin(a + dD) 12. sin(a — 5) 26. What are the solutions of the equation tan x + 1 = 0 
for sx. 277 
13recos(a — b) 14. cos(a + b) 3 
® 2 in 
15. tan(a + b) 16. tan(a — b) Sm = 
ma Oy 


In Exercises 17-22, simplify the expression. 


ee unle 3.) In Exercises 27—32, solve the equation for 0 < x < 27. 
17. tan(x + 7) 18. cos x a 3 (See Example 4.) 
27: sin( x +2) = a 28 tan| x = 3 =0 
19. cos(x + 27) 20. tan(x — 27) 2) 2 
T 7 
+2) - —2)=1 
21. sin(x = a) 22. tan| x + 4 a cos x a con AI 


30. sin(x + 7) + sin(x 2) =0 
ERROR ANALYSIS In Exercises 23 and 24, describe and a 7 ae a 
correct the error in simplifying the expression. 


23. 


31. tan(x + 7) — tan(a — x) =0 


tanx+tan— j 
ee al 4 32. sin(x + 7) + cos(x + 7) =0 
tan{ x + —| = ————_ [ 


i i 
Tt a 33. USING EQUATIONS Derive the cofunction identity 


—tanxt+1 sin( 7 = 6) = cos @ using the difference formula 
1+ tanx 2 
ae f for sine. 
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34. MAKING AN ARGUMENT Your friend claims it is 
possible to use the difference formula for tangent to 


derive the cofunction identity tan( 5 5 -6\= = cot 6. Is 


your friend correct? Explain your reasoning. 


35. MODELING WITH MATHEMATICS A photographer 
is at a height A taking aerial photographs with a 
35-millimeter camera. The ratio of the image length 
WQ to the length NA of the actual object is given by 
the formula 

camera 


Q, 


¢ 


WO _ 35 tan(@ — t) + 35 tant 


h 
NA h tan 0 ie = 


where @ is the angle between the vertical line 
perpendicular to the ground and the line from the 
camera to point A and fis the tilt angle of the film. 


When t = 45°, show that the formula can be rewritten 
WwQ 70 
‘ = . (See E. le 5. 
as NAM aa CaaaCO) (See Example 5.) 


36. MODELING WITH MATHEMATICS When a wave 
travels through a taut string, the displacement y of 
each point on the string depends on the time rf and the 
point’s position x. The equation of a standing wave 
can be obtained by adding the displacements of two 
waves traveling in opposite directions. Suppose a 
standing wave can be modeled by the formula 


2a. 20x 2at , 27x 
»=A (22 2m sp AN & ata 2m) 
y =Acos 5 cos 3 5 
When ¢ = 1, show that the formula can be rewritten as 
27% 
}= —A —_. 
y cos 5 


37. MODELING WITH MATHEMATICS The busy signal on 
a touch-tone phone 1s a combination of two tones with 
frequencies of 480 hertz and 620 hertz. The individual 
tones can be modeled by the equations: 


480 hertz: y, = cos 960 at 
620 hertz: y, = cos 1240 at 


The sound of the busy signal can be modeled by 
y, + yp. Show that y, + y, = 2 cos 1100 at cos 14071. 


38. 


39. 


40. 


HOW DO YOU SEE IT? Explain how to use the a 
to solve the equation sin(x sf 4 = sin(Z = x) 
for 0 Sa =< 271. 


Y 


f(x) = sin{x +7) | 


MATHEMATICAL CONNECTIONS The figure shows the 
acute angle of intersection, 6, — 0,, of two lines with 
slopes m, and m). 


a. Use the difference formula for tangent to write an 
equation for tan (6, — 6,) in terms of m, and m). 


b. Use the equation from part (a) to find the acute 
angle of intersection of the lines y = x — 1 and 


eae V3 
ey 


a. a 


THOUGHT PROVOKING Rewrite each function. Justify 
your answers. 


a. Write sin 3x as a function of sin x. 
b. Write cos 3x as a function of cos x. 


c. Write tan 3x as a function of tan x. 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Solve the equation. Check your solution(s). 


a2. 12 


Xx 


(Section 7.5) 
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9.5-9.8 What Did You Learn? 


Core Vocabulary 


frequency, p. 506 
sinusoid, p. 507 
trigonometric identity, p. 5/4 


SS te ne ota nner cena a RR ES 


Core Concepts 


Section 9.5 

Characteristics of y = tan x and y = cot x, p. 498 

Period and Vertical Asymptotes of y = a tan bx and y = a cot bx, p. 499 
Characteristics of y = sec x and y = csc x, p. 500 

Section 9.6 


Frequency, p. 506 
Writing Trigonometric Functions, p. 507 
Using Technology to Find Trigonometric Models, p. 509 


Section 9.7 
Fundamental Trigonometric Identities, p. 5/4 


Section 9.8 


Sum and Difference Formulas, p. 520 
Trigonometric Equations and Real-Life Formulas, p. 522 


Mathematical Practices 


1. Explain why the relationship between 6 and d makes sense in the context of the situation 
in Exercise 43 on page 503. 


2. How can you use definitions to relate the slope of:a line with the tangent of an angle in | 
Exercise 39 on page 524? 


poor cccc ccc: Performance Task - - 


Lightening the Load 


You need to move a heavy table across the room. What is the easiest 
way to move it? Should you push it? Should you tie a rope around one 
leg of the table and pull it? How can trigonometry help you make the 
right decision? 


Db aa) 

To explore the answers to these questions and more, go to ab ne 

BigldeasMath.com. te 
ay 
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O Cha pter Review Dynamic Solutions available at BigideasMath.com 


| 9.1 Right Triangle Trigonometry (pp. 461-468) 


Evaluate the six trigonometric functions of the angle 6. 


From the Pythagorean Theorem, the length of the hypotenuse is ; 
hyp. = V6? + 8? 
= V100 
8 
= 10. 


Using adj. = 8, opp. = 6, and hyp. = 10, the values of the six trigonometric functions of 6 are: 


= Opp. 6 _3 — adj. 8 4 g — opp. 6 3 
<a 5 (08 See Sad 
_ hyp. _ 10 _ 5 _ hyp. 10_5 _ adj. _8_ 4 
g = 2p: = Y=? a “jae a Bt 
v Mae (6 san be 


1. Inaright triangle, 6 is an acute angle and cos 6 = *. Evaluate the other five trigonometric 
functions of 6. 


2. The shadow of a tree measures 25 feet from its base. The angle of elevation to the Sun is 31°. 
How tall is the tree? 


9.2 | Angles and Radian Measure (pp. 469-476) 


Convert the degree measure to radians or the radian measure to degrees. 


Tt 
i LLOr ho 
12 
dians Tam... Tate 180° 
110° = 110 degrees Aue Tm _ 1 = 
s( yadane 1S \ radians 
- ro = 105° 


3. Find one positive angle and one negative angle that are coterminal with 382°. 


Convert the degree measure to radians or the radian measure to degrees. 


° 3m aa 
4. 30 5. 2255 6. — 7. = 
4 3) 
8. A sprinkler system on a farm rotates 140° and sprays water up to 35 meters. Draw a diagram that 
shows the region that can be irrigated with the sprinkler. Then find the area of the region. 
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9.3 Trigonometric Functions of Any Angle = (pp. 477-484) 


Evaluate csc 210°. 


The reference angle is 6’ = 210° — 180° = 30°. The cosecant function is negative in 
Quadrant III, so csc 210° = —csc 30° = —2. 


Evaluate the six trigonometric functions of 0. 


Evaluate the function without using a calculator. 


12. tan 330° 13. sec(—405°) 14. sin 27 15. sec 27 


“a: =Graphing Sine and Cosine Functions (pp. 485-494) 


Identify the amplitude and period of g(x) = ; sin 2x. Then graph the function and describe the 


graph of g as a transformation of the graph of f(x) = sin x. 


The function is of the form g(x) = a sin bx, where a = 5 and b = 2. So, the amplitude is 


a = — and the period is b 5) 
Intercepts: (0, 0); G 7,0] = iS 0); (ar, 0) 
2 2 
ee ce - ee (2 | 
Maximum: | 4 TT, 5} 49 
Pca om -1) = (32 -1) 
Minimum: 4 TT, >) 4°93 
The graph of g is a vertical shrink by a factor of + and a horizontal shrink by a factor of L 
grap. y a) 22 
of the graph of f. 


Identify the amplitude and period of the function. Then graph the function and describe the 
graph of g as a transformation of the graph of the parent function. 


16. g(x) = 8 cos x 17. 9(x) =6sin mx 18. 90) = 008 Ax 
Graph the function. 
19. 2(x) = cos(x + m) +2 20. g(x) = —sinx—4 21. (x) =2 sin(x a z 
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9.5 | Graphing Other Trigonometric Functions (pp. 497-504) 


a. Graph one period of g(x) = 7 cot 7x. Describe the graph of g as a transformation of 
the graph of f(x) = cot x. 


Intercepts: i 0) = iS 0) = i 0| 


Asymptotes: x = 0;x = [>| 


Halfway points: ie a) = gs 7) = (1, 7} 


5-859) -(h9 


> The graph of g is a vertical stretch by a factor of 7 and a horizontal shrink by a 


factor of a of the graph of f. 


b. Graph one period of g(x) = 9 sec x. Describe the graph of g as a transformation of 
the graph of f(x) = sec x. 


Step 1 Graph the function y = 9 cos x. 


The period is am . 


Step 2 Graph asymptotes of g. Because the 
asymptotes of g occur when 9 cos x = 0, 
ae SE 
graph x = a * a? and x a 
Step 3 Plot the points on g, such as (0, 9) and 
(a, —9). Then use the asymptotes to 
sketch the curve. 


The graph of g is a vertical stretch by a factor of 9 of the graph of f. 


Graph one period of the function. Describe the graph of g as a transformation of the graph 
of its parent function. 


22. g(x) = tan x 23. g(x) = 2cotx 24. g(x) = 4 tan 37% 
Graph the function. 
25. g(x) = Scscx 26. g(x) = sec a 
x — il T 
27. g(x) = 5 sec mz 28. g(x) = 5 csc ia 
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9.6 


Modeling with Trigonometric Functions (pp. 505-512) 


Write a function for the sinusoid shown. 


Step 1 Find the maximum and minimum values. From 
the graph, the maximum value is 3 and the minimum 
value is —1. 


Step 2 Identify the vertical shift, k. The value of k is the 
mean of the maximum and minimum values. 


re (maximum value) + (minimum value)  3+(—1)_ 2 _ 
7 5 D 2 


Step 3 Decide whether the graph should be modeled by a sine or cosine function. Because 
the graph crosses the midline y = 1 on the y-axis and then decreases to its minimum value, 
the graph is a sine curve with a reflection in the x-axis and no horizontal shift. So, h = 0. 


Step 4 Find the amplitude and period. 


The period is 22 = am So, b = 3. 
The amplitude is 
_ (maximum value) — (minimum value) _ 3 — (-1) _ 4 _ 
eS = tnmomvalue) _ 3 = (2) 4 _ 4 
2 2 ) 
Because the graph is a reflection in the x-axis, a < 0. So, a = —2. 


> The function is y = —2 sin 3x + 1. 


Write a function for the sinusoid. 


29. 


31. 


32. 


30. 


You put a reflector on a spoke of your bicycle wheel. The highest point of the reflector 
is 25 inches above the ground, and the lowest point is 2 inches. The reflector makes 
1 revolution per second. Write a model for the height / (in inches) of a reflector as a 
function of time f (in seconds) given that the reflector is at its lowest point when ¢ = 0. 


The table shows the monthly precipitation P (in inches) for Bismarck, North Dakota, 


where f = | represents January. Write a model that gives P as a function of ¢ and 
interpret the period of its graph. 


l 2 3 4 5 6 7 8 9 | LOU elt 4 12 
POs 8 05 109 8 13 1 22 42:6 (26 | 22 16 | 13 C704 
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Using Trigonometric Identities (op. 513-518) 


cot? 6 
csc 6 


Verify the identity = csc 6 — sin 0. 


2 29 — 
cot* 6 _ csc” @— I Pythagorean identity 


csc 0 csc 8 
2 
Y : Write as separate fractions. 
csc @ csc @ ; 
= csc 6 — : Simplify. 
csc 6 
= csc 6— sin 8 Reciprocal identity 


Simplify the expression. 


34. (sec x + 1)(sec x — 1) 


Me 
33. cot? x — cot? x cos? x 35. sin(5 — x) tan x 


tan x 
Verify the identity. 
36. ee = cos’ x 37. tan( 7 - x} cot x = csc? x — 1 
jl Se TI 37 2 


Using Sum and Difference Formulas (pp. 519-524) 


Find the exact value of sin 105°. 


sin 105° = sin(45° + 60°) Substitute 45° + 60° for 105°. 
= sin 45° cos 60° + cos 45° sin 60° Sum formula for sine 
Vom. V2 Va 
= > e 3 ae > ° > Evaluate. 
= vieail ~ Simplify. 
io V6 


The exact value of sin 105° is 7 


Find the exact value of the expression. 


38. sin 75° 39. tan(—15°) 40. cos = 

re A (sl er 37 Wee. T 
41. Find tan(a + b), given that tan a = q with Tao < Ty = q with 0 p< > 
Solve the equation for 0 < x < 27. 
42. cos(x a5 7) ae cos(x == 2) =1 43. tan(x + 7) + cos(x AP =| =0 


530 Chapter 9 Trigonometric Ratios and Functions 


Verify the identity. 


cos? x + sin? x F 2 1+ sinx cos x 


= cos x oH = 2 5€CX By cos(x + 3) = sin 


pertain x cos x 1 + sin x 
4. Evaluate sec(—300°) without using a calculator. 


Write a function for the sinusoid. 


Ch = 1) 


Graph the function. Then describe the graph of g as a transformation of the graph of its 
parent function. 


7. g(x) = —4tan 2x © 8. 2(x) =/—2 cos Ls 5S 9. g(x) = 3 csc 7x 


3 


Convert the degree measure to radians or the radian measure to degrees. Then find one 
positive angle and one negative angle that are coterminal with the given angle. 


4a 8a 
10/350" 11. — 12. — 
5 3 


13. Find the arc length and area of a sector with radius r = 13 inches and central angle @ = 40°. 


Evaluate the six trigonometric functions of the angle 6. 


14. 15. y 


(2450) : 


16. In which quadrant does the terminal side of @ lie when cos # < 0 and tan 6 > 0? Explain. 


17. How tall is the building? Justify your answer. 


18. The table shows the average daily high temperatures 7 (in degrees Fahrenheit) in aa 


Baltimore, Maryland, where m = | represents January. Write a model that gives T as 
a function of m and interpret the period of its graph. 


Chapter 9 


Not drawn to sc. 


Chapter Test 


i 


ale 


531 


1 


Which expressions are equivalent to 1? 


tan x sec x cos x sin? x + cos? x 


cos?(—x) tan? x 
sin?(—x) 


iS Cumulative Assessment 


2. Which rational expression represents the ratio of the perimeter to the area of the 


4. 


532 


playground shown in the diagram? 


® 9 


Tx 


T 
cos( = aa x) CSC X 


The chart shows the average monthly temperatures (in degrees Fahrenheit) and the 
gas usages (in cubic feet) of a household for 12 months. 


a. Use a graphing calculator to find 
trigonometric models for the average 
temperature y, as a function of time and 
the gas usage y, (in thousands of cubic 
feet) as a function of time. Let t = 1 
represent January. 


b. Graph the two regression equations 
in the same coordinate plane on your 
graphing calculator. Describe the 
relationship between the graphs. 


| January | February March April 

| 32°F | 21°F | 15°F 7a a 
20,000 ft? 27,000 ft? 23,000 ft? 22,000 ft? 

| May June july August | 

35 FP 49°F 62°F 78°F 

21,000 ft? 14,000 fo | 8,000 ft? | 9,000 ft? 

September October | November Decetioer | 

ie (Alea 63°F . 55°F 40°F 
13,000 ft? (3 15,000 ft? 19,000 ft ZEBULY fr" 


Evaluate each logarithm using log, 5 ~ 2.322 and log, 3 ~ 1.585, if necessary. 
Then order the logarithms by value from least to greatest. 


a. log 1000 b. log, 15 
Coie d. log, 9 
e log, 2 f. log, 1 
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. Which function is not represented by the graph? 


A y=Ssinx 


y= 5ce| = x} 


<Oosy—5 cos(x + 3] 


“~ 


@M y=—5Ssin(x+ 7) 


. Complete each statement with < or > so that each statement is true. 
a. o- 3 radians 
b. tang 0 
c. 6 WB 45° 


. Use the Rational Root Theorem and the graph to find all the real zeros of the function 
ix — x? —.13% — 6 


. Your friend claims —210° is coterminal with the angle 27. Is your friend correct? 
Explain your reasoning. 


Company A and Company B offer the same starting annual salary of $20,000. 
Company A gives a $1000 raise each year. Company B gives a 4% raise each year. 


a. Write rules giving the salaries a, and b, for your nth year of employment 
at Company A and Company B, respectively. Tell whether the sequence 
represented by each rule is arithmetic, geometric, or neither. 


b. Graph each sequence in the same coordinate plane. 
c. Under what conditions would you choose to work for Company B? 


d. After 20 years of employment, compare your total earnings. 
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Maintaining Mathematical Proficiency 


Finding a Percent 
Example 1 What percent of 12 is 9? 


So, 9 is 75% of 12. 


Write and solve a proportion to answer the question. 


1. What percent of 30 is 6? 2. What number is 68% of 25? 3. 34.4 is what percent of 86? 


Making a Histogram 


The frequency table shows the ages of people at a gym. Display the data in 
a histogram. 


Frequency | Step 1 Draw and label the axes. 


Step 2 Draw a bar to represent the frequency of each interval. 


Ages of People at the Gym 


/ Y 
| Include any 


| interval with 


V a frequency 
| of 0. The bar 
| height is 0. 


\ 


| There is no 


6 
~ | space between 2 
| the bars of a 2 LU Lz 
histogram. 0r''10-19 20-29 30-39 40-49 50-59 60-69 
Age 


Frequency 


Display the data in a histogram. 


L 
| Movies 


4. Movies Watched per Week | 


Frequency | 


. ABSTRACT REASONING You want to purchase either a sofa or an arm chair at a furniture 
store. Each item has the same retail price. The sofa is 20% off. The arm chair is 10% off, 
and you have a coupon to get an additional 10% off the discounted price of the chair. Are 
the items equally priced after the discounts are applied? Explain. 


Dynamic Solutions available at BigldeasMath.com 


Mathematical | Mathematically proficient students apply the mathematics they know to 
Pra ctl ces solve real-life problems. 


Modeling with Mathematics 
G Core Concept 


oe and Epes 


The probability of an event is a measure of the likelihood that the event will occur. 
SS ESTROMR iS a annie from 0 to 1, including 0 and 1. The diagram relates likelihoods 
(described in words) and probabilities. 


Equally likely to 
Words Impossible happen or not happen Certain 
Unlikely Likely 


Fraction 


Decimal 0 
Percent 0% 


Describing Likelihoods 


Describe the likelihood of each event. 


Probability of an Asteroid or a Meteoroid Hitting Earth = 
Name Diameter | Probability of impact Flyby date 


| a. Meteoroid 6 in. } Any day 
b. Apophis 886 ft | 2029 
| e.20008G344 | 121 ft au ~ 2068-2110 


SOLUTION 


a. On any given day, it is likely that a meteoroid of this size will enter Earth’s atmosphere. 
If you have ever seen a “shooting star,’ then you have seen a meteoroid. 


b. A probability of 0 means this event is impossible. 


c. With a probability of — a =~ 0.23%, this event is very unlikely. Of 435 identical asteroids, 
you would expect only one of them to hit Earth. 


Monitoring Progress 


In Exercises 1 and 2, describe the event as unlikely, equally likely to happen or not happen, 
or likely. Explain your reasoning. 


1. The oldest child in a family is a girl. 
2. The two oldest children in a family with three children are girls. 


3. Give an example of an event that is certain to occur. 
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Sample Spaces and Probability 


LOOKING FOR 
A PATTERN 


To be proficient in math, 
you need to look closely 
to discern a pattern 

or structure. 


Essential Question How can you list the possible outcomes in 


the sample space of an experiment? 


The sample space of an experiment is the set of all possible outcomes for 
that experiment. 


“EXPLORATION 1 Finding the Sample Space of an Experiment 


Work with a partner. In an experiment, ge 
three coins are flipped. List the possible Pw 


outcomes in the sample space of 
the experiment. WN 


"EXPLORATION 2 


Finding the Sample Space of an Experiment 


Work with a partner. List the possible outcomes in the sample space of 
the experiment. 


a. One six-sided die is rolled. b. Two six-sided dice are rolled. 


& 86 


EXPLORATION 3 


Finding the Sample Space of an Experiment 


Work with a partner. In an experiment, 


a spinner is spun. NY, 

a. How many ways can you spin a 1? 2? 3? 4? 5? XX J 
b. List the sample space. CAING, 
c. What is the total number of outcomes? IND 


“EXPLORATION 4 Finding the Sample Space of an Experiment 


Work with a partner. In an experiment, a bag 
contains 2 blue marbles and 5 red marbles. Two 
marbles are drawn from the bag. 


a. How many ways can you choose two blue? a red 
then blue? a blue then red? two red? 


b. List the sample space. 


c. What is the total number of outcomes? 


Communicate Your Answer ve 


5. How can you list the possible outcomes in the sample space of an experiment? 


6. For Exploration 3, find the ratio of the number of each possible outcome to 
the total number of outcomes. Then find the sum of these ratios. Repeat for 
Exploration 4. What do you observe? 
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10.1 Lesson 


Core Vocabulary. 


probability experiment, p. 538 
outcome, p. 538 

event, p. 538 

sample space, p. 538 
probability of an event, p. 538 
theoretical probability, p. 539 
geometric probability, p. 540 
experimental probability, p. 547 


Previous 
tree diagram 


ANOTHER WAY 


Using H for “heads” and 
T for “tails,” you can list the 
outcomes as shown below. 


H1 H2 H3 H4 H5 H6 
1” T2053 Taal Seeo 


538 Chapter 10 


What You Will Learn 


PB Find sample spaces. 
& Find theoretical probabilities. 
B Find experimental probabilities. 


Sample Spaces 

A probability experiment is an action, or trial, that has varying results. The possible 
results of a probability experiment are outcomes. For instance, when you roll a 
six-sided die, there are 6 possible outcomes: 1, 2, 3, 4, 5, or 6. A collection of one 

or more outcomes is an event, such as rolling an odd number. The set of all possible 
outcomes is called a sample space. 


“EXAMPLE 1 Finding a Sample Space 


You flip a coin and roll a six-sided die. How many possible outcomes are in the 
sample space? List the possible outcomes. 


SOLUTION 


Use a tree diagram to find the outcomes in the sample space. 


eS 


Coin flip Heads Tails 


Dieroll 12 3 4 5 6 12345 6 


> The sample space has 12 possible outcomes. They are listed below. 
Heads, 1 Heads,2 Heads,3  Heads,4 Heads,5 Heads, 6 


Tails, | TBI, 2 Tails, 3 Tails, 4 Tails, 5 Tails, 6 
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Find the number of possible outcomes in the sample space. Then list the 
possible outcomes. 


1. You flip two coins. 2. You flip two coins and roll a six-sided die. 


Theoretical Probabilities 


The probability of an event is a measure of the likelihood, or chance, that the 
event will occur. Probability is anumber from 0 to 1, including 0 and 1, and can be 
expressed as a decimal, fraction, or percent. 


Equally likely to 


Impossible happen or not happen Certain 
Unlikely “ Likely 
0 a 1 3 1 
4 2 4 
0 0.25 0.5 0.75 1 
0% 25% 50% 75% 100% 


Probability 


The outcomes for a specified event are called el orable outcomes. When all 
outcomes are equally likely, the theoretical probability of the event can be found 
using the following. 


ATTENDING TO 


PRECISION Thee ical onaaiins= Number of favorable outcomes 
Total number of outcomes 


Notice that the question 
uses the phrase “exactly 
two answers.” This phrase 
is More precise than saying 
“two answers,” which may 
be interpreted as “at least 
two” or as “exactly two.” 


The probability of event A is written as P(A). 


Finding a Theoretical Probability 


A student taking a quiz randomly guesses the answers to four true-false questions. 
What is the probability of the student guessing exactly two correct answers? 


SOLUTION 


Step 1 Find the outcomes in the sample space. Let C represent a correct answer 
and I represent an incorrect answer. The possible outcomes are: 


7S } 
Number correct | Outcome | 


0 ii | 
1 | CI ICI HCI WIC | 

exactly two |= 2 cc Icic ICCI CIC CICI CCH | 

i correct | 

a a iiccc cicc cciIc cccr 

‘ = _ os 

Gc 


| Ww 


Step 2 Identify the number of favorable outcomes and the total number of outcomes. 
There are 6 favorable outcomes with exactly two correct answers and the total 
number of outcomes is 16. 


Step 3 Find the probability of the student guessing exactly two correct answers. 
Because the student is randomly guessing, the outcomes should be equally 
likely. So, use the theoretical probability formula. 


Number of favorable outcomes 
Total number of outcomes 


P(exactly two correct answers) = 


CO | UW eo 


> The probability of the student guessing exactly two correct answers is =, 
Orson: 


The sum of the probabilities of all outcomes in a sample space is 1. So, when you 
know the probability of event A, you can find the probability of the complement of 
event A. The complement of event A consists of all outcomes that are not in A and is 


denoted by A. The notation A is read as “A bar.” You can use the following formula 
to find P(A). 


G) Core Concept 


Probability of the Complement of an Event 
The probability of the complement of event A is 


P(A) = 1 — P(A). 
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540 


a .. 
CAM 


Chapter 10 


EXAMPLE 3 


When two six-sided dice are rolled, there 
are 36 possible outcomes, as shown. Find 
the probability of each event. 


a. The sum is not 6. 


b. The sum is less than or equal to 9. 


SOLUTION 


a. P(sum is not 6) = 1 — P(sum is 6) = 1 — 


b. P(sum < 9) = 1 — P(sum > 9) = 1-H 


Finding Probabilities of Complements 


HE OE CE Oe Oe ee 
CI C1 I Ce i Ee 
LC 
Ie): : Aa: : ea :: SU: < S - : 
a :-; a :-: ~:~: ~:~ 
L-J68 (6B ¢:J68 (68 2/88 G68 


EXAMPLE 4 


SOLUTION 
The probability of getting 10 points is 
Area of smallest circle 


P(10 points) = ———___———— = 


Area of entire board 


The probability of getting 0 points is 


P(O points) = 


Area outside largest circle 


Area of entire board 
ag 182 (gree) 
182 
_ 324 - 817 
324 
cel 
4 
= 0.215. 


You are more likely to get 0 points. 


Using Area to Find Probability 


You throw a dart at the board shown. Your dart is equally likely to hit any point 
inside the square board. Are you more likely to get 10 points or 0 points? 


we3? OF _f 
182 524 36 
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3. You flip a coin and roll a six-sided die. What is the probability that the coin 


shows tails and the die shows 4? 
Find P(A). 
4. P(A) = 0.45 
. P(A) =1 


5. P(A) =4 
7. P(A) = 0.03 


6 
8. In Example 4, are you more likely to get 10 points or 5 points? 
9 


. In Example 4, are you more likely to score points (10, 5, or 2) or get 0 points? 


Probability 


Spinner Results 


. 


t 


red green 
5 


!) 


blue yellow 
3 — 


| 
| 


Experimental Probabilities 
An experimental probability is based on repeated trials of a probability experiment. 


The number of trials is the number of times the probability experiment is performed. 
Each trial in which a favorable outcome occurs is called a success. The experimental 
probability can be found using the following. 

Number of successes 


Experimental probability = NUR Cr ik 
aber of trials 


Pe igaeeme Finding an Experimental Probability 


Each section of the spinner shown has the same area. The 
spinner was spun 20 times. The table shows the results. For 
which color is the experimental probability of stopping on 
the color the same as the theoretical probability? 


SOLUTION 


The theoretical probability of stopping on each of the four colors is . 
Use the outcomes in the table to find the om probabilities. 


P(red) = 2 = 3 P(green) = 


7 


P(blue) = = Ptyellow) = 


> The experimental probability of stopping on red is the same as the 
theoretical probability. 


SeNigeasm Solving a Real-Life Problem 


U.S. Adults with Pets | 


In the United States, a survey of 

2184 adults ages 18 and over found that 
1328 of them have at least one pet. The 
types of pets these adults have are shown 
in the figure. What is the probability that a 
pet-owning adult chosen at random 

has a dog? 


SOLUTION 


The number of trials is the number of 
pet-owning adults, 1328. A success is Dog Cat Fish Bird 
a pet-owning adult who has a dog. From 

the graph, there are 916 adults who said 

that they have a dog. 


Number of adults 


9 
P(pet-owning adult has a dog) = —_-~ = =~ = 0.690 


> The probability that a pet-owning adult chosen at random has a dog is about 69%. 
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10. In Example 5, for which color is the experimental probability of stopping on 
the color greater than the theoretical probability? 


11. In Example 6, what is the probability that a pet-owning adult chosen at random 
owns a fish? 
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10.1 Exercises 


~Vocabulary and Core Concept Check 
1. COMPLETE THE SENTENCE A number that describes the likelihood of an event is the 
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the event. 


2. WRITING Describe the difference between theoretical probability and experimental probability. 
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In Fk 


xercises 3-6, find the number of possible outcomes 


in the sample space. Then list the possible outcomes. 
(See Example 1.) 


a: 


4. 


542 


You roll a die and flip three coins. 


You flip a coin and draw a marble at random 
from a bag containing two purple marbles and 
one white marble. 


A bag contains four red cards numbered | through 

4. four white cards numbered | through 4, and four 
black cards numbered | through 4. You choose a card 
at random. 


You draw two marbles without replacement from 
a bag containing three green marbles and four black 
marbles, 


PROBLEM SOLVING A game show airs on television 
live days per week. Each day, a prize is randomly 
placed behind one of two doors. The contestant wins 
the prize by selecting the correct door. What is the 
probability that exactly two of the five contestants 
win a prize during a week? (See Example 2.) 


PROBLEM SOLVING Your friend has two standard 
decks of 52 playing cards and asks you to randomly 
draw one card from each deck. What is the probability 
that you will draw two spades? 


PROBLEM SOLVING When two six-sided dice are 
rolled, there are 36 possible outcomes. Find the 
probability that (a) the sum is not 4 and (b) the sum 
is greater than 5. (See Example 3.) 
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10. 


11: 


PROBLEM SOLVING The age distribution of a 
population is shown. Find the probability of 
each event. 


Age Distribution 


Under 5: 7% 5-14: 13% 
65+: 13% 
15-24: 14% 
55-64: 12% 
25-34: 13% 
45-54: 15% 


35-44: 13% 


a. A person chosen at random is at least 15 years old. 


b. A person chosen at random is from 25 to 
44 years old. 


ERROR ANALYSIS A student randomly guesses the 
answers to two true-false questions. Describe and 
correct the error in finding the probability of the 


. Student guessing both answers correctly. 


The student can either guess two 
incorrect answers, two correct answers, 
or one of each. So the probability of 
guessing both answers correctly is > 


x 


ERROR ANALYSIS A student randomly draws a 
number between | and 30. Describe and correct the 
error in finding the probability that the number drawn 
is greater than 4. 


x The probability that the number is less 
‘' than 4 is = or aa So, the probability that 
the number is greater than 4is 1 — + 


9 
orzo 


13. MATHEMATICAL CONNECTIONS 17. REASONING Refer to the spinner shown. The spinner 
You throw a dart at the a is divided into sections with the same area. 
board shown. Your dart is 
equally likely to hit any 
point inside the square 


a. What is the theoretical 
probability that the spinner 


ee icalic | 18 in stops on a multiple of 3? 
probability your dart b. You spin the spinner 30 times. 
lands in the yellow a It stops on a multiple of 
region? (See Example 4.) ee $8 Ty: 3 twenty times. What is the 
experimental probability of 
14. MATHEMATICAL CONNECTIONS The map shows stopping ona multiple of 3? 


the length (in miles) of shoreline along the Gulf of 
Mexico for each state that borders the body of water. 
What is the probability that a ship coming ashore at a 
random point in the Gulf of Mexico lands in the 
given state? 


c. Explain why the probability you found in 
part (b) is different than the probability you 
found in part (a). 


18. OPEN-ENDED Describe a real-life event that has a 
probability of 0. Then describe a real-life event that 
has a probability of 1. 


19. DRAWING CONCLUSIONS A survey of 2237 adults 
ages 18 and over asked which sport is their favorite. 
The results are shown in the figure. What is the 
probability that an adult chosen at random prefers 
auto racing? (See Example 6.) 


Favorite Sport 


a. Texas b. Alabama 


c. Florida d. Louisiana 


15. DRAWING CONCLUSIONS You roll a six-sided die 
60 times. The table shows the results. For which 
number is the experimental probability of rolling 
the number the same as the theoretical probability? 
(See Example 5.) 


29) 


Number of adults 


Six-sided Die Results 


16. DRAWING CONCLUSIONS A bag contains 5 marbles 20. DRAWING CONCLUSIONS A survey of 2392 adults 
that are each a different color. A marble is drawn, ages 18 and over asked what type of food they would 
its color is recorded, and then the marble is placed be most likely to choose at a restaurant. The results 
back in the bag. This process is repeated until 30 are shown in the figure. What is the probability that an 


marbles have been drawn. The table shows the results. adult chosen at random prefers Italian food? 


For which marble is the experimental probability Survey Results 
of drawing the marble the same as the theoretical ; 
7: [ial American 
probability? 
[_] Italian 
Drawing Results [] Mexican 
hie Pack | red [ green | ive Ei cries 
5) 6 8 Z Japanese 
[_] Other 
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21. 


22. 


23; 


544 


Find the product or quotient. 


29, 2eae 30. 


37, 22 


ANALYZING RELATIONSHIPS Refer to the board in 
Exercise 13. Order the likelihoods that the dart lands 
in the given region from least likely to most likely. 


A. green B. not blue 


C. «red D. not yellow 


ANALYZING RELATIONSHIPS Refer to the chart 
below. Order the following events from least likely 
to most likely. 


____ Four-Day Forecast 


ance of Rain’ Chance of Rain‘ 


5% 30% 80% | | 


It rains on Sunday. 
It does not rain on Saturday. 


It rains on Monday. 


OA wm > 


It does not rain on Friday. 
USING TOOLS Use the figure in Example 3 to answer 
each question. 


a. List the possible sums that result from rolling two 
six-sided dice. 


b. Find the theoretical probability of rolling each sum. 


c. The table below shows a simulation of rolling 
two six-sided dice three times. Use a random 
number generator to simulate rolling two 
six-sided dice 50 times. Compare the experimental 
probabilities of rolling each sum with the 
theoretical probabilities. 


(Section 7.3) 
4x°y , yy 


3x3 
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24. 


25. 


26. 


27. 


28. 


MAKING AN ARGUMENT You flip a coin three times. 
It lands on heads twice and on tails once. Your friend 


concludes that the theoretical probability of the coin 


landing heads up is P(heads up) = S. Is your friend 
correct? Explain your reasoning. 


MATHEMATICAL CONNECTIONS 

A sphere fits inside a cube so that it 
touches each side, as shown. What 
is the probability a point chosen at 
random inside the cube is also inside 
the sphere? 


HOW DO YOU SEE IT? 
Consider the graph of f shown. 
What is the probability that the 
graph of y = f(x) + c intersects 
the x-axis when c is a randomly 
chosen integer from 1 to 6? 
Explain. 


DRAWING CONCLUSIONS A manufacturer tests 

1200 computers and finds that 9 of them have defects. 
Find the probability that a computer chosen at random 
has a defect. Predict the number of computers with 
defects in a shipment of 15,000 computers. Explain 
your reasoning. 


THOUGHT PROVOKING The tree diagram shows a 
sample space. Write a probability problem that can 
be represented by the sample space. Then write the 
answer(s) to the problem. 


BoxA .BoxB Outcomes Sum _ Product 
a. = a 
ee 
=e 


wtf fw WwW 
Dw RN N 


geap 3 2 
" 4A-2 

3x2 ++ 2x — 13 
: x4 


(x? — 7x + 6) 


+ (2 +9) 


Independent and Dependent Events 


REASONING 
ABSTRACTLY 


To be proficient in math, 
you need to make sense 
of quantities and their 
relationships in problem 
situations. 


Essential Question How can you determine whether two 


events are independent or dependent? 


Two events are independent events when the occurrence of one event does not 
affect the occurrence of the other event. Two events are dependent events when 
the occurrence of one event does affect the occurrence of the other event. 


SS Ceee Teele § identifying Independent and Dependent Events 


Work with a partner. Determine whether the events are independent or dependent. 
Explain your reasoning. 


a. Two six-sided dice are rolled. 9 e<° 
= td 
b. Six pieces of paper, numbered | through 6, ae of r) e 
are in a bag. Two pieces of paper are selected x a‘ 
one at a time without replacement. 9 64 


RP 


“EXPLORATION 2 Finding Experimental Probabilities 


Work with a partner. 


a. In Exploration 1(a), experimentally estimate the probability that the sum of the 
two numbers rolled is 7. Describe your experiment. 


b. In Exploration 1(b), experimentally estimate the probability that the sum of the 
two numbers selected is 7. Describe your experiment. 


“EXPLORATION 3 Finding Theoretical Probabilities 


Work with a partner. 


a. In Exploration 1(a), find the theoretical probability that the sum of the two numbers 
rolled is 7. Then compare your answer with the experimental probability you found 
in Exploration 2(a). 


b. In Exploration 1(b), find the theoretical probability that the sum of the two numbers 
selected is 7. Then compare your answer with the experimental probability you 
found in Exploration 2(b). 


c. Compare the probabilities you obtained in parts (a) and (b). 


Communicate Your Answer 


4. How can you determine whether two events are independent or dependent? 


5. Determine whether the events are independent or dependent. Explain your 
reasoning. 


a. You roll a 4 on a six-sided die and spin red on a spinner. 


b. Your teacher chooses a student to lead a group, chooses another student to lead 
a second group, and chooses a third student to lead a third group. 
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10.2 Lesson What You Will Learn 


B® Determine whether events are independent events. 


C | | & Find probabilities of independent and dependent events. 
& Find conditional probabilities. 


independent events, p. 546 


dependent ie ey a4 Determining Whether Events Are Independent 
conditional probability, p. 547 


Two events are independent events when the occurrence of one event does not affect 


Previous the occurrence of the other event. 


probability 
sample space 


| Core Concept 
Probability of Independent Events 


Words Two events A and B are independent events if and only if the probability 
that both events occur is the product of the probabilities of the events. 


Symbols P(A and B) = P(A) « P(B) 


oN iaesees Determining Whether Events Are Independent 


A student taking a quiz randomly guesses the answers to four true-false questions. 
Use a sample space to determine whether guessing Question | correctly and guessing 
Question 2 correctly are independent events. 


SOLUTION 


Using the sample space in Example 2 on page 539: 


P(correct on Question 1) = x. = - 


P(correct on Question 2) = 2 = “ 


P(correct on Question 1 and correct on Question 2) = = = ; 


1 1 . 
> Because ae 5 a the events are independent. 


Z 
2 


“EXAMPLE 2 


Determining Whether Events Are Independent 


A group of four students includes one boy and three girls. The teacher randomly 
selects one of the students to be the speaker and a different student to be the recorder. 
Use a sample space to determine whether randomly selecting a girl first and randomly 
selecting a girl second are independent events. 


SOLUTION 


Outcome Let B represent the boy. Let G,, G, and G, represent the three girls. Use a table to list 
: the outcomes in the sample space. 


Number 
_ of girls 
i 


Using the sample space: 


P(girl first) = 4 = 


: eu ee 
2 4 P(ginisecond) = = | 


P(girl first and girl second) = 4 = 5 


I 
(I 
2 
2 
Z 


ce : 
> Because ; «> # ;, the events are not independent. 
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1. In Example 1, determine whether guessing Question 1 incorrectly and guessing 
Question 2 correctly are independent events. 


2. In Example 2, determine whether randomly selecting a girl first and randomly 
selecting a boy second are independent events. 


Finding Probabilities of Events 

In Example 1, it makes sense that the events are independent because the second guess 
should not be affected by the first guess. In Example 2, however, the selection of the 
second person depends on the selection of the first person because the same person 
cannot be selected twice. These events are dependent. Two events are dependent 
events when the occurrence of one event does affect the occurrence of the other event. 


MAKING SENSE OF The probability that event B occurs given that event A has occurred is called the 
PROBLEMS ditional probability of B given A and is written as P(B|A). 


One way that you can find 
P(girl second | girl first) 


is to list the 9 outcomes CG) Core Concept 


in which a girl is chosen 


first and then find the Probability of Dependent Events 

fraction of these outcomes Words [If two events A and B are dependent events, then the probability that 

in which a girl is chosen both events occur is the product of the probability of the first event and 

second: the conditional probability of the second event given the first event. 
G,B_ GB G;3B Symbols P(A and B) = P(A) « P(B|A) 


Example Using the information in Example 2: 
P(girl first and girl second) = P(girl first) « P(girl second | girl first) 


As part of a board game, you need to spin the spinner, which is divided into equal 
parts. Find the probability that you get a 5 on your first spin and a number greater 
than 3 on your second spin. 


SOLUTION 
Let event A be “5 on first spin” and let event B be “greater than 3 on second spin.” 


The events are independent because the outcome of your second spin is not affected 
by the outcome of your first spin. Find the probability of each event and then multiply 
the probabilities. 


P(A) = ‘ 1 of the 8 sections is a “5.” 


P(B) = : 5 of the 8 sections (4, 5, 6, 7, 8) are greater than 3. 


5 


P(A and B) = P(A) + P(B) = 5 +3 = & ~ 0.078 


8 


> So, the probability that you get a5 on your first spin and a number greater than 3 
on your second spin is about 7.8%. 


Section 10.2 Independent and Dependent Events 547 


STUDY TIP 


| The formulas for 


finding probabilities 
of independent and 
dependent events can 
be extended to three 


— 


or 


548 


more events. ) 


Chapter 10 


EXAMPLE « Finding the Probability of Dependent Events 


: A bag contains twenty $1 bills and five $100 bills. You randomly draw a bill from 
| the bag, set it aside, and then randomly draw another bill from the bag. Find the 
' probability that both events A and B will occur. 


Event A: The first bill is $100. Event B: The second bill is $100. 


SOLUTION 


' The events are dependent because there is one less bill in the bag on your second draw 


than on your first draw. Find P(A) and P(B|A). Then multiply the probabilities. 


P(A) = 3 5 of the 25 bills are $100 bills. 
P(B|A) = + 4 of the remaining 24 bills are $100 bills. 
= Se a pee 
P(A and B) = P(A) * P(B|A) =r sp 5 6 


So, the probability that you draw two $100 bills is about 3.3%. 


Pega Comparing Independent and Dependent Events 


You randomly select 3 cards from a standard deck of 52 playing cards. What is the 
probability that all 3 cards are hearts when (a) you replace each card before selecting 
the next card, and (b) you do not replace each card before selecting the next card? 
Compare the probabilities. 


SOLUTION 


Let event A be “first card is a heart,” event B be “second card is a heart,” and event C 
be “third card is a heart.” 


a. Because you replace each card before you select the next card, the events are 
independent. So, the probability is 


pele tS. od 
P(A and = ‘ P = 22 = ie 
(A and B and C) = P(A) « P(B) P(C) 59°50°5) GA 0.016 
b. Because you do not replace each card before you select the next card, the events are 


dependent. So, the probability is 
P(A and B and C) = P(A) « P(B{A) * P(C|A and B) 


ey ee 
52°51 500850 = 


Fee ell 
a So, you are = a4 


each card before you select the next card. 


=~ 1.2 times more likely to select 3 hearts when you replace 
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3. In Example 3, what is the probability that you spin an even number and then an 
odd number? 


4. In Example 4, what is the probability that both bills are $1 bills? 


5. In Example 5, what is the probability that none of the cards drawn are hearts 
when (a) you replace each card, and (b) you do not replace each card? Compare 
the probabilities. 


Probability 


STUDY TIP 


Note that when A and B 
are independent, this rule 
still applies because 
P(B) = P(B|A). 


{> 


Finding Conditional Probabilities 


Using a Table to Find Conditional Probabilities 


A quality-control inspector checks for defective parts. The table shows the results of 
the inspector’s work. Find (a) the probability that a defective part “passes,” and 
(b) the probability that a non-defective part “fails.” 


SOLUTION 


Number of defective parts “passed” 
Total number of defective parts 


eee ee | 0077. orabout 7.7% 


a. P(pass| defective) = 


Number of non-defective parts “failed” 
Total number of non-defective parts 


b. P(fail| non-defective) = 


=> ——__ = — &— J, 4, 4% 
Te 461 0.024, or about 2.4% 


You can rewrite the formula for the probability of dependent events to write a rule for 
finding conditional probabilities. 


P(A) « P(B|A) = P(A and B) Write formula. 
_ P(A and B) - | 
P(B|A) P(A) Divide each side by P(A). 


EXAMPLE Finding a Conditional Probability 


At a school, 60% of students buy a school lunch. Only 10% of students buy lunch and 
dessert. What is the probability that a student who buys lunch also buys dessert? 


SOLUTION 


Let event A be “buys lunch” and let event B be “buys dessert.” You are given 
P(A) = 0.6 and P(A and B) = 0.1. Use the formula to find P(B| A). 


P(B\A) 7 eee Write formula for conditional probability. 
a =. Substitute 0.1 for P(A and B) and 0.6 for P(A). 
= ; = 0.167 Simplify. 


So, the probability that a student who buys lunch also buys dessert is 
about 16.7%. 
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6. In Example 6, find (a) the probability that a non-defective part “passes,” and 
(b) the probability that a defective part “fails.” 


7. Atacoffee shop, 80% of customers order coffee. Only 15% of customers order 
coffee and a bagel. What is the probability that a customer who orders coffee also 
orders a bagel? 
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710.2 Exercises 


Dynamic Solutions available at G/sideasMath.com 


Vocabulary and Core Concept Check 


1. WRITING Explain the difference between dependent events and independent events, and give an 


example of each. 


COMPLETE THE SENTENCE ‘The probability that event B will occur given that event A has occurred is 


called the 


of B given A and is written as 
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In Exercises 3—6, tell whether the events are 
independent or dependent. Explain your reasoning. 


3. A box of granola bars contains an assortment of 


In Exercises 7-10, determine whether the events are 
independent. (Sce /:xamples I and 2.) 


7. You play a game that involves 


flavors. You randomly choose a granola bar and eat it. 


Then you randomly choose another bar. 


Event A: You choose a coconut almond bar first. 


Event B: You choose a cranberry almond bar second. 


4. You roll a six-sided die and flip a coin. 
Event A: You get a 4 when rolling the die. 
Event B: You get tails 
when flipping 
the coin. 


5. Your MP3 player contains hip-hop and rock songs. 
You randomly choose a song. Then you randomly 
choose another song without repeating song choices. 


Event A: You choose a hip-hop song first. 
Event B: You choose a rock song second, 


6. There are 22 novels of various genres on a shelf. You 
randomly choose a novel and put it back. Then you 
randomly choose another novel. 

Event A: You choose a mystery novel. 
Event B: You choose a science fiction novel. 
550 
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Le 


spinning a wheel. Each section 
of the wheel shown has the 
same area. Use a sample space 
to determine whether randomly 
spinning blue and then green are 
independent events. 


You have one red apple and three green apples in a 
bowl. You randomly select one apple to eat now and ' 
another apple for your lunch, Use a sample space to 
determine whether randomly selecting a green apple 
first and randomly selecting a green apple second are 
independent events. 


A student is taking a multiple-choice test where 

each question has four choices. The student randomly 
guesses the answers to the five-question test. Use a 
sample space to determine whether guessing 
Question | correctly and Question 2 correctly are 
independent events. 


A vase contains four white roses and one red rose. 
You randomly select two roses to take home. Use 

a sample space to determine whether randomly 
selecting a white rose first and randomly selecting a 
white rose second are independent events. 


PROBLEM SOLVING You 
play a game that involves 
spinning the money 
wheel shown. You spin 
the wheel twice. Find 

the probability that you 
get more than $500 on 
your first spin and then go 
bankrupt on your second spin. 
(See Example 3.) 


12. 


13: 


14. 


1S; 


16. 


7 


PROBLEM SOLVING You play a game that involves 
drawing two numbers from a hat. There are 25 pieces 
of paper numbered from 1 to 25 in the hat. Each 
number is replaced after it is drawn. Find the 
probability that you will draw the 3 on your first draw 
and a number greater than 10 on your second draw. 


PROBLEM SOLVING A drawer contains 12 white 
socks and 8 black socks. You randomly choose 1 sock 
and do not replace it. Then you randomly choose 
another sock. Find the probability that both events A 
and B will occur. (See Example 4.) 


Event A: The first sock is white. 


Event B: The second sock is white. 


PROBLEM SOLVING A word game has 100 tiles, 
98 of which are letters and 2 of which are blank. 
The numbers of tiles of each letter are shown. 
You randomly draw | tile, set it aside, and then 
randomly draw another tile. Find the probability 
that both events A and B will occur. 


i YA -9 We -2 (6-8 @-2 

e first tile 

is a consonant. i it ee 
: a as z By 

Event B: ' ; 

The second tile ‘e-4 | a ee 

is a vowel. Ve - 12 Wa - 4 4 a -! 
2 Wee 
\e -3 (NW - 6 \-4 Blank 


ERROR ANALYSIS Events A and B are independent. 
Describe and correct the error in finding P(A and B). 


x 


P(A) = 0.6 P(B) = 0.2 
P(Aand B) =0.6+0.2=0.6 


ERROR ANALYSIS A shelf contains 3 fashion 
magazines and 4 health magazines. You randomly 
choose one to read, set it aside, and randomly choose 
another for your friend to read. Describe and correct 
the error in finding the probability that both events A 
and B occur. 


Event A: The first magazine is fashion. 


Event B: The second magazine is health. 


PA)=3 = P(BIA) =F 


NUMBER SENSE Events A and B are independent. 


Suppose P(B) = 0.4 and P(A and B) = 0.13. Find P(A). 


18. 


20. 


21; 


22. 


NUMBER SENSE Events A and B are dependent. 
Suppose P(B|A) = 0.6 and P(A and B) = 0.15. 
Find P(A). 


ANALYZING RELATIONSHIPS You randomly select 
three cards from a standard deck of 52 playing 

cards. What is the probability that all three cards are 
face cards when (a) you replace each card before 
selecting the next card, and (b) you do not replace 
each card before selecting the next card? Compare the 
probabilities. (See Example 5.) 


ANALYZING RELATIONSHIPS A bag contains 9 red 
marbles, 4 blue marbles, and 7 yellow marbles. You 
randomly select three marbles from the bag. What 

is the probability that all three marbles are red when 
(a) you replace each marble before selecting the next 
marble, and (b) you do not replace each marble before 
selecting the next marble? Compare the probabilities. 


ATTEND TO PRECISION The table shows the number 
of species in the United States listed as endangered 
and threatened. Find (a) the probability that a 
randomly selected endangered species is a bird, and 
(b) the probability that a randomly selected mammal 
is endangered. (See Example 6.) 


Threatened 


Endangered 


ATTEND TO PRECISION The table shows the number 
of tropical cyclones that formed during the hurricane 
seasons over a 12-year period. Find (a) the probability 
to predict whether a future tropical cyclone in the 
Northern Hemisphere is a hurricane, and (b) the 
probability to predict whether a hurricane is in the 
Southern Hemisphere. 


Type of Tropical Northern Southern 
Cyclone Hemisphere | Hemisphere 
tropical depression | 100 107 
| sages — < . 
tropical storm | 342 | 487 
hurricane 379 | 525 
23. PROBLEM SOLVING Ata school, 43% of students 
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attend the homecoming football game. Only 23% 
of students go to the game and the homecoming 
dance. What is the probability that a student who 
attends the football game also attends the dance? 
(See Example 7.) 
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24. 


25. 


26. 


27, 


552 


PROBLEM SOLVING At a gas station, 84% of 
customers buy gasoline. Only 5% of customers buy 
gasoline and a beverage. What is the probability that a 
customer who buys gasoline also buys a beverage? 


PROBLEM SOLVING You and 19 other students 
volunteer to present the “Best Teacher” award at a 
school banquet. One student volunteer will be chosen 
to present the award. Each student worked at least 

| hour in preparation for the banquet. You worked 
for 4 hours, and the group worked a combined total 
of 45 hours. For each situation, describe a process 
that gives you a “fair” chance to be chosen, and find 
the probability that you are chosen. 


a. “Fair” means equally likely. 


b. “Fair” means proportional to the number of hours 
each student worked in preparation. 


HOW DO YOU SEE IT? A bag contains one red marble 
and one blue marble. The diagrams show the possible 
outcomes of randomly choosing two marbles using 
different methods. For each method, determine 
whether the marbles were selected with or 

without replacement. 


2nd_si. 1st 
Draw Draw 


a< 
<o<8 


a. 1st 
Draw 


Kot 


2nd 
Draw 


MAKING AN ARGUMENT A meteorologist claims 
that there is a 70% chance of rain. When it rains, 
there is a 75% chance that your softball game will be 
rescheduled. Your friend believes the game is more 
likely to be rescheduled than played. Is your friend 
correct? Explain your reasoning. 


Maintaining Mathematical Proficiency Reviewing wiadigvek learned in previous grades and lessons 


Solve the equation. Check your solution. 


Ns 
31. 2x = 0.18 
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32. ix + 05x = 15 


28. 


29) 


30. 


(Skills Review Handbook) 


THOUGHT PROVOKING Two six-sided dice are rolled 
once. Events A and B are represented by the diagram. 
Describe each event. Are the two events dependent or 
independent? Justify your reasoning. 


MODELING WITH MATHEMATICS A football team is 
losing by 14 points near the end of a game. The team 
scores two touchdowns (worth 6 points each) before 
the end of the game. After each touchdown, the coach 
must decide whether to go for | point with a kick 
(which is successful 99% of the time) or 2 points with 
a run or pass (which is successful 45% of the time). 


a. If the team goes for | point after each touchdown, 
what is the probability that the team wins? 
loses? ties? 


b. If the team goes for 2 points after each touchdown, 
what is the probability that the team wins? 
loses? ties? 


c. Can you develop a strategy so that the coach’s 
team has a probability of winning the game 
that is greater than the probability of losing? 
If so, explain your strategy and calculate the 
probabilities of winning and losing the game. 


ABSTRACT REASONING Assume that A and B are 
independent events. 


a. Explain why P(B) = P(B|A) and P(A) = P(A|B). 


b. Can P(A and B) also be defined as P(B) » P(A |B)? 
Justify your reasoning. 


33. 0.3x — 2x + 1.6 = 1.555 


Two-Way Tables and Probability 


Survey of 80 Students 


foreign 


language 


MODELING WITH 
MATHEMATICS 


To be proficient in math, 
you need to identify 
important quantities 

in a practical situation and 
map their relationships 
using such tools as 
diagrams and 
two-way tables. 


Essential Question How can you construct and interpret 


a two-way table? 


“EXPLORATION 1 


Completing and Using a Two-Way Table 


Work with a partner. A two-way table displays the same information as a Venn 
diagram. In a two-way table, one category is represented by the rows and the other 
category is represented by the columns. 


The Venn diagram shows the results of a survey in which 80 students were asked 
whether they play a musical instrument and whether they speak a foreign language. 
Use the Venn diagram to complete the two-way table. Then use the two-way table to 
answer each question. 


Play an Instrument | Do Not Play an Instrument | Total 


Speak a Foreign | 


Language 


Do Not Speak a 
Foreign Language | 


Total 


| 


a. How many students play an instrument? 

b. How many students speak a foreign language? 

c. How many students play an instrument and speak a foreign language? 

d. How many students do not play an instrument and do not speak a foreign language? 


e. How many students play an instrument and do not speak a foreign language? 


Se Aeee ee ea =6Two-Way Tables and Probability 


Work with a partner. In Exploration 1, one student is selected at random from the 
80 students who took the survey. Find the probability that the student 


a. plays an instrument. 


b. speaks a foreign language. 
Cc. 
. does not play an instrument and does not speak a foreign language. 


e. 


plays an instrument and speaks a foreign language. 


a 


plays an instrument and does not speak a foreign language. 


Patukele Nee @m Conducting a Survey 


Work with your class. Conduct a survey of the students in your class. Choose two 
categories that are different from those given in Explorations 1 and 2. Then summarize 
the results in both a Venn diagram and a two-way table. Discuss the results. 


Communicate Your Answer 


4. How can you construct and interpret a two-way table? 


5. How can you use a two-way table to determine probabilities? 
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10.3 Lesson 


Core Vocabulary... 


two-way table, p. 554 

joint frequency, p. 554 

marginal frequency, p. 554 

joint relative frequency, 
p. 55a 

marginal relative frequency, 
p. 555 

conditional relative frequency, 
B55 


Previous 
conditional probability 


READING 


A two-way table is also 
called a contingency table, 
or a two-way frequency 
table. 
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What You Will Learn 


Rh Make two-way tables. 
B® Find relative and conditional relative frequencies. 
BR Use conditional relative frequencies to find conditional probabilities. 


Making Two-Way Tables 


A two-way table is a frequency table that displays data collected from one source 

that belong to two different categories. One category of data is represented by rows 
and the other is represented by columns. Suppose you randomly survey freshmen and 
sophomores about whether they are attending a school concert. A two-way table is one 


way to organize your results. 
Attendance 


Attending | Not Attending 


Each entry in the table 
is called a joint frequency. 
The sums of the rows and 


columns are called w | Freshman 
marginal frequencies, & 

which you will find in | Sophomore 
Example 1. 


joint frequency 


“EXAMPLE 1 Making a Two-Way Table 


In another survey similar to the one above, 106 juniors and 114 seniors respond. Of 
those, 42 juniors and 77 seniors plan on attending. Organize these results in a two-way 
table. Then find and interpret the marginal frequencies. 


SOLUTION 


Step 1 Find the joint frequencies. Because 42 of the 106 juniors are attending, 
106 —. 42 = 64 juniors are not attending. Because 77 of the 114 seniors 
are attending, 114 — 77 = 37 seniors are not attending. Place each joint 
frequency in its corresponding cell. 


Step 2 Find the marginal frequencies. Create a new column and row for the sums. 
Then add the entries and interpret the results. 


Attendance 
ie 


Attending 


Not Attending | 


Junior 


106 juniors responded. 
114 seniors responded. 


220 students 
, r A were surveyed. 
119 students are attending. | 101 students are not attending. 


Step 3 Find the sums of the marginal frequencies. Notice the sums 106 + 114 = 220 
and 119 + 101 = 220 are equal. Place this value at the bottom right. 
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1. You randomly survey students about whether they are in favor of planting a 
community garden at school. Of 96 boys surveyed, 61 are in favor. Of 88 girls 
surveyed, 17 are against. Organize the results in a two-way table. Then find and 
interpret the marginal frequencies. 


Probability 


STUDY TIP 


Two-way tables can display 
relative frequencies based 
on the total number of 
observations, the row 
totals, or the column 
totals. 


INTERPRETING 
MATHEMATICAL 
RESULTS 


Relative frequencies 

can be interpreted 

as probabilities. The 
probability that a 
randomly selected student 
is a junior and Is not 
attending the concert 

is 29.1%. 


Finding Relative and Conditional Relative Frequencies 


You can display values in a two-way table as frequency counts (as in Example 1) or as 
relative frequencies. 


G Core Concept 


Relative and Conditional Relative Frequencies 


A joint relative frequency is the ratio of a frequency that is not in the total row or 


the total column to the total number of values or observations. 


icy is the sum of the joint relative frequencies in a 


itt) la ‘equency is the ratio of a joint relative frequency to the 
rrr ene ome oon can find a conditional relative frequency using a 
row total or a column total of a two-way table. 


Finding Joint and Marginal Relative Frequencies 


Use the survey results in Example 1 to make a two-way table that shows the joint and 
marginal relative frequencies. 


SOLUTION 


To find the joint relative frequencies, divide each frequency by the total number of 
students in the survey. Then find the sum of each row and each column to find the 
marginal relative frequencies. 


| Attendance | 


About 29.1% of the 


Attending | Not Attending | Total students in the survey 
| i | 42 64 are juniors and are not 
Junior | —— ~ 0.191 —— = (0.291 : 
nw | attending the concert. 
a | 220 |__ 220 mn g 
“| senior ee = 0:35 | = = 0.168 | 0.518 +—{About 51.8% of the 
= Students in the survey 
Total 0.541 0.459 1 are seniors. 


Finding Conditional Relative Frequencies 


Use the survey results in Example 1 to make a two-way table that shows the 
conditional relative frequencies based on the row totals. 


SOLUTION 


Use the marginal relative frequency of each row to calculate the conditional relative 
frequencies. 


Attendance 


. —) 
Not Attending Given that a student is 
wa }  |asenior, the conditional 
0.291 — 9.604 relative frequency 


Attending 
0.191 


= 0.396 


| & 0.482 0.482 that he or she is not 
| S) : 0.168 _ attending the concert is 
be amie Os 0.324 =< bout 32.4%. 
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2. Use the survey results in Monitoring Progress Question 1 to make a two-way table 
that shows the joint and marginal relative frequencies. 


3. Use the survey results in Example | to make a two-way table that shows the 
conditional relative frequencies based on the column totals. Interpret the 
conditional relative frequencies in the context of the problem. 


4. Use the survey results in Monitoring Progress Question 1 to make a two-way table 
that shows the conditional relative frequencies based on the row totals. Interpret 
the conditional relative frequencies in the context of the problem. 


Finding Conditional Probabilities 


You can use conditional relative frequencies to find conditional probabilities. 


ae i2ea ws Finding Conditional Probabilities 


A satellite TV provider surveys customers in three cities. The survey asks whether 
they would recommend the TV provider to a friend. The results, given as joint relative 
frequencies, are shown in the two-way table. 


a. What is the probability that a randomly selected 


LOCH MG Iiema _— customer who is located in Glendale will recommend 
| Glendale | Santa Monica | Long Beach the provider? 
MA Yes | (0.29 0.27 0.32 b. What is the probability that a randomly selected 
S customer who will not recommend the provider is 
2 No OCS a 0.03 0.04 located in Long Beach? 
| 
c. Determine whether recommending the provider to a 
friend and living in Long Beach are independent events. 
SOLUTION 
— ——— a. P(yes|Glendale) = AG Enea Es and yes) = __9:29 _ == ().853 
| — ad P(Glendale) 0.29 + 0.05 
INTERPRETING 
| MATHEMATICAL > So, the probability that a customer who is located in Glendale will recommend 
| RESULTS the provider is about 85.3%. 
The probability 0.853 
fen d __ P(no and Long Beach) 0.04 
b. P(Long Beach = ___ & 0,333 
is a conditional relative (Long Beach | no) P(no) 0.05 + 0.03 + 0.04 
frequency based on 
a column total. The > So, the probability that a customer who will not recommend the provider is 
condition is that the located in Long Beach is about 33.3%. 
customer lives in Glendale. 
c. Use the formula P(B) = P(B|A) and compare P(Long Beach) and 
P(Long Beach| yes). 
P(Long Beach) = 0.32 + 0.04 = 0.36 
_ P(Yes and Long Beach) OZ 
P(Long Beach] yes) = = —__—_——_—. & (),36 
OnE Baaei ines) P(yes) 02940274032 °° 


> Because P(Long Beach) ~ P(Long Beach| yes), the two events are 
independent. 
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5. In Example 4, what is the probability that a randomly selected customer who is 
located in Santa Monica will not recommend the provider to a friend? 


6. In Example 4, determine whether recommending the provider to a friend and 
living in Santa Monica are independent events. Explain your reasoning. 


“EXAMPLE 5 Comparing Conditional Probabilities 


A jogger wants to burn a certain number 


of calories during his workout. He maps Reaelies Bona 


Goal Reach Goal 


out three possible jogging routes. Before — 
each workout, he randomly selects a Route A | JHt JH | JH | 
route, and then determines the number of = = ae 
calories he burns and whether he reaches Route B | AMT HHT | III 
his goal. The table shows his findings. See ie tro 
Route 
Which route should he use? : a bs seat eal 
SOLUTION 
Step 1 Use the findings to make a two-way bes Reda les | 
table that shows the joint and marginal | 
relative frequencies. There are a total Reaches | Does Not Total 
of 50 observations in the table. Goal Reach Goal Hes 
yh | 
Step 2 Find the conditional O22 | oO ie 
probabilities by 0.22 | 008 | 030 
dividing each joint | i 
relative frequency in 0.24 0.12 0.36 
the “Reaches Goal” | Ez ao c 
column by the marginal Total; 0.68 | 0.32 | 
relative frequency in its —— — 
corresponding row. 
ei sg 22 
P(reaches goal |Route A) = P(Route A and reaches goal) _ 0.22 _ 9 647 
P(Route A) 0.34 
, _ P(Route B and reaches goal) _ 0.22 
A h al R t = = = a = ° 3 
P(reaches goal | Route B) P(Route B) 0.30 0.73 
P(reaches goal |Route C) = P(Route C and reaches goal) _ 0.24 _ 0.667 


P(Route C) 0.36 


> Based on the sample, the probability that he reaches his goal is greatest when he 
uses Route B. So, he should use Route B. 
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7. A manager is assessing three employees 


Seen ete al | { 


Exceed 


in order to offer one of them a promotion. ; eet 
; ane ; Expectations | Expectations | 
Over a period of time, the manager = a  ae| 
records whether the employees meet or | Joy JH III AT | 
exceed expectations on their assigned muamaad tase | 
tasks. The table shows the manager’s Elena; Hf JHT Il | AH III | 
sults. Which employee : See eee | | 
results. Which employee should be Shee | dar ert | 4H Il | 


offered the promotion? Explain. 
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that belongs to two different categories. 


—Vocabulary and Core Concept Check 
1. COMPLETE THE SENTENCE A(n) displays data collected from the same source 


2. WRITING Compare the definitions of joint relative frequency, marginal relative frequency, and 


conditional relative frequency. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3 and 4, complete the two-way table. 


3. Preparation | 
Did Not | 4 
Studied Total = 
‘ | Study | . z 
3 | Pass 6 
= ; | 
UO | Fail 
Jota! | 
4. 
) | Student 
) 
cc 
li _Teacher | 
| Total | 


5. MODELING WITH MATHEMATICS You survey 
171 males and 180 females at Grand Central Station 
in New York City. Of those, 132 males and 151 
females wash their hands after using the public rest 
rooms. Organize these results in a two-way table. 
Then find and interpret the marginal frequencies. 
(See Example 1.) 


6. MODELING WITH MATHEMATICS A survey asks 
60 teachers and 48 parents whether school uniforms 
reduce distractions in school. Of those, 49 teachers 
and 18 parents say uniforms reduce distractions in 
school. Organize these results in a two-way table. 
Then find and interpret the marginal frequencies. 
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USING STRUCTURE In Exercises 7 and 8, use the 
two-way table to create a two-way table that shows 
the joint and marginal relative frequencies. 


9: 


10. 


Dominant Hand 


Gender 
Male Female Total 
zB Expert 62 6 68 
3 Average eM be) | 24 q 299 
3 | Novice 40 5) 43 
joo 377 | S33 | 410 


MODELING WITH MATHEMATICS Use the survey 
results from Exercise 5 to make a two-way table that 
shows the joint and marginal relative frequencies. 
(See Example 2.) 


MODELING WITH MATHEMATICS In a survey, 

49 people received a flu vaccine before the flu season 
and 63 people did not receive the vaccine. Of those 
who receive the flu vaccine, 16 people got the flu. 

Of those who did not receive the vaccine, 17 got the 
flu. Make a two-way table that shows the joint and 
marginal relative frequencies. 


11. 


az: 


a3: 


MODELING WITH MATHEMATICS A survey finds 
that 110 people ate breakfast and 30 people skipped 
breakfast. Of those who ate breakfast, 10 people felt 
tired. Of those who skipped breakfast, 10 people 
felt tired. Make a two-way table that shows the 


ERROR ANALYSIS In Exercises 15 and 16, describe 
and correct the error in finding the given conditional 


probability. 


conditional relative frequencies based on the 
breakfast totals. (See Example 3.) 


MODELING WITH MATHEMATICS Use the survey 
results from Exercise 10 to make a two-way table that 
shows the conditional relative frequencies based on 
the flu vaccine totals. 


PROBLEM SOLVING Three different local hospitals 
in New York surveyed their patients. The survey 
asked whether the patient’s physician communicated 
efficiently. The results, given as joint relative 
frequencies, are shown in the two-way table. 

(See Example 4.) 


- Location — —= 
Glens | Saratoga | al 
9 a} 0.288 
0.042 | 0.077 


a. What is the probability that a randomly selected 
patient located in Saratoga was satisfied with the 
communication of the physician? 


b. What is the probability that a randomly selected 
patient who was not satisfied with the physician’s 
communication is located in Glens Falls? 


c. Determine whether being satisfied with the 


communication of the physician and living in 
Saratoga are independent events. 


14. PROBLEM SOLVING A researcher surveys a random 


sample of high school students in seven states. The 
survey asks whether students plan to stay in their 
home state after graduation. The results, given as joint 
relative frequencies, are shown in the two-way table. 


Location 


North 
aig Carolina | States | 
0.044 0.051 0.056 
0.1 2e 0.256 


a. What is the probability that a randomly selected 
student who lives in Nebraska plans to stay in his 
or her home state after graduation? 


b. What is the probability that a randomly selected 
student who does not plan to stay in his or her home 
state after graduation lives in North Carolina? 


c. Determine whether planning to stay in their home 
state and living in Nebraska are independent events. 


i . 
Tokyo | London WA8hn9t0M Total 
; Lae 
Yes 0.049 0.136 | 0.171 0.356 
No 0.341 | 0.112 | 0.191 | 0.644 
Try Pe ete ST tae sic 
Total 9.39 | 0.248 0.362 1 
15. P(yes|Tokyo) 
_ P(Tokyo and yes) 
P(yes | Tokyo = Alea yee) 
x (yes | Tokyo) P(Tokyo) 
_ 0.049 ~ 0.138 
0.356 


16. P(London|no) 


x P(London| no) — P(no and London) 


P(London) 
— 0.112 _ 5452 
0.248 


17. PROBLEM SOLVING You want to find the quickest 


18. 
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route to school. You map out three routes. Before 
school, you randomly select a route and record 
whether you are late or on time. The table shows your 
findings. Assuming you leave at the same time each 
morning, which route should you use? Explain. 

(See Ener Sy) 


| On Time 
Route A | | AIH II 


Route B | Jer Jur | 
Route C | AMY JT II | 


PROBLEM SOLVING A teacher is assessing three 
groups of students in order to offer one group a prize. 
Over a period of time, the teacher records whether the 
groups meet or exceed expectations on their assigned 
tasks. The table shows the teacher’s results. Which 
group should be awarded the prize? Explain. 


c Exceed Meet | 
Expectations Expectations 
Group | AHT JHT Il | [III 


Group 2 | JHf III 
Group 3 
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a9. 


20. 


21. 


22. 
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OPEN-ENDED Create and conduct a survey in your 
class. Organize the results in a two-way table. Then 
create a two-way table that shows the joint and 
marginal frequencies. 


HOW DO YOU SEE IT? A research group surveys 
parents and coaches of high school students about 
whether competitive sports are important in school. 
The two-way table shows the results of the survey. 


Role 


Total | 
1336 | 
165" | 
1501 


Parent | Coach 


Yes 880 456 
No 120 lS 


ve — 


Total  —-:1000 501 


| 


t 


Importan! 


24. 


a. What does 120 represent? 
b. What does 1336 represent? 


c. What does 1501 represent? 


MAKING AN ARGUMENT Your friend uses the table 
below to determine which workout routine is the best. 
Your friend decides that Routine B is the best option 
because it has the fewest tally marks in the “Does Not 
Reach Goal” column. Is your friend correct? Explain 
your reasoning. 


) Reached 
Goal 


ART 
Hl II 
| Routine C | 4H Il | Hil | 


Does Not 
Reach Goal | 


Routine A | 


| Routine B | 
S 


26. 


MODELING WITH MATHEMATICS A survey asks 
students whether they prefer math class or science 
class. Of the 150 male students surveyed, 62% prefer 
math class over science class. Of the female students 
surveyed, 74% prefer math. Construct a two-way table 
to show the number of students in each category if 
350 students were surveyed. 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Draw a Venn diagram of the sets described. 


27. Of the positive integers less than 15, set A consists of the factors of 15 and set B consists of 


all odd numbers. 


28. 
all even numbers. 


29. 
all the multiples of 3. 


Chapter 10 


Probability 


23. 


25. 


(Skills Review Handbook) 


Of the positive integers less than 14, set A consists of all prime numbers and set B consists of 


Of the positive integers less than 24, set A consists of the multiples of 2 and set B consists of 


MULTIPLE REPRESENTATIONS Use the Venn diagram 
to construct a two-way table. Then use your table to 
answer the questions. 


Dog Owner Cat Owner 


~ 


a. What is the probability that a randomly selected 
person does not own either pet? 


b. What is the probability that a randomly selected 
person who owns a dog also owns a cat? 


WRITING Compare two-way tables and Venn 
diagrams. Then describe the advantages and 
disadvantages of each. 


PROBLEM SOLVING A company creates a new snack, 
N, and tests it against its current leader, L. The table 
shows the results. 


PreferL | Prefer N 


were oer or] 


eS, oe 


Current L Consumer 


46 


Not Current L Consumer 


The company is deciding whether it should try to 
improve the snack before marketing it, and to whom 
the snack should be marketed. Use probability to 
explain the decisions the company should make when 
the total size of the snack’s market is expected to 

(a) change very little, and (b) expand very rapidly. 


THOUGHT PROVOKING Bayes’ Theorem is given by 


P(B\A) + P(A) 

P(B) : 
Use a two-way table to write an example of Bayes’ 
Theorem. : 


P(A|B) = 


10.1-10.3 What Did You Learn? 


Core Vocabulary 

probability experiment, p. 538 geometric probability, p. 540 joint frequency, p. 554 

outcome, p. 538 experimental probability, p. 541 marginal frequency, p. 554 

event, p. 538 independent events, p. 546 joint relative frequency, p. 555 
sample space, p. 538 dependent events, p. 547 marginal relative frequency, p. 555 
probability of an event, p. 538 conditional probability, p. 547 conditional relative frequency, 
theoretical probability, p. 539 two-way table, p. 554 fife 

Core Concepts 


Section 10.1 


Theoretical Probabilities, p. 538 
Probability of the Complement of an Event, p. 539 
Experimental Probabilities, p. 54/ 


Section 10.2 


Probability of Independent Events, p. 546 
Probability of Dependent Events, p. 547 
Finding Conditional Probabilities, p. 549 


Section 10.3 


Making Two-Way Tables, p. 554 
Relative and Conditional Relative Frequencies, p. 555 


Mathematical Practices 


1. How can you use a number line to analyze the error in Exercise 12 on page 542? 


2. | Explain how you used probability to correct the flawed logic of your friend in 
Exercise 21 on page 560. 


a  ~ ee — Study Skills 


Making a Mental 
Chest Sheet 


e Write down important information on note cards. 


¢ Memorize the information on the note cards, placing the 
ones containing information you know in one stack and the 
ones containing information you do not know in another 
stack. Keep working on the information you do not know. 
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10.1-10.3 Quiz 


uF 


You randomly draw a marble out of a bag containing 8 green marbles, 4 blue marbles, 
12 yellow marbles, and 10 red marbles. Find the probability of drawing a marble that is 
not yellow. (Section 10.1) 


Find P(A). (Section 10.1) 


2; 


Di 


10. 


ads 
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P(A) = 0.32 3. P(A) =3 4. P(A) = 0.01 


You roll a six-sided die 30 times. A 5 is rolled 8 times. What is the theoretical probability 
of rolling a 5? What is the experimental probability of rolling a5? (Section 10.1) 


Events A and B are independent. Find the missing probability. (Section 10.2) 
P(A) = 0.25 

PCB ee 

P(A and B) = 0.05 


Events A and B are dependent. Find the missing probability. (Section 10.2) 
P(A) = 0.6 

P(B\A) = 0.2 

P(A and B)=__ 


Find the probability that a dart thrown at the circular target shown will hit the given region. 
Assume the dart is equally likely to hit any point inside the target. (Section 10.1) 


a. the center circle 
b. outside the square 


c. inside the square but outside the center circle 


A survey asks 13-year-old and 15-year-old students about their 

eating habits. Four hundred students are surveyed, 100 male students 

and 100 female students from each age group. The bar graph shows 

the number of students who said they eat fruit every day. 

(Section 10.2) 

a. Find the probability that a female student, chosen at random 
from the students surveyed, eats fruit every day. 


-—-1| 0 Male 
_| B Female 


b. Find the probability that a 15-year-old student, chosen at 
random from the students surveyed, eats fruit every day. 


Number of students 


13 years old 15 years old 
Age 


There are 14 boys and 18 girls in a class. The teacher allows the 
students to vote whether they want to take a test on Friday or on 
Monday. A total of 6 boys and 10 girls vote to take the test on 
Friday. Organize the information in a two-way table. Then find 
and interpret the marginal frequencies. (Section 10.3) 


Three schools compete in a cross country invitational. Of the 15 athletes on your team, 
9 achieve their goal times. Of the 20 athletes on the home team, 6 achieve their goal 
times. On your rival’s team, 8 of the 13 athletes achieve their goal times. Organize the 
information in a two-way table. Then determine the probability that a randomly selected 
runner who achieves his or her goal time is from your school. (Section 10.3) 


Chapter 10 Probability 


Probability of Disjoint and 


Overlapping Events 


MODELING WITH 
MATHEMATICS 


To be proficient in math, 
you need to map the 
relationships between 
important quantities in a 
practical situation using 
such tools as diagrams. 


Essential Question How can you find probabilities of disjoint and 
overlapping events? 
Two events are disjoint, or mutually exclusive, when they have no outcomes 


in common. Two events are overlapping when they have one or more outcomes 
in common. 


“EXPLORATION 1 Disjoint Events and Overlapping Events 


Work with a partner. A six-sided die is rolled. Draw a Venn diagram that relates 
the two events. Then decide whether the events are disjoint or overlapping. 


a. Event A: The result is an even number. 


Event B: The result is a prime number. @ 
b. Event A: The result is 2 or 4. \ a 
Event B: The result is an odd number. \ \ o® 
\ go" 


“EXPLORATION 2 Finding the Probability that Two Events Occur 


Work with a partner. A six-sided die is rolled. For each pair of events, 
find (a) P(A), (b) P(B), (c) P(A and B), and (d) P(A or B). 


a. Event A: The result is an even number. © 
Event B: The result is a prime number. © 
; & 
b. Event A: The result is 2 or 4. ® ©@ 
Event B: The result is an odd number. _ Ls) 


EXPLORATION 3 Discovering Probability Formulas 


Work with a partner. 


a. In general, if event A and event B are disjoint, then what is the probability that 
event A or event B will occur? Use a Venn diagram to justify your conclusion. 


b. In general, if event A and event B are overlapping, then what is the probability that 
event A or event B will occur? Use a Venn diagram to justify your conclusion. 


c. Conduct an experiment using a six-sided die. Roll the die 50 times and record the 
results. Then use the results to find the probabilities described in Exploration 2. 
How closely do your experimental probabilities compare to the theoretical 
probabilities you found in Exploration 2? 


Communicate Your Answer 


4. How can you find probabilities of disjoint and overlapping events? 


5. Give examples of disjoint events and overlapping events that do not involve dice. 
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10,4 Lesson What You Will Learn 


P Find probabilities of compound events. 
Use more than one probability rule to solve real-life problems. 


Core Vocabulary... 


compound event, p. 564 Compound Events 
overlapping events, p. 564 


disjoint or mutually exclusive 
events, p. 564 


When you consider all the outcomes for either of two events A and B, you form the 
union of A and B, as shown in the first diagram. When you consider only the outcomes 
shared by both A and B, you form the intersection of A and B, as shown in the second 


Previous diagram. The union or intersection of two events is called a compound eve: 
Venn diagram 
Union of A and B Intersection of A and B Intersection of A and B 
is empty. 


To find P(A or B) you must consider what outcomes, if any, are in the intersection of A 
and B. Two events are overlapping when they have one or more outcomes in common, 
STUDY TIP as shown in the first two diagrams. Two events are disjoint, or mutually exclusi 
| when they have no outcomes in common, as shown in the third aineraee: 


If two events A and B 
are overlapping, then 
the outcomes in the 
intersection of A and B are 

counted twice when P(A) © Core Concept 
and P(B) are added. So, 
P(A and B) must be 


subtracted from the sum. } 
: im 


Probability of Compound Events 
If A and B are any two events, then the probability of A or B is 


P(A or B) = P(A) + P(B) — P(A and B). 


eee 


If A and B are disjoint events, then the probability of A or B is 


P(A or B) = P(A) +-P(B). 


Finding the Probability of Disjoint Events 


A card is randomly selected from a standard deck of 52 playing cards. What is the 
probability that it is a 10 or a face card? 


SOLUTION 


Let event A be selecting a 10 and event B be selecting a face card. From the diagram, 
A has 4 outcomes and B has 12 outcomes. Because A and B are disjoint, the 
probability is 


P(A or B) = P(A) + P(B) Write disjoint probability formula. 
eee Substitute known probabiliti 
59 t 59 ubstitute known probabilities. 
_ 16 ] 
7) Add. 
ake coaee 
m4 Simplify. 
= ().308. Use a calculator. 


564 Chapter 10 Probability 


COMMON ERROR 


When two events A and B 
overlap, as in Example 2, 
P(A or B) does not equal 
P(A) + P(B). 


“EXAMPLE 2 | Finding the Probability of Overlapping Events 


A card is randomly selected from a standard deck of 52 playing cards. What is the 
probability that it is a face card or a spade? 


SOLUTION 


Let event A be selecting a face card and event B 
be selecting a spade. From the diagram, A has 
12 outcomes and B has 13 outcomes. Of these, 
3 outcomes are common to A and B. So, the 
probability of selecting a face card or a spade is 


P(A or B) = P(A) + P(B) — P(A and B) Write general formula. 


12, 13_ 3 Substitute known probabilities 
52. 52-52 P 
Pip 

== Add. 
32 

_u ~~ 

= 36 Simplify. 

= 0.423. Use a calculator. 


EXAMPLE 3 Using a Formula to Find P(A and B) 


Out of 200 students in a senior class, 113 students are either varsity athletes or on the 
honor roll. There are 74 seniors who are varsity athletes and 51 seniors who are on 
the honor roll. What is the probability that a randomly selected senior is both a varsity 
athlete and on the honor roll? 


SOLUTION 


Let event A be selecting a senior who is a varsity athlete and event B be selecting a 


senior on the honor roll. From the given information, you know that P(A) = =. 


P(B) = 4, and P(A or B) = +2. The probability that a randomly selected senior is 


200° 200° 
both a varsity athlete and on the honor roll is P(A and B). 
P(A or B) = P(A) + P(B) — P(A and B) Write general formula. 
LIiBeee 4 51 : ne 
= + — Substitute k : 
500 200 * 200 P(A and B) ubstitute known probabilities 
74 51 Lis 
P(A and B) = —— + —— — —— Solve for P(A and B). 
(A and B) = 509 * 200 200 ee 
es foe 
P(A and B) 500 Simplify. 
P(A and B) = = or 0.06 Simplify. 
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A card is randomly selected from a standard deck of 52 playing cards. Find the 
probability of the event. 


1. selecting an ace or an 8 2. selecting a 10 or a diamond 


3. WHAT IF? In Example 3, suppose 32 seniors are in the band and 64 seniors are 
in the band or on the honor roll. What is the probability that a randomly selected 
senior is both in the band and on the honor roll? 


—— ee 
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Using More Than One Probability Rule 


In the first four sections of this chapter, you have learned several probability rules. 
The solution to some real-life problems may require the use of two or more of these 
probability rules, as shown in the next example. 


F EXAMPLE 4 Solving a Real-Life Problem 


The American Diabetes Association estimates that 8.3% of people in the United States 
have diabetes. Suppose that a medical lab has developed a simple diagnostic test 

for diabetes that is 98% accurate for people who have the disease and 95% accurate 
for people who do not have it. The medical lab gives the test to a randomly selected 
person. What is the probability that the diagnosis is correct? 


SOLUTION 


Let event A be “person has diabetes” and event B be “correct diagnosis.” Notice that 
the probability of B depends on the occurrence of A, so the events are dependent. 
When A occurs, P(B) = 0.98. When A does not occur, P(B) = 0.95. 


A probability tree diagram, where the probabilities are given along the branches, can 
help you see the different ways to obtain a correct diagnosis. Use the complements of 
events A and B to complete the diagram, where A is “person does not have diabetes” 
and B is “incorrect diagnosis.” Notice that the probabilities for all branches from the 
same point must sum to |. 


Event B: 


Event A: 0.98 Correct diagnosis 
Person has - 
0.083 diabetes. Event B: 
0.02 Incorrect diagnosis 


Population of 
United States 
Event B: 


0.917 Event A: ae Correct diagnosis 
Person does not _ 
have diabetes. Event B: 


0.05 Incorrect diagnosis 


To find the probability that the diagnosis is correct, follow the branches leading to 


event B. 
P(B) = P(A and B) + P(A and B) Use tree diagram. 
= P(A) » P(B|A) + P(A) + P(B|A) Probability of dependent events 
= (0.083)(0.98) + (0.917)(0.95) Substitute. 
= 0.952 Use a calculator. 


> The probability that the diagnosis is correct is about 0.952, or 95.2%. 
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4. In Example 4, what is the probability that the diagnosis is incorrect? 


5. A high school basketball team leads at halftime in 60% of the games in a season. 
The team wins 80% of the time when they have the halftime lead, but only 10% of 
the time when they do not. What is the probability that the team wins a particular 
game during the season? 
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10.4 Exercises 


Dynamic Solutions oveiladle at Bie¢idensMathoom 


Vocabulary and Core Concept Check 


1. WRITING Are the events A and A disjoint? Explain. Then give an example of a real-life event 
and its complement. 


2. DIFFERENT WORDS, SAME QUESTION Which is different? Find “both” answers. 


How many outcomes are in the intersection of A and B? 
How many outcomes are shared by both A and B? 


How many outcomes are in the union of A and B? 


How many outcomes in B are also in A? 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-6, events A and B are disjoint. 10. PROBLEM SOLVING Of 162 students honored at 
Find P(A or B). an academic awards banquet, 48 won awards for 
ee a Be +a mathematics and 78 won awards for English. There 
eee 4) 0.1 4. PAS 05a 0.2 are 14 students who won awards for both mathematics 
— a _2 it and English. A newspaper chooses a student at 
ea) ial al Be!) oe random for an interview. What is the probability that 
the student interviewed won an award for English or 
7. PROBLEM SOLVING mathematics? 
Your dart is equally 
likely to hit any point ERROR ANALYSIS In Exercises 11 and 12, describe and 
inside the board shown. | correct the error in finding the probability of randomly 
You throw a dart and drawing the given card from a standard deck of 
pop a balloon. What 52 playing cards. 
is the probability that 11 
the balloon is red or ; P(heart or face card) 
blue? (See Example 1.) x = P(heart) + P(face card) 
a 13 4 12 = 25 
8. PROBLEM SOLVING You and your friend are among 52 ° 52” 52 
several candidates running for class president. You 
estimate that there is a 45% chance you will win 12. 
and a 25% chance your friend will win. What is the P(club or 9) 
probability that you or your friend win the election? x = P(club) + P(9) + P(club and 9) 
See 
9. PROBLEM SOLVING You are performing an 52.52 452 26 


experiment to determine how well plants grow 
under different light sources. Of the 30 plants in 
the experiment, 12 receive visible light, 15 receive 
ultraviolet light, and 6 receive both visible and 


ultraviolet light. What is the probability that a plant in 


the experiment receives visible or ultraviolet light? 
(See Example 2.) 


Section 10.4 


Probability of Disjoint and Overlapping Events 


In Exercises 13 and 14, you roll a six-sided die. Find 
P(A or B). 


13. Event A: Rolla 6. 
Event B: Roll a prime number. 


14. Event A: Roll an odd number. 
Event B: Roll a number less than 5. 
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15% 


DRAWING CONCLUSIONS A group of 40 trees ina 
forestare not growing properly. A pala determines 
that 34 of the trees have a ( 

disease or are being damaged 
by insects, with 18 trees having | 
a disease and 20 being damaged | 
by insects. What is the | 
probability that a randomly 
selected tree has both a disease | 
and is being damaged by 
insects? (See Example 3.) 


5 al 


19. 


PROBLEM SOLVING You can win concert tickets from 
a radio station if you are the first person to call when 
the song of the day 1s played, or if you are the first 
person to correctly answer the trivia question. The song 
of the day is announced at a random time between 
7:00 and 7:30 A.M. The trivia question is asked at 

a random time between 7:15 and 7:45 A.M. You 

begin listening to the radio station at 7:20. Find the 
probability that you miss the announcement of the 
song of the day or the trivia question. 


20. HOW DO YOU SEE IT? 
16. DRAWING CONCLUSIONS A company paid overtime iss vibes: seals 
: ae disjoint events? 
wages or hired temporary help during 9 months of : 
the year. Overtime wages were paid during 7 months, Ean ad 
and temporary help was hired during 4 months. At the es 
end of the year, an auditor examines the accounting 
records and randomly selects one month to check the 
payroll. What is the probability that the auditor will 
select a month in which the company paid overtime 21. PROBLEM SOLVING You take a bus from your , 
wages and hired temporary help? neighborhood to your school. The express bus arrives 
at your neighborhood at a random time between 
17. DRAWING CONCLUSIONS A company is focus testing 7:30/and 7:36 A.M. The local bus arrives at your 
anew type of fruit drink. The focus group is 47% neighborhood at S random time between 7:30 and 
ale. Of the responses, 40% of the males and 54% of TAQ AM. You sisal the bus stop at 7:33 A.M. Find 
the females said they would buy the fruit drink. What the probability that you missed both the express bus 
is the probability that a randomly selected person and the local bus. 
would buy the fruit drink? (See Example 4.) = — 
18. DRAWING CONCLUSIONS The Redbirds trail the 
Bluebirds by one goal with | minute left in the hockey 
game. The Redbirds’ coach must decide whether to 
remove the goalie and add a frontline player. The 
probabilities of each team scoring are shown 
in the table. 
| Goalie | No goalie 
| | Redbirds sieladi | : Q.! -- oe 22. THOUGHT PROVOKING Write a general rule 
Bluebirds sce score re | _o. J 0.6 for finding P(A or B or C) for (a) disjoint and 
oo ar (b) overlapping events A, B, and C. 
a. Find the probability that the Redbirds score and 
the Bluebirds do not score when the coach leaves 
23. MAKING AN ARGUMENT A bag contains 40 cards 


the goalie in. 


b. Find the probability that the Redbirds score and 
the Bluebirds do not score when the coach takes 
the goalie out. - 


c. Based on parts (a) and (b), what should the 
coach do? 


numbered | through 40 that are either red or blue. A 
card is drawn at random and placed back in the bag. 
This is done four times. Two red cards are drawn, 
numbered 31 and 19, and two blue cards are drawn, 
numbered 22 and 7. Your friend concludes that red 
cards and even numbers must be mutually exclusive. 
Is your friend correct? Explain. 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Write the first six terms of the sequence. 


24. a,= 


(Section 8.5) 


4,a, = 2a yee 


td oad 74 n= | 


+33 25. a, = 


n 
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Permutations and Combinations 


CONSTRUCTING 
VIABLE ARGUMENTS 


To be proficient in math, 
you need to make 
conjectures and build a 
logical progression of 
statements to explore the 
truth of your conjectures. 


Essential Question How can a tree diagram help you visualize the 


number of ways in which two or more events can occur? 


‘EXPLORATION 1 Reading a Tree Diagram 


Work with a partner. Two coins are flipped and the spinner 
is spun. The tree diagram shows the possible outcomes. 


Coin is flipped. 
H i H iT Coin is flipped. 


oe Ss ne Ss SS 1 2 3 Spinner is spun. 


a. How many outcomes are possible? 


b. List the possible outcomes. 


Reading a Tree Diagram 


Work with a partner. Consider the tree diagram below. 


A B 


_— =) 
Ln i. wn «/ a ee se b/s 
2. | £8 * 2S 2 2 a ae. 
(Ey lin ey ey A ay <a a a 


ABABABABABABABABABABABAB 


a. How many events are shown? b. What outcomes are possible for each event? 


c. How many outcomes are possible? d. List the possible outcomes. 


Ba sues esse mem Writing a Conjecture 


Work with a partner. 


a. Consider the following general problem: Event | can occur in m ways and event 2 
can occur in n ways. Write a conjecture about the number of ways the two events 
can occur. Explain your reasoning. 


b. Use the conjecture you wrote in part (a) to write a conjecture about the number of 
ways more than two events can occur. Explain your reasoning. 


c. Use the results of Explorations 1(a) and 2(c) to verify your conjectures. 


Communicate Your Answer 


4. How can a tree diagram help you visualize the number of ways in which two 
or more events can occur? 


5. In Exploration 1, the spinner is spun a second time. How many outcomes 
are possible? 
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10.5 Lesson 


Core Vocabulary... 


| permutation, p. 570 

n factorial, p. 570 
combination, p. 572 
Binomial Theorem, p. 574 


Previous 
Fundamental Counting 
Principle 


Pascal’s Triangle 


_—— a P 
i 
REMEMBER 


Fundamental Counting 

Principle: |f one event 

can occur in m ways and 

another event can occur in 

n ways, then the number 

of ways that both events 

can occur is men. The 

Fundamental Counting 

| Principle can be extended 
to three or more events. 


| 
} 
i 
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What You Will Learn 


& Use the formula for the number of permutations. 
B® Use the formula for the number of combinations. 
PB Use combinations and the Binomial Theorem to expand binomials. 


Permutations 


A permutation is an arrangement of objects in which order is important. For instance, 
the 6 possible permutations of the letters A, B, and C are shown. 


ABC ACB BAC BCA CAB CBA 


Counting Permutations 


Consider the number of permutations of the letters in the word JULY. In how many 
ways can you arrange (a) all of the letters and (b) 2 of the letters? 


SOLUTION 


a. Use the Fundamental Counting Principle to find the number of permutations of the 
letters in the word JULY. 


Number of _ {Choices ae Ferre saa Cece a | 
permutations lis letter 2nd letter = /\3rd letter 4th letter 

= 43-26] 

= 24 


> There are 24 ways you can arrange all of the letters in the word JULY. 


b. When arranging 2 letters of the word JULY, you have 4 choices for the first letter 
and 3 choices for the second letter. 


Number of (ae for (eae 2) 


permutations ~ \1st letter 2nd letter 


> There are 12 ways you can arrange 2 of the letters in the word JULY. 
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1. In how many ways can you arrange the letters in the word HOUSE? 


2. In how many ways can you arrange 3 of the letters in the word MARCH? 


In Example 1(a), you evaluated the expression 4 « 3 «2 « 1. This expression can be 
written as 4! and is read “4 factorial.” For any positive integer n, the product of the 
integers from | to 7 is called n factorial and is written as 

nb =ne(n— Dee ee eee 
As a special case, the value of 0! is defined to be 1. 


In Example 1(b), you found the permutations of 4 objects taken 2 at a time. You can 
find the number of permutations using the formulas on the next page. 


Probability 


G Core Concept 


Permutations 
USING A Formulas Examples 
GRAPHING The number of permutations of The number of permutations of 
CALCULATOR n objects is given by 4 objects is 
Most graphing PPare ee As a a 
calculators can calculate ; = 
permutations. The number of permutations of The number of permutations of 

n objects taken r at a time, where 4 objects taken 2 at a time is 

r <n, is given by ' ag oe 

Ps! (4 — 2)! of 
eta 


27 isgeaees Using a Permutations Formula 


Ten horses are running in a race. In how many different ways can the horses finish 
first, second, and third? (Assume there are no ties.) 


SOLUTION 
To find the number of permutations of 3 horses chosen from 10, find ,9P3. 
/ t 
10P3 = ee Permutations formula 
_ 10! 
=a Subtract. 
= Wee Expand factorial. Divide out common factor, 7!. 
STUDY TIP a com 
When you divide 7 imply. 
out common factors, There are 720 ways for the horses to finish first, second, and third. 


remember that 7! is a 


factor of 10!. _ 
EXAMPLE 3 


Finding a Probability Using Permutations 


For a town parade, you will ride on a float with your soccer team. There are 12 floats 
in the parade, and their order is chosen at random. Find the probability that your float 
is first and the float with the school chorus is second. 


SOLUTION 


Step 1 Write the number of possible outcomes as the number of permutations of the 
12 floats in the parade. This is ,P;, = 12!. 


Step 2 Write the number of favorable outcomes as the number of permutations of the 
other floats, given that the soccer team is first and the chorus is second. This 


iS ygP iq = 10!. 
Step 3 Find the probability. 


P(soccer team is Ist, chorus is 2nd) = ou Form a ee of favorable 
12! to possible outcomes. 
16! Expand factorial. Divide 


7 re. 1 ie Ot out common factor, 10!. 


zl 
132 


Simplify. 
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USING A’'GRAPHING 
CALCULATOR 


Most graphing 
calculators can calculate 
combinations. 
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3. WHAT IF? In Example 2, suppose there are 8 horses in the race. In how many 
different ways can the horses finish first, second, and third? (Assume there are 
no ties.) 


4. WHAT IF? In Example 3, suppose there are 14 floats in the parade. Find the 
probability that the soccer team is first and the chorus is second. 


Combinations 

A combination is a selection of objects in which order is not important. For instance, 
in a drawing for 3 identical prizes, you would use combinations, because the order 

of the winners would not matter. If the prizes were different, then you would use 
permutations, because the order would matter. 


Counting Combinations 


Count the possible combinations of 2 letters chosen from the list A, B, C, D. 


SOLUTION 


List all of the permutations of 2 letters from the list A, B, C, D. Because order is not 
important in a combination, cross out any duplicate pairs. 


ae AC AD BA BC oo BD and DB are 
CA ca CD DA ‘DB. DE is same pair. 


There are 6 possible combinations of 2 letters from the list A, B, C, D. 
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5. Count the possible combinations of 3 letters chosen from the list A, B, C, D, E. 


In Example 4, you found the number of combinations of objects by making 
an organized list. You can also find the number of combinations using the 
following formula. 


G) Core Concept 


Combinations 


Formula The number of combinations of 7” objects taken r at a time, 
where r < n, is given by 


a! 
C, = ———_.. 
ne Py esnnl 
Example The number of combinations of 4 objects taken 2 at a time is 
4! sei SANE 
we (2 = 1) 
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“EXAMPLE 5 Using the Combinations Formula 


You order a sandwich at a restaurant. You can choose 2 side dishes from a list of 8. 
How many combinations of side dishes are possible? 


SOLUTION 


The order in which you choose the side dishes is not important. So, to find the number 
of combinations of 8 side dishes taken 2 at a time, find .C,. 


' 
gC, = a= Combinations formula 
{ 
= "5 Subtract. 
= ae Expand factorials. Divide out common factor, 6!. 
= 28 Multiply. 


> There are 28 different combinations of side dishes you can order. 


ee Vigeseem Finding a Probability Using Combinations 


A yearbook editor has selected 14 photos, including one of you and one of your friend, 
to use in a collage for the yearbook. The photos are placed at random. There is room 
for 2 photos at the top of the page. What is the probability that your photo and your 
friend’s photo are the 2 placed at the top of the page? 


SOLUTION 


Step 1 Write the number of possible outcomes as the number of combinations of 
14 photos taken 2 at a time, or ,,C,, because the order in which the photos 
are chosen is not important. 


' 
aC, = (4 —S zy Combinations formula 
14! 
= aL 
101 2! Subtrac 
14-13. J2f op 
= Expand factorials. Divide out common factor, 12!. 
Jat (2 1) : 
= 91 Multiply. 


Step 2 Find the number of favorable outcomes. Only one of the possible 
combinations includes your photo and your friend’s photo. 


Step 3 Find the probability. 


P(your photo and your friend’s photos are chosen) = a 
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6. WHAT IF? In Example 5, suppose you can choose 3 side dishes out of the list of 
8 side dishes. How many combinations are possible? 


7. WHAT IF? In Example 6, suppose there are 20 photos in the collage. Find the 
probability that your photo and your friend’s photo are the 2 placed at the top 
of the page. 
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Binomial Expansions 


In Section 4.2, you used Pascal’s Triangle to find binomial expansions. The table 
shows that the coefficients in the expansion of (a + 5)" correspond to combinations. 


n_ Pascal’s Triangle _ Pascal’s Triangle Binomial Expansion 
as Numbers as Combinations 
Othrow 0 | ae (a+ b= | 
Istrow 1 Pe ‘Gr @ (a+b)! = la+ 1b 
2ndrow 2 [oe |  .C, aes (a+ bP = la? + 2ab + 1b? 
3rdrow 3 poe eR 1 4Cy 3C, 3Go 3C, | 6 (@ a 3a Sab? 1 


The results in the table are generalized in the Binomial Theorem. 


G) Core Concept 


The Binomial Theorem 


For any positive integer n, the binomial expansion of (a + b)” is 


(aie by" = ,Cyatb® +,,C, a™alb! + .C, a" 2b + = aan 


tenth 


Notice that each term in the expansion of (a + b)" has the form ,,C, a” ~ 'b’, 
where r is an integer from 0 to n. 


Using the Binomial Theorem 
a. Use the Binomial Theorem to write the expansion of (x? + y)?. 
b. Find the coefficient of x* in the expansion of (3x + 2)!9. 


SOLUTION 


a(x? + y)? = Cpe y’ + 3G\@22y! + 3650)? + Gy, 


= (DEM + DEA) + BC) + (DDO?) 
=joce sx yoy ty 
b. From the Binomial Theorem, you know 
(3x + Qpl? = 9Cy(3x)!9(2)° + 19C,Gx)7(2)! + «>: eee 


Each term in the expansion has the form ,9C,(3x)!0 ~ "(2)". The term containing x* 
occurs when r = 6. 


190C6(3x)*(2)® = (210)(81x4)(64) = 1,088,640x4 


P The coefficient of x+ is 1,088,640. 
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8. Use the Binomial Theorem to write the expansion of (a) (x + 3)° and 
(b) (2p — g)*. 


9. Find the coefficient of x° in the expansion of (x — 3)’. 


10. Find the coefficient of x° in the expansion of (2x + 5)®. 


Lc 
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e 
1 0.5 Exercises Dynamic Solutions avaliabie at BisideasMath.com 


Vocabulary and Core Concept Check — 


1. COMPLETE THE SENTENCE An arrangement of objects in which order is important is called 
a(n) 


2. WHICH ONE DOESN'T BELONG? Which expression does not belong with the other three? Explain | 
your reasoning. | 

| 

| 

} 


7) 
Cs 1Cy ir 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-8, find the number of ways you can 19. PROBLEM SOLVING You and your friend are 2 of 
arrange (a) all of the letters and (b) 2 of the letters in 8 servers working a shift in a restaurant. At the 
the given word. (See Example 1.) beginning of the shift, the manager randomly assigns 


one section to each server. Find the probability that 


_— ame you are assigned Section | and your friend is assigned 
i 2. (See Example 3.) 
5. ROCK 6. WATER Section 2. ( np 
: : to hold t 
7. FAMILY 8. FLOWERS 20. PROBLEM SOLVING You make 6 posters to hold up a 


a basketball game. Each poster has a letter of the word 

TIGERS. You and 5 friends sit next to each other in a 

row. The posters are distributed at random. Find the 

Ch oe [Ue ee probability that TIGERS is spelled correctly when 
you hold up the posters. 


In Exercises 9-16, evaluate the expression. 


ieee, 12) P: 


WE age 14. Po 
eS 
1Sa.P, 16. 9sP; _ | ; 
17. PROBLEM SOLVING Eleven students are competing 
in an art contest. In how many different ways can 


the students finish first, second, and third? 


: In Exercises 21-24, count the possible combinations of r 
(See Example 2.) 


letters chosen from the given list. (See Example 4.) 


18. PROBLEM SOLVING Six friends go to a movie theater. 21. Ae Dos 22 leew, NO: r= 2 
In how many different ways can they sit together in a 
row of 6 empty seats? 23. U,V, W,X, Y,Z;r=3 24. D,E,E.G,H;r=4 


In Exercises 25-32, evaluate the expression. 


251C, 26. .C; 
py lee 6 28. 
29°C, 305 4,C) 
i Ramee a Se: 
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33. PROBLEM SOLVING Each year, 64 golfers participate 
in a golf tournament. The golfers play in groups of 4. 
How many groups of 4 golfers are possible? 

(See Example 5.) 


34. PROBLEM SOLVING You want to purchase vegetable 
dip for a party. A grocery store sells 7 different flavors 
of vegetable dip. You have enough money to purchase 
2 flavors. How many combinations of 2 flavors of 
vegetable dip are possible? 


ERROR ANALYSIS In Exercises 35 and 36, describe and 
correct the error in evaluating the expression. 


35: 
! 
x a1Py = _11!__11'!_9979,200 
(4 —7) oe 
36. 
9G4 = = = 3024 
(9-4)! 51 


REASONING In Exercises 37-40, tell whether the 
question can be answered using permutations or 
combinations. Explain your reasoning. Then answer 
the question. 


37. To complete an exam, you must answer 8 questions 
from a list of 10 questions. In how many ways can 
you complete the exam? 


38. Ten students are auditioning for 3 different roles in 
a play. In how many ways can the 3 roles be filled? 


39. Fifty-two athletes are competing in a bicycle race. 
In how many orders can the bicyclists finish first, 
second, and third? (Assume there are no ties.) 


40. Anemployee at a pet store needs to catch 5 tetras 
in an aquarium containing 27 tetras. In how many 
groupings can the employee capture 5 tetras? 
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41. 


42. 


43. 


44. 


45. 


46. 


47. 


CRITICAL THINKING Compare the quantities ;jC, and 
59C 4, Without performing any calculations. Explain 
your reasoning. 


CRITICAL THINKING Show that each identity is true 
for any whole numbers r and n, where 0 < r S n. 
a. ,C, = 1 

b. 


2 
he —= 
Coon ne r 


REASONING Consider a set of 4 objects. 


a. Are there more permutations of all 4 of the objects 
or of 3 of the objects? Explain your reasoning. 


b. Are there more combinations of all 4 of the objects 
or of 3 of the objects? Explain your reasoning. 


c. Compare your answers to parts (a) and (b). 


OPEN-ENDED Describe a real-life situation where the 
number of possibilities is given by <P. Then describe 
a real-life situation that can be modeled by <C,,. 


REASONING Complete the table for each given value 
of r. Then write an inequality relating ,P, and ,C,. 
Explain your reasoning. 


REASONING Write an equation that relates ,P,, and 

,C, Then use your equation to find and interpret the 
is24 

value of ——. 

1324 


PROBLEM SOLVING You and your friend are in the 
studio audience on a television game show. From 
an audience of 300 people, 2 people are randomly 
selected as contestants. What is the probability that 
you and your friend are chosen? (See Example 6.) 


— 
' 
) 


2 
{ 


| 
| 


48. PROBLEM SOLVING You work 5 evenings each 
week at a bookstore. Your supervisor assigns you 
5 evenings at random from the 7 possibilities. What 
is the probability that your schedule does not include 
working on the weekend? 


REASONING In Exercises 49 and 50, find the probability 
of winning a lottery using the given rules. Assume that 
lottery numbers are selected at random. 


49. You must correctly select 6 numbers, each an integer 
from 0 to 49. The order is not important. 


50. You must correctly select 4 numbers, each an integer 
from 0 to 9. The order is important. 


In Exercises 51-58, use the Binomial Theorem to write 
the binomial expansion. (See Example 7a.) 


51. (x + 2)3 a2 — 4) 

53. (a + 3b)4 54. (4p — q) 
55. (w3 — 3)4 56. (2s4 + 5) 
57. But vo 58. (x3 — y2)4 


In Exercises 59-66, use the given value of n to find 
the coefficient of x” in the expansion of the binomial. 
(See Example 7b.) 


59. (x—2)!%n=5 60. (x— 3)".n=4 
61. (x2 — 3)§n =6 62. 3x+2),n=3 
63. (2x+ 5)!2n=7 64. 3x-—1)9,n=2 


65. (1x-4)'n=4 66. (1x+6),n=3 


2 


67. REASONING Write the eighth row of Pascal’s 
Triangle as combinations and as numbers. 


68. PROBLEM SOLVING The first four triangular numbers 
are 1, 3, 6, and 10. 


a. Use Pascal’s Triangle to write the first four 
triangular numbers as combinations. 


l 


ie 
ives). | 
146 4 1 
ieee 10 10. Soe) 


b. Use your result from part (a) to write an explicit 
rule for the nth triangular number 7,,. 


69. MATHEMATICAL CONNECTIONS 


70. 


71. 


a2. 


A polygon is convex when 
no line that contains a 
side of the polygon 
contains a point in the 
interior of the polygon. 
Consider a convex ‘«—vertex 
polygon with n sides. 


diagonal 


a. Use the combinations formula to write an 
expression for the number of diagonals in an 
n-sided polygon. 


b. Use your result from part (a) to write a formula 
for the number of diagonals of an n-sided convex 
polygon. 


PROBLEM SOLVING You are ordering a burrito with 
2 main ingredients and 3 toppings. The menu below 
shows the possible choices. How many different 
burritos are possible? 


MAININGREDENTS TOPPINGS 
| chicken black beans gem peppers — salsa 
0, onions = pi de gall 


guacamole extva cheese 
jlaperios black olives 


steak = ved beans 
| pork — vice 


PROBLEM SOLVING You want to purchase 2 different 
types of contemporary music CDs and | classical 
music CD from the music collection shown. How 
many different sets of music types can you choose for 
your purchase? 


ann 


Contemporary Classical 

@ Blues @ Opera 

© Country @ Concerto | 
@ Jazz @ Symphony | 
@ Rap | 
@Rock & Roll 


PROBLEM SOLVING Every student in your history 
class is required to present a project in front of the 
class. Each day, 4 students make their presentations in 
an order chosen at random by the teacher. You make 
your presentation on the first day. 


a. What is the probability that you are chosen to be 
the first or second presenter on the first day? 


b. What is the probability that you are chosen to 
be the second or third presenter on the first day? 
Compare your answer with that in part (a). 
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73. PROBLEM SOLVING The organizer of a cast party 77. PROBLEM SOLVING Consider a standard deck of 
for a drama club asks each of the 6 cast members to 52 playing cards. The order in which the cards are 
bring | food item from a list of 10 items. Assuming dealt for a “hand” does not matter. 
each member randomly chooses a food item to bring, 
what is the probability that at least 2 of the 6 cast 
members bring the same item? b. How many different 5-card hands have all 5 cards 

of a single suit? 


le 


a. How many different 5-card hands are possible? 


74. HOW DO YOU SEE IT? A bag contains one green 
marble, one red marble, and one blue marble. The 
diagram shows the possible outcomes of randomly 
drawing three marbles from the bag without 
replacement. 


6 
¥ 


ist Draw 2nd Draw 3rd Draw 


gee y ) 78. PROBLEM SOLVING There are 30 students in your 
class. Your science teacher chooses 5 students 


@ a ie) * at random to complete a group project. Find the 
7) een 18 probability that you and your 2 best friends in the 
science class are chosen to work in the group. Explain 


how you found your answer. 


79. PROBLEM SOLVING Follow the steps below to 
a. How many combinations of three marbles can be explore a famous probability problem called the 
drawn from the bag? Explain. birthday problem. (Assume there are 365 equally 


likely birthdays possible. 
b. How many permutations of three marbles can be uel. burthdlays. possible.) 


drawn from the bag? Explain. a. What is the probability that at least 2 people share 

the same birthday in a group of 6 randomly chosen 

people? in a group of 10 randomly chosen people? 

75. PROBLEM SOLVING You are one of 10 students b 


He . Generalize the results from part (a) by writi 
performing in a school talent show. The order of the ee ie : fc eae il a ve: 

: : a a formula for the probability P(”) that at least 
performances is determined at random. The first 


ene ee 2 people in a group of n people share the same 
Si sitaaiaian inion aa nas EE birthday. (Hint: Use ,,P,. notation in your formula.) 


a. What is the probability that you are the last 
performer before the intermission and your rival 
performs immediately before you? 


c. Enter the formula from part (b) into a graphing 
calculator. Use the table feature to make a table of 
values. For what group size does the probability 

b. What is the probability that you are not the first that at least 2 people share the same birthday first 
performer? exceed 50%? 


76. THOUGHT PROVOKING How many integers, greater 
than 999 but not greater than 4000, can be formed 
with the digits 0, 1, 2, 3, and 4? Repetition of digits 
is allowed, 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


80. A bag contains 12 white marbles and 3 black marbles. You pick | marble at random. 
What is the probability that you pick a black marble? (Section 10.1) 


81. The table shows the result of flipping two coins 12 times. For what = —aral 
outcome is the experimental probability the same as the theoretical | HH i A | 


probability? (Section 10.1) 2 SEY 


~ 
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Binomial Distributions 


Essential Question How can you determine the frequency of each 


outcome of an event? 


“EXPLORATION 1 


Analyzing Histograms 


Work with a partner. The histograms show the results when n coins are flipped. 


STUDY TIP ied 
When 4 coins are flipped ; 
(n = 4), the possible a =: ! u a> ! u _— 
outcomes are 04 0 1 2 0 12 3 
NAA! WAR! Weal Wiel! Number of Heads Number of Heads Number of Heads 
THTT THTH THHT THHH 
10 10 
HTT? HTTH HTHT HTHH i. ie +}. k SOA 
HHTT HHTH HHHT HHHH. [ave | ea 
The histogram shows the 6 | ( » ~ 
numbers of outcomes 5 = » Se 
having 0, 1, 2, 3, and 4 ( ay 
heads. e/ 
A e's 
0 1 2 5) fl 0 1 2 3 4 5 
Number of Heads Number of Heads 


a. In how many ways can 3 heads occur when 5 coins are flipped? 


b. Draw a histogram that shows the numbers of heads that can occur when 6 coins 
are flipped. 


c. In how many ways can 3 heads occur when 6 coins are flipped? 


“EXPLORATION 2 


Determining the Number of Occurrences 


Work with a partner. 


a. Complete the table showing the numbers of ways in which 2 heads can occur 
eon ae R when n coins are flipped. 
nc os 
To be proficient in math, | n | 3 | 4 | 5 6 | 7 
you need to look closely - Pa pane rer ae: 
foidiscern a pattern or Occurrences of 2 heads | ati = 


structure. = 
(| b. Determine the pattern shown in the table. Use your result to find the number of 


ways in which 2 heads can occur when 8 coins are flipped. 


Communicate Your Anewer 


3. How can you determine the frequency of each outcome of an event? 


4. How can you use a histogram to find the probability of an event? 
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10.6 Lesson 


Core Vocabulary. 


random variable, p. 580 
probability distribution, p. 580 
binomial distribution, p. 587 
binomial experiment, p. 587 


; 
Previous 
L histogram 


What You Will Learn 


& Construct and interpret probability distributions. 
& Construct and interpret binomial distributions. 


Probability Distributions 

A random variable is a variable whose value is determined by the outcomes of a 
probability experiment. For example, when you roll a six-sided die, you can define 

a random variable x that represents the number showing on the die. So, the possible 
values of x are 1, 2, 3, 4, 5, and 6. For every random variable, a probability distribution - 
can be defined. 


G) Core Concept 


Probability Distributions 

A probability distribution is a function that gives the probability of each 
possible value of a random variable. The sum of all the probabilities in a 
probability distribution must equal 1. 


Recall that there are 36 
possible outcomes when 
rolling two six-sided 
dice. These are listed in 


Example 3 on page 540. f 


STUDY TIP 


580 Chapter 10 


EXAMPLE 1 Constructing a Probability Distribution 


Let x be a random variable that represents the sum when two six-sided dice are rolled. 
Make a table and draw a histogram showing the probability distribution for x. 


SOLUTION 


Step 1 Make a table. The possible values of x are the integers from 2 to 12. The 
table shows how many outcomes of rolling two dice produce each value of x. 
Divide the number of outcomes for x by 36 to find P(x). 


Step 2 Draw a histogram where the intervals are given by x and the frequencies are 


given by P(x). 
Rolling Two Six-Sided Dice 
P(x) 
ai 
6 
> 
~ 
= 1 
os 
2 
o 4 
a 18 
0) 
2 eens] — a1 17 
Sum of two dice 


Probability 


DEN naa Interpreting a Probability Distribution 


Use the probability distribution in Example 1 to answer each question. 
a. What is the most likely sum when rolling two six-sided dice? 


b. What is the probability that the sum of the two dice is at least 10? 


SOLUTION 


a. The most likely sum when rolling two six-sided dice is the value of x for which 
P(x) is greatest. This probability is greatest for x = 7. So, when rolling the two 
dice, the most likely sum is 7. 


b. The probability that the sum of the two dice is at least 10 is 
P(x = 10) = P(x = 10) + Pw = 11) + P@ = 12) 


eee a! 
36 | 36 | 36 
= £ 

36 

=1 

6 

=~ 0.167. 


The probability is about 16.7%. 
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An octahedral die has eight sides numbered 1 through 8. Let x be a random 
variable that represents the sum when two such dice are rolled. 


1. Make a table and draw a histogram showing the probability distribution for x. 


2. What is the most likely sum when rolling the two dice? 


3. What is the probability that the sum of the two dice is at most 3? 


Binomial Distributions 
One type of probability distribution is a binomial distribution. A binomial 
distribution shows the probabilities of the outcomes of a binomial experiment. 


G Core Concept 


Binomial Experiments 


iment meets the following conditions. 
e There are n independent trials. 
¢ Each trial has only two possible outcomes: success and failure. 


¢ The probability of success is the same for each trial. This probability is denoted 
by p. The probability of failure is 1 — p. 


For a binomial experiment, the probability of exactly k successes in n trials is 


P(k successes) = ,C,p*(1 — p)"~ *. 
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ATTENDING TO 


PRECISION 


When probabilities are 
rounded, the sum of the 
probabilities may differ 
slightly from 1. 


COMMON ERROR 


Because a person may not 
have an e-reader, be sure 
| you include P(k = 0) when 
| finding the probability 


that at most 2 people 
| have an e-reader. ) 


582 


Chapter 10 


Constructing a Binomial Distribution 


According to a survey, about 33% of people ages 16 and older in the U.S. own an 
electronic book reading device, or e-reader. You ask 6 randomly chosen people 
(ages 16 and older) whether they own an e-reader. Draw a histogram of the binomial 
distribution for your survey. 


SOLUTION 


The probability that a randomly selected person has an e-reader is p = 0.33. Because 


you survey 6 people, n = 6. 
Binomial Distribution for Your Survey | 


P(k = 0) = ¢C9(0.33)°(0.67)° ~ 0.090 


P(k = 1) = 6C,(0.33)!(0.67)° = 0.267 
P(k = 2) = ,C,(0.33)*(0.67)* ~ 0.329 


P(k = 3) = 6C3(0.33)°(0.67)? = 0.216 


Probability 


P(k = 4) = .C,(0.33)4(0.67)2 ~ 0.080 


P(k = 5) = 6C;(0.33)°(0.67)! ~ 0.016 


1 2 3 4 5 


Number of persons 
who own an e-reader 


0 
P(k = 6) = 6C,(0.33)°(0.67)° ~ 0.001 


A histogram of the distribution is shown. 


EXAMPLE 4 


Interpreting a Binomial Distribution 


Use the binomial distribution in Example 3 to answer each question. 
a. What is the most likely outcome of the survey? 


b. What is the probability that at most 2 people have an e-reader? 


SOLUTION 


a. The most likely outcome of the survey is the value of k for which P(k) is greatest. 
This probability is greatest for k = 2. The most likely outcome is that 2 of the 
6 people own an e-reader. 


b. The probability that at most 2 people have an e-reader is 
P(k S$ 2) = P(k = 0) + P(k = 1) + P(K = 2) 
= 0.090 + 0.267 + 0.329 
= 0.686. 


® The probability is about 68.6%. 
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According to a survey, about 85% of people ages 18 and older in the U.S. use the 
Internet or e-mail. You ask 4 randomly chosen people (ages 18 and older) whether 
they use the Internet or e-mail. 


4. Draw a histogram of the binomial distribution for your survey. 
5. What is the most likely outcome of your survey? 


6. What is the probability that at most 2 people you survey use the Internet 
or e-mail? 


Probability 


1 0.6 Exe rcises Dynamic Solutions available at BigideasMath.com 


Vocabulary and Core Concept Check 
1. VOCABULARY What is a random variable? 


2. WRITING Give an example of a binomial experiment and describe how it meets the conditions of 


a binomial experiment. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3-6, make a table and draw a histogram USING EQUATIONS In Exercises 9-12, calculate the 
showing the probability distribution for the random probability of flipping a coin 20 times and getting the 
variable. (See Example 1.) given number of heads. 
3. x = the number on a table tennis ball randomly 9. 1 10. 4 
chosen from a bag that contains 5 balls labeled “1,” 
3 balls labeled “2,” and 2 balls labeled “3.” 1, 18 12. 20 
4. c= 1 when arandomly chosen card out of a standard 13. MODELING WITH MATHEMATICS According to 
deck of 52 playing cards is a heart and c = 2 otherwise. a survey, 27% of high school students in the 
United States buy a class ring. You ask 6 randomly 
5. w= 1 whena randomly chosen letter from the chosen high school students whether they own a 
English alphabet is a vowel and w = 2 otherwise. class ring. (See Examples 3 and 4.) 


6. n = the number of digits in a random integer from 
0 through 999, 


In Exercises 7 and 8, use the probability distribution to 
determine (a) the number that is most likely to be spun 
on a spinner, and (b) the probability of spinning an even 
number. (See Example 2.) 


7. Spinner Results a. Draw a histogram of the binomial distribution for 
your survey. 
2 b. What is the most likely outcome of your survey? 
5 1 c. What is the probability that at most 2 people have 
FS a class ring? 
a 
0 
1 : 3 5 3 14. MODELING WITH MATHEMATICS According to a 
Number on spinner survey, 48% of adults in the United States believe that 
Unidentified Flying Objects (UFOs) are observing 
g - our planet. You ask 8 randomly chosen adults whether 
; aeeogeosue they believe UFOs are watching Earth. 
5 a. Draw a histogram of the binomial distribution for 
2 your survey. 
3 3 b. What is the most likely outcome of your survey? 
£ : c. What is the probability that at most 3 people 
believe UFOs are watching Earth? 
a gr (see20" 25° % 
Number on spinner 
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ERROR ANALYSIS In Exercises 15 and 16, describe and 


correct the error in calculating the probability of rolling 


a | exactly 3 times in 5 rolls of a six-sided die. 


15. 


17; 


18. 


584 


X errr scsley ey 


= 0.161 


x r= s)=(e) le) 


MATHEMATICAL CONNECTIONS At most 7 gopher 
holes appear each week on the farm shown. Let x 
represent how many of the gopher holes appear in the 
carrot patch. Assume that a gopher hole has an equal 
chance of appearing at any point on the farm. 


0.8 mi 
0.5 mi 


0.3mi 0.3mi 


a. FindiPG@ ton — 0 Nl 


b. Make a table showing the probability distribution 
for x. 


c. Make a histogram showing the probability 
distribution for x. 


HOW DO YOU SEE IT? Complete the probability 
distribution for the random variable x. What is the 
probability the value of x is greater than 2? 


ae | 
P| o1 | 03 | 04 | 


web 


20. 


21. 


22. 


MAKING AN ARGUMENT The binomial distribution 
shows the results of a binomial experiment. Your 
friend claims that the probability p of a success must 
be greater than the probability 1 — p of a failure. Is 
your friend correct? Explain your reasoning. 


Experiment Results 


2 
w 
cc) 


Probability 


“et 5 
__ 
0 i] 7 SAS 5 OLX: 


x-value 


THOUGHT PROVOKING There are 100 coins in a bag. 
Only one of them has a date of 2010. You choose 

a coin at random, check the date, and then put the 
coin back in the bag. You repeat this 100 times. Are 
you certain of choosing the 2010 coin at least once? 
Explain your reasoning. 


MODELING WITH MATHEMATICS Assume that having 
a male and having a female child are independent 
events, and that the probability of each is 0.5. 


a. A couple has 4 male children. Evaluate the validity 
of this statement: “The first 4 kids were all boys, 
so the next one will probably be a girl.” 


b. What is the probability of having 4 male children 
and then a female child? 


c. Let x be a random variable that represents the 
number of children a couple already has when they 
have their first female child. Draw a histogram of 
the distribution of P(x) for 0 < x <10. Describe 
the shape of the histogram. 


CRITICAL THINKING An entertainment system 

has n speakers. Each speaker will function properly 
with probability p, independent of whether the 
other speakers are functioning. The system will 
operate effectively when at least 50% of its 
speakers are functioning. For what values of p is 

a 5-speaker system more likely to operate than a 
3-speaker system? 


Maintain ing Mathematical Proficiency Reviewing — learned in previous grades and lessons 


List the possible outcomes for the situation. 


23. guessing the gender of three children 


Chapter 10 Probability 


(Section 10.1) 


24. picking one of two doors and one of three curtains 


Core Vocabulary 


compound event, p. 564 permutation, p. 570 random variable, p. 580 
overlapping events, p. 564 n factorial, p. 570 probability distribution, p. 580 
disjoint events, p. 564 combination, p. 572 binomial distribution, p. 58/ 
mutually exclusive events, p. 564 Binomial Theorem, p. 574 binomial experiment, p. 58] 
Core Concepts 

Section 10.4 


Probability of Compound Events, p. 564 


Section 10.5 


Permutations, p. 571 
Combinations, p. 572 
The Binomial Theorem, p. 574 


Section 10.6 


Probability Distributions, p. 580 
Binomial Experiments, p. 58/ 


Mathematical Practices 


1. How can you use diagrams to understand the situation in Exercise 22 on page 568? 


2. Describe a relationship between the results in part (a) and part (b) in Exercise 74 
on page 578. 


3. Explain how you were able to break the situation into cases to evaluate the validity of the 
statement in part (a) of Exercise 21 on page 584. 


You are a graphic artist working for a company on a new design for 
the board in the game of darts. You are eager to begin the project, 
but the team cannot decide on the terms of the game. Everyone 
agrees that the board should have four colors. But some want the 
probabilities of hitting each color to be equal, while others want them 


to be different. You offer to design two boards, one for each group. 
How do you get started? How creative can you be with your designs? 


To explore the answers to these questions and more, go to 
BigldeasMath.com. 
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Sample Spaces and Probability (op. 537-544) 


| Spinner Results: 


Each section of the spinner shown has the same area. The spinner 
=| 


was spun 30 times. The table shows the results. For which color green 4 
is the experimental probability of stopping on the color the g 
same as the theoretical probability? Tees 

red 9 
SOLUTION ide 8 
The theoretical probability of stopping on each of the five colors is z yellow 3 
Use the outcomes in the table to find the experimental probabilities. 
P(green) = - = * P(orange) = a = P(red) = <: = a P(blue) = 3 = 3 P(yellow) = <i = i, 


> The experimental probability of stopping on orange is the same as the theoretical probability. 


1. A bag contains 9 tiles, one for each letter in the word HAPPINESS. You 
choose a tile at random. What is the probability that you choose a tile with 
the letter S? What is the probability that you choose a tile with a letter other 
than P? 


2. You throw a dart at the board shown. Your dart is equally likely to hit any 
point inside the square board. Are you most likely to get 5 points, 10 points, 
or 20 points? 


6 in. 


Independent and Dependent Events = (pp. 545-552) 


You randomly select 2 cards from a standard deck of 52 playing cards. What is the probability that 
both cards are jacks when (a) you replace the first card before selecting the second, and (b) you do not 
replace the first card. Compare the probabilities. 


SOLUTION 
Let event A be “first card is a jack” and event B be “second card is a jack.” 


a. Because you replace the first card before you select the second card, the events are independent. 
So, the probability is 

<2 iis cere Cen a 

> 522704 169 

b. Because you do not replace the first card before you select the second card, the events are 
dependent. So, the probability is 


P(A and B) = P(A) « P(B) = 


= a, > 262 oe 
P(A and B) = P(A) + P(B|A) 50°51 2652 201 0.005. 
P So, you are a5 Ey a =~ 1,3 times more likely to sélect 2 jacks when you replace the first card 


before you select the second card. 


Find the probability of randomly selecting the given marbles from a bag of 5 red, 8 green, 
and 3 blue marbles when (a) you replace the first marble before drawing the second, and 
(b) you do not replace the first marble. Compare the probabilities. 


3. red, then green 4. blue, then red 5. green, then green 
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Two-Way Tables and Probability (pp. 553-560) 


A survey asks residents of the east and west sides of a city whether they support the construction of 
a bridge. The results, given as joint relative frequencies, are shown in the two-way table. What is the 
probability that a randomly selected resident from the east side will support the project? 


Location 
East Side | West Side 


0.47 0.36 


Response 


0.09 | 


SOLUTION 


Find the joint and marginal relative frequencies. Then use these values to find the 
conditional probability. 


P(yes|east side) = ee = eee 


So, the probability that a resident of the east side of the city will support the project is 
~ about 85.5%. 


6. What is the probability that a randomly selected resident who does not support the project in 
the example above is from the west side? 


7. After a conference, 220 men and 270 women respond to a survey. Of those, 200 men and 
230 women say the conference was impactful. Organize these results in a two-way table. 
Then find and interpret the marginal frequencies. 


Let A and B be events such that P(A) = 3, P(B) = 5, and P(A and B) = =. Find P(A or B). 


SOLUTION 
P(A or B) = P(A) + P(B) — P(A and B) Write general formula. 
=i+i-2 Substitute known probabilities. 
= : Simplify. 
= 0.833 Use a calculator. 


8. Let A and B be events such that P(A) = 0.32, P(B) = 0.48, and P(A and B) = 0.12. 


Find P(A or B). 


a 


Out of 100 employees at a company, 92 employees either work part time or work 5 days each 
week. There are 14 employees who work part time and 80 employees who work 5 days each 
week. What is the probability that a randomly selected employee works both part time and 

5 days each week? 
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10.5} Permutations and Combinations (pp. 569-578) 


A 5-digit code consists of 5 different integers from 0 to 9. How many different codes are possible? 


SOLUTION 
To find the number of permutations of 5 integers chosen from 10, find ;9Ps. 
ios = a on 51 Permutations formula 
= a Subtract. 
= Senay aaa Expand factorials. Divide out common factor, 5!. 
= 30,240 | Simplify. 


> There are 30,240 possible codes. 


Evaluate the expression. 


10... 523 TemeeP ee ic, 


14. Use the Binomial Theorem to write the expansion of (2x + y*)*. 


15. A random drawing will determine which 3 people in a group of 9 will win concert tickets. 
What is the probability that you and your 2 friends will win the tickets? 


EV Binomial Distributions (op. 579-584) 


According to a survey, about 21% of adults in the U.S. visited an art museum last year. You ask 
4 randomly chosen adults whether they visited an art museum last year. Draw a histogram of the 
binomial distribution for your survey. 


SOLUTION 


The probability that a randomly selected 
person visited an art museum is p = 0.21. 
Because you survey 4 people, n = 4. 


P(k = 0) = 4Cy(0.21)°(0.79)4 ~ 0.390 


P(k = 1) = 4C,(0.21)(0.79)3 = 0.414 


Probability 


P(k = 2) = 4C,(0.21)2(0.79)2 ~ 0.165 
* P(k = 3) = 4C,(0.21)3(0.79)! = 0.029 


4 k 
Number of adults who visit the art museum 


P(k = 4) = ,C,(0.21)4(0.79)° ~ 0.002 


16. Find the probability of flipping a coin 12 times and getting exactly 4 heads. 


17. A basketball player makes a free throw 82.6% of the time. The player attempts 5 free throws. 
Draw a histogram of the binomial distribution of the number of successful free throws. What is 
the most likely outcome? 


Chapter 10 Probability 


You roll a six-sided die. Find the probability of the event described. Explain your reasoning. 


1. 


You roll a number less than 5. 2. Youroll a multiple of 3. 


Evaluate the expression. 


S: 
a 
8. 


10. 


at, 


12 


13: 


14. 


EP, aoe 5. Cy 6 ee 
Use the Binomial Theorem to write the binomial expansion of (x + y)°. 
You find the probability P(A or B) by using the equation P(A or B) = P(A) + P(B) — P(A and B). 


Describe why it is necessary to subtract P(A and B) when the events A and B are overlapping. 
Then describe why it is not necessary to subtract P(A and B) when the events A and B are disjoint. 


Is it possible to use the formula P(A and B) = P(A) + P(B|A) when events A and B are 
independent? Explain your reasoning. 


According to a survey, about 58% of families sit down for a family dinner at least four 
times per week. You ask 5 randomly chosen families whether they have a family dinner at 
least four times per week. 


a. Draw a histogram of the binomial distribution for the survey. 
b. What is the most likely outcome of the survey? 
c. What is the probability that at least 3 families have a family dinner four times per week? 


You are choosing a cell phone company to sign with for the next Satisfied | Not Satisfied 


2 years. The three plans you consider are equally priced. You ask 
several of your neighbors whether they are satisfied with their i COURS | HI | I | 
III III | 


Company B 


current cell phone company. The table shows the results. According 
ART 


; ‘ 9 
to this survey, which company should you choose? Company C 


The surface area of Earth is about 196.9 million square miles. The land area is about 
57.5 million square miles and the rest is water. What is the probability that a meteorite that 
reaches the surface of Earth will hit land? What is the probability that it will hit water? 


Consider a bag that contains all the chess pieces in a set, as shown in the diagram. 


a. You choose one piece at random. Find the probability that you choose a black piece or a queen. 


b. You choose one piece at random, do not replace it, then choose a second piece at random. Find 
the probability that you choose a king, then a pawn. - 


Three volunteers are chosen at random from a group of 12 to help at a summer camp. 
a. What is the probability that you, your brother, and your friend are chosen? 


b. The first person chosen will be a counselor, the second will be a lifeguard, and the third will 
be a cook. What is the probability that you are the cook, your brother is the lifeguard, and 
your friend is the counselor? 
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0 Cumulative Assessment 


1. According to a survey, 63% of Americans consider themselves sports fans. You 
randomly select 14 Americans to survey. 


a. Draw a histogram of the binomial distribution of your survey. 


b. What is the most likely number of Americans who consider themselves 
sports fans? 


c. What is the probability at least 7 Americans consider themselves sports fans? 


2. Order the acute angles from smallest to largest. Explain your reasoning. 


tan 0, = 1 tan 6) = 5 
m~ 23 
/ ———— 
tan 6, = ° tants 4 
tan 65 == tan 0 = V3 


3. You order a fruit smoothie made with 2 liquid ingredients and 3 fruit ingredients from 
the menu shown. How many different fruit smoothies can you order? 


Be fiquida Fruita 


* Water «Tea “0, ange * Watermelon 
cd Coconut \Water . Banana © kw 

* Almond Mik * Pine apple * Peach 

° Apple cuice + Cantaloupe « Bluebers ) 


* Orange. cuice «Sty awbervy ¢ Pomegranate 


4. Which statements describe the transformation of the graph of f(x) = x3 — x 
represented by g(x) = 4(x — 2)3 — 4@ — 2)? 


CA) a vertical stretch by a factor of 4 

(B) a vertical shrink by a factor of 

©) ahorizontal shrink by a factor of 4 

CD) ahorizontal stretch by a factor of 4 

CE) a horizontal translation 2 units to the right 


F) a horizontal translation 2 units to the left 
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. Use the diagram to explain why the equation is true. 


P(A) + P(B) = P(A or B) + P(A and B) 


oa ie ee ' : 
. For the sequence —3, —f> ~G —g ---» describe the pattern, write the next term, 


graph the first five terms, and write a rule for the nth term. 


. A survey asked male and female students about whether they prefer to take gym class 


or choir. The table shows the results of the survey. 


a. Complete the two-way table. 


b. What is the probability that a randomly selected student is female and 
prefers choir? 


c. What is the probability that a randomly selected male student prefers 
gym class? 


. The owner of a lawn-mowing business has three mowers. As long as one of the 
mowers is working, the owner can stay productive. One of the mowers is unusable 
10% of the time, one is unusable 8% of the time, and one is unusable 18% of the time. 


a. Find the probability that all three mowers are unusable on a given day. 


b. Find the probability that at least one of the mowers is unusable on a 
given day. 

c. Suppose the least-reliable mower stops working completely. How does this 
affect the probability that the lawn-mowing business can be productive on 
a given day? 


. Write a system of quadratic inequalities whose solution 
is represented in the graph. 
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Solar Power (p. 631) 


» SEEthe Big idea ~~ | 


Reading (p. 624) 


=~ 


SAT Scores (p. 605) 


infant Weights (p. 598) 


Maintaining Mathematical Proficiency 


Comparing Measures of Center 


Example 1 Find the mean, median, and mode of the data set 4, 11, 16, 8, 9, 40, 4, 12, 13, 5, and 
10. Then determine which measure of center best represents the data. Explain. 


4+11+16+8+9+40+4412+13+5+410_ 
il 


Median 4, 4, 5, 8, 9, 11, 12, 13, 16, 40 
Mode Pao, 2, LO; DIZ, 13, F6s40 


Mean x= 12 


The mean is 12, the median is 10, and the mode is 4. The median best represents 
the data. The mode is less than most of the data, and the mean is greater than most 
of the data. 


Find the mean, median, and mode of the data set. Then determine 
which measure of center best represents the data. Explain. 


1. 36, 82, 94, 83, 86, 82 2. 74, 89, 71, 70, 68, 70 3. |, 3.12, 16, 11, 15,.17,44,44 


Finding a Standard Deviation 


Find and interpret the standard deviation of the data set 10, 2, 6, 8, 12, 15, 18, and 
25. Use a table to organize your work. 


a ae —— Step1 Find the mean, x. 
ee x=—=12 
| | 8 
Step 2 Find the deviation of each data value, x — x, as shown in 


the table. 


Step 3 Square each deviation, (x — x)?, as shown in the table. 


Step 4 Find the mean of the squared deviations. 


Cm XY te, — Xe 
n 

4+ 100 + ---+ 169 _ 370 

8 8 


Step 5 Use a calculator to take the square root of the mean of the 
squared deviations. 


= 46.25 


ere 2 gay E nae Sp a 
yo age yt = 5 = V46.25 ~ 6.80 
Nl 


The standard deviation is about 6.80. This means that the typical data value differs 
from the mean by about 6.80 units. 


Find and interpret the standard deviation of the data set. 


4. 43, 48, 41, 51, 42 5. 25,20, 21, 44, 29; 32 6. 65, 56, 49, 66, 62, 52, 53, 49 


7. ABSTRACT REASONING Describe a data set that has a standard deviation of zero. Can a standard 
deviation be negative? Explain your reasoning. 
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Mathematically proficient students use diagrams and graphs to show 


relationships between data. They also analyze data to draw conclusions. 


Modeling with Mathematics 


information Design 


Information design is the designing of data and information so it can be understood 
and used. Throughout this book, you have seen several types of information design. 
In the modern study of statistics, many types of designs require technology to analyze 
the data and organize the graphical design. 


S 


E j Comparing Age Pyramids 


You can use an age pyramid to compare the ages of males and females in the population 
of a country. Compare the mean, median, and mode of each age pyramid. 


Males Females bb. Males B85 | Females c. Females 


a. The relative frequency of each successive age group (from 0—4 to 85+) is less than the preceding 
age group. The mean is roughly 25 years, the median is roughly 20 years, and the mode is the 
youngest age group, 0—4 years. 


b. The mean, median, and mode are all roughly 32 years. 


c. The mean, median, and mode are all roughly middle age, around 40 or 45 years. 


Monitoring Progress 


Use the Internet or some other reference to determine which age pyramid is that of Canada, 
Japan, and Mexico. Compare the mean, median, and mode of the three age pyramids. 


Females 7), Females 3. Males 
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Females 


Using Normal Distributions 


MODELING WITH 
MATHEMATICS 


To be proficient in 
math, you need to 
analyze relationships 
mathematically to 
draw conclusions. 


Chest size Number of men_ 


33 3 
34 18 
. 35 | 81 
36 185 
37 420 
38 749 
39 1073 
40 1079 
41 934 
42 658 
43 370 
44 92 
45 50 
46 21 
47 4 
48 ii 


Essential Question In a normal distribution, about what percent of 


the data lies within one, two, and three standard deviations of the mean? 


Recall that the standard deviation o of a numerical data set is given by 


CS)? 
@, \ An 


where n is the number of values in the data set and p is the mean of the data set. 


“EXPLORATION 1 Analyzing a Normal Distribution 


Work with a partner. In many naturally occurring data sets, the histogram of the 
data is bell-shaped. In statistics, such data sets are said to have a normal distribution. 
For the normal distribution shown below, estimate the percent of the data that lies 
within one, two, and three standard deviations of the mean. Each square on the grid 
represents 1%. 


| tt 3e | 


Ve soeliuees [owe to | | | | et io | [pio 


EXPLORATION 2 Analyzing a Data Set 


set was collected in Scotland in the 
mid-1800Os. It contains the chest sizes 
(in inches) of 5738 men in the Scottish 
Militia. Do the data fit a normal 
distribution? Explain. 


Work with a partner. A famous data E Scottish Militiamen 
1200 


1000 
800 


600 


| 
| 
| 400 
200 


Frequency 


0 
Bomesbeeoveeson 41) 43545) 47 
Chest size (inches) 


Communicate Your Answer 


3. In anormal distribution, about what percent of the data lies within one, two, and 
three standard deviations of the mean? 


4. Use the Internet or some other reference to find another data set that is normally 
distributed. Display your data in a histogram. 
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47.1 Lesson What You Will Learn 


~ Calculate probabilities using normal distributions. 
Use z-scores and the standard normal table to find probabilities. 


(Core Vocabulary. Pm Recognize data sets that are normal. 


| normal distribution, p. 596 


norte a Normal Distributions 
standard normal distribution, 
p. 597 You have studied probability distributions. sh pee of probability distribution is a 


normal distribution. The graph of a normal ¢ ution is a bell-shaped curve called 


z-score, p. 597 een 
= a normal curve that is symmetric about the mean. 


Previous 
probability distribution 


aes © Core Concept 


standard deviation Areas Under a Normal Curve 
kewed a ae . ae 
i me A normal distribution with mean p (the Greek letter mu) and standard deviation 


o (the Greek letter sigma) has these properties. 


¢ The total area under the related normal curve is 1. 


———— ¢ About 68% of the area lies within | standard deviation of the mean. 
| USING A ¢ About 95% of the area lies within 2 standard deviations of the mean. 
GRAPHING oa ae 
e About 99.7% of the area lies within 3 standard deviations of the mean. 
CALCULATOR 


A graphing calculator can 
be used to find areas under 
normal curves. For example, 
the normal distribution 
shown below has mean 0 
and standard deviation 1. 
The graphing calculator 
screen shows that the area 
within 1 standard deviation 
of the mean is about 0.68, 
or 68%. 


From the second bulleted statement above and the symmetry of a normal curve, you 
can deduce that 34% of the area lies within 1 standard deviation to the left of the 
0.5 mean, and 34% of the area lies within 1 standard deviation to the nght of the mean. 


The second diagram above shows other partial areas based on the properties of a 
normal curve. 


The areas under a normal curve can be interpreted as probabilities in a normal 
distribution. So, in a normal distribution, the probability that a randomly chosen 
x-value is between a and 5 is given by the area under the normal curve between 
a and b. 


>. aeaea Finding a Normal Probability 


A normal distribution has mean yz and standard deviation oa. An x-value is randomly 
selected from the distribution. Find P( — 20 < x < p). 


SOLUTION 


The probability that a randomly selected 13.5% 
x-value lies between w — 20 and pis the 
shaded area under the normal curve shown. 


P(u- 20 <x < wp) =0.135+034=04795 ¥ YY ¥ eo 
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Area=.158567 
L up=100 


| Area=.682689 
LLow=43 


up=67 


S70 0aee interpreting Normally Distributed Data 


The scores for a state’s peace officer standards and training test are normally 
distributed with a mean of 55 and a standard deviation of 12. The test scores 
range from 0 to 100. 


a. About what percent of the people taking the test have scores between 43 and 67? 


b. An agency in the state will only hire applicants with test scores of 67 or greater. 
About what percent of the people have test scores that make them eligible to be 
hired by the agency? 


SOLUTION 


a. The scores of 43 and 67 represent one 68% 
standard deviation on either side of the 
mean, as shown. So, about 68% of 
the people taking the test have scores 
between 43 and 67. 


19 31 43 S55 67 #79 91x 
Test scores 


b. A score of 67 is une standard deviation 
to the right of the mean, as shown. So, 
the percent of the people who have 


test scores that make them eligible to 16% 
be hired by the agency is about 
13.5% + 2.35% + 0.15%, or 16%. 19 31 43 #55 67 79 £=9O1x 


Test scores 
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A normal distribution has mean yp and standard deviation o. Find the indicated 
probability for a randomly selected x-value from the distribution. 


1. RG) 2. POS AL) 

3. Pes ese 20) 5. Pb oO: SxS jh) 

5. FOS = 30) 6. Pas + 0) 

7. WHAT IF? In Example 2, about what percent of the people taking the test have 


scores between 43 and 79? 


The Standard Normal Distribution 
The standard normal distribution is the normal distribution with mean 0 and 


standard deviation |. The formula below can be used to transform x-values from a 
normal distribution with mean yw and standard deviation o into z-values having a 
standard normal distribution. 


Bonnie 2s Subtract the mean from the given x-value, 
‘ o then divide by the standard deviation. 


The z-value for a particular x-value is called the z-score for the x-value and is the 
number of standard deviations the x-value lies above or below the mean jp. 
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READING 


In the table, the value 
.0000+ means “slightly 
more than 0” and the 
value 1.0000— means 


“slightly less than 1.” 


STUDY TIP 


When n% of the data are 
less than or equal to a 
certain value, that value is 
called the nth percentile. 
In Example 3, a weight 
of 4170 grams is the 
93rd percentile. 
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For a randomly selected z-value from a standard normal distribution, you can use the 
table below to find the probability that z is less than or equal to a given value. For 
example, the table shows that P(z < —0.4) = 0.3446. You can find the value of 

P(z < —0.4) in the table by finding the value where row —O and column .4 intersect. 


_ ~ Standard Normal Table ~s 
z7|o 4d 2 3 5 6 7 38 9 
~3 | 0013 .0010 0007 .0005 .0003 .0002 .0002 .0001 .0001 0000+ 
-2 | 0228 0179 .0139 0107 .0082 .0062 .0047 .0035 .0026 .0019 
1.1587 1357 .1151 .0968 .0808 .0668 .0548 .0446 .0359 .0287 


—0 | .5000 4602 4207 3821 (3446) 3085 2743) 2420 .2119  .1841 


9000 *.5398....5793.- 01096594 4.6915 7257 eas aieeee SP 
—— » — — vee | 


4 


0 

1 8413 .8643 .8849 .9032 .9192 .9332 .9452 .9554 .9641 .9713 
2 \e9772 O82] “9861 “9895 “O91R. 993899 5am OD) 99) 4 ee 
3 | .9987 .9990 .9993 .9995 .9997 .9998 .9998 .9999 .9999 1.0000— 


You can also use the standard normal table to find probabilities for any normal 
distribution by first converting values from the distribution to z-scores. 


Using a z-Score and the Standard Normal Table 


A study finds that the weights of infants at birth are normally distributed with a mean 
of 3270 grams and a standard deviation of 600 grams. An infant is randomly chosen. 
What is the probability that the infant weighs 4170 grams or less? 


SOLUTION 


Step 1 Find the z-score corresponding to an x-value of 4170. 


Step 2 Use the table to find P(z < 1.5). The table shows that P(z < 1.5) = 0.9332. 


— Standard Normal Table 
mo 4 2 3 «4 rs 7 8 9 | 
-3 0013 .0010 .0007 .0005 .0003 .0002 .0002 .0001 .0001  .0000+ 
-2 0228 .0179 .0139 .0107 .0082 .0062 .0047 .0035 .0026 .0019 
-1 | .1587 .1357 .1151 .0968 .0808 .0668 .0548 .0446 .0359 0287 
=0 | 5000 4602 .4207 .3821 .3446 .3085 2743 2420 2119 1841 
|.5000 .5398 .5793 .6179 .6554 .6915 .7257 .7580 .7881 .8159 


1 | 8413 8643 8849 9032 .9192 9452 9554 9641  .9713 


oS 


—|> > So. the probability that the infant weighs 4170 grams or less is about 0.9332. 
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8. WHAT IF? In Example 3, what is the probability that the infant weighs 
3990 grams or more? 


9. Explain why it makes sense that P(z < 0) = 0.5. 


Data Analysis and Statistics 


UNDERSTANDING 
MATHEMATICAL 
TERMS 


Be sure you understand 
that you cannot use 

a normal distribution 
to interpret skewed 
distributions. The areas 
under a normal curve 
do not correspond to 
the areas of a skewed 
distribution. 


Recognizing Normal Distributions 


Not all distributions are normal. For instance, consider the histograms shown below. 
The first histogram has a normal distribution. Notice that it is bell-shaped and 
symmetric. Recall that a distribution is symmetric when you can draw a vertical line 
that divides the histogram into two parts that are mirror images. Some distributions are 
skewed. The second histogram is skewed left and the third histogram is skewed right. 
The second and third histograms do not have normal distributions. 


ee retian econ ee 
Bell-shaped and Skewed left Skewed right 
symmetric e histogram does not ¢ histogram does 
e histogram has a have a normal not have a normal 
normal distribution distribution distribution 
* mean = median * mean < median * mean > median 


“EXAMPLE 4 Recognizing Normal Distributions 


Determine whether each histogram has a normal distribution. 


Relative frequency 


Heights of Women in the U.S., 
Ages 20-29 


Population of Brazil 


=) 
° 
fo) 


Relative frequency 
o 
i=) 
py 


PLPP OPPO PS 
AMD WY QA H 


Age (years) 


0 
58 60 62 64 66 68 70 72 74 
Height (inches) 


Co 


SOLUTION 


a. The histogram is bell-shaped and fairly symmetric. So, the histogram has an 
approximately normal distribution. 


b. The histogram is skewed right. So, the histogram does not have a normal 
distribution, and you cannot use a normal distribution to interpret the histogram. 
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Math Quiz Scores 


10. Determine whether the histogram 
has a normal distribution. 


Relative frequency 
Leah 
NO 
o 


O41 28345 6 7.8 39 10 
Score 
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71.1 Exercises 


Dynamic Solutions available at BigideasMath.com 


—Vocabulary and Core Concept Check 


1. WRITING Describe how to use the standard normal table to find P(z < 1.4). 


2. WHICH ONE DOESN'T BELONG? Which histogram does not belong with the other three? Explain 


your reasoning. 


Monitoring Progress and Modeling with Mathematics 


ATTENDING TO PRECISION In Exercises 3-6, give the 
percent of the area under the normal curve represented 
by the shaded region(s). 


3. 
in 
4. 
op 7 
y . 

5. 

as 

x 
Y 

6. 

a ys sae Ri: 

y * as 
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In Exercises 7-12, a normal distribution has mean 
pe and standard deviation o. Find the indicated 
probability for a randomly selected x-value from 
the distribution. (See Example 1.) 


i CS pL — 3) Ser 2 ho) 


Sey = jb tea) 10. Pas jt +a) 


Mma olx Se oto) 12. Pur — 30 = x Se) 


In Exercises 13-18, a normal distribution has a mean of 
33 and a standard deviation of 4. Find the probability 
that a randomly selected x-value from the distribution 
is in the given interval. 


13. between 29 and 37 14. between 33 and 45 


15. at least 25 ~ 16. at least 29 
17. at most 37 18. at most 21 


19. PROBLEM SOLVING The 
wing lengths of houseflies 
are normally distributed with 
a mean of 4.6 millimeters 
and a standard deviation of 
0.4 millimeter. (See Example 2.) 


a. About what percent 
of houseflies have 
wing lengths between 
3.8 millimeters and 5.0 millimeters? 


J | 
| 
wing length” 


b. About what percent of houseflies have wing 
lengths longer than 5.8 millimeters? 


20. PROBLEM SOLVING The times a fire department takes 


to arrive at the scene of an emergency are normally 
distributed with a mean of 6 minutes and a standard 
deviation of 1 minute. 


a. For about what percent of emergencies does the 
fire department arrive at the scene in 8 minutes 
or less? 


b. The goal of the fire department is to reach the 


scene of an emergency in 5 minutes or less. About 


what percent of the time does the fire department 
achieve its goal? 


ERROR ANALYSIS In Exercises 21 and 22, a normal 
distribution has a mean of 25 and a standard deviation 
of 2. Describe and correct the error in finding the 
probability that a randomly selected x-value is in the 
given interval. 


21. between 23 and 27 


a 2D AGS 26 Za 28, 


The probability that xis between 
23 and 27 is 0.95. 


22. at least 21 


; 19 21 23 25 ee 29 el i 


The probability that xis at least 21 ; 
eT CnoN. Cea 01025; i 


_ —s pareerers ea aeEEE ER 


23. PROBLEM SOLVING A busy time to visit a bank is 


during its Friday evening rush hours. For these hours, 


the waiting times at the drive-through window are 
normally distributed with a mean of 8 minutes and a 
standard deviation of 2 minutes. You have no more 
than 11 minutes to do your banking and still make it 
to your meeting on time. What is the probability that 
you will be late for the meeting? (See Example 3.) 


24. PROBLEM SOLVING Scientists conducted aerial 
surveys of a seal sanctuary and recorded the number 
x of seals they observed during each survey. The 
numbers of seals observed were normally distributed 
with a mean of 73 seals and a standard deviation of 
14.1 seals. Find the probability that at most 50 seals 
were observed during a randomly chosen survey. 


In Exercises 25 and 26, determine whether the 
histogram has a normal distribution. (See Example 4.) 


25. 
ilies 
ce ra 
ee Aecive 
26. 


40 41 42 43 44 45 46 47 48 49 50 
Time eairnlnietes)! 


27. ANALYZING RELATIONSHIPS 
The table shows the 
numbers of tickets 
that are sold for 
various baseball 
games in a league 
over an entire season. 
Display the data in a 
histogram. Do the 
data fit a normal 
distribution? Explain. 


Frequency 
150-189 
190-229 
230-269 


310—349 


350-389 


i) 


Section 11.1 Using Normal Distributions 601 


28. PROBLEM SOLVING The guayule plant, which grows 31. REASONING For normally distributed data, describe 
in the southwestern United States and in Mexico, is the value that represents the 84th percentile in terms 
one of several plants that can be used as a source of of the mean and standard deviation. 
rubber. In a large group of guayule plants, the heights 
of the plants are normally distributed with a mean of 


? ’ 
12 inches and a standard deviation of 2 inches. 32 Le, 


region represents 47.5% of the area under a normal 
ee curve. What are the mean and standard deviation of 
the normal distribution? . 


Alb 


a. What percent of the plants are taller than nt a 
16 inches? 


33. DRAWING CONCLUSIONS You take both the SAT 

(Scholastic Aptitude Test) and the ACT (American 
c. What percent of the plants are between 7 inches College Test). You score 650 on the mathematics 

and 14 inches? section of the SAT and 29 on the mathematics section 

of the ACT. The SAT test scores and the ACT test 
scores are each normally distributed. For the SAT, 
the mean is 514 and the standard deviation is 118. 
For the ACT, the mean is 21.0 and the standard 
deviation is 5.3. 


b. What percent of the plants are at most 13 inches? 


d. What percent of the plants are at least 3 inches 
taller than or at least 3 inches shorter than the 
mean height? 


29. REASONING Boxes of cereal are filled by a machine. 
Tests show that the amount of cereal in each box a. What percentile is your SAT math score? 
varies. The weights are normally distributed with a 
mean of 20 ounces and a standard deviation of 0.25 
ounce. Four boxes of cereal are randomly chosen. c. On which test did you perform better? Explain 
your reasoning. 


b. What percentile is your ACT math score? 


a. What is the probability that all four boxes contain 


= c . ~ z 9 
no manemhae 17 ouncestomiiaa 34. WRITING Explain how you can convert ACT scores 


b. Do you think the machine 1s functioning properly? into corresponding SAT scores when you know the 
Explain. mean and standard deviation of each distribution. 


: 35. MAKING AN ARGUMENT A data set has a median 
30. THOUGHT PROVOKING Sketch the graph of the t of 80 and a mean of 90. Your friend claims that the 
standard normal distribution function, given by | 


: distribution of the data is skewed left. Is your friend 


7) = a pele correct? Explain your reasoning. 
V20 
Estimate the arca of the region bounded by the 36. CRITICAL THINKING The average scores on a statistics 
x-axis, the graph of f, and the vertical lines x = —3 test are normally distributed with a mean of 75 and a 


ari3) f standard deviation of 10. You randomly select a test 
—— _ - — score x. Find P(x — ple 15), 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Graph the function. Identify the x-intercepts and the points where the local maximums 
and local minimums occur. Determine the intervals for which the function is increasing 
or decreasing. (Section 4.8) 


37. f= 23-4245 © 38. ga)=74 a2 
39. A(x) = —0.5x?2 4+ 3x+7 40. f(x) = —x* + 6x2 -— 13 
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Populations, Samples, 


and Hypotheses 


USING TOOLS 
STRATEGICALLY 


To be proficient in 
math, you need to use 
technology to visualize 
the results of varying 
assumptions, explore 
consequences, and 
compare predictions 
with data. 


Essential Question How can you test theoretical probability using 


sample data? 


“EXPLORATION 1 


Using Sample Data 


Work with a partner. 


a. When two six-sided dice are rolled, what is the 3 e eo ° 
theoretical probability that you roll the same ° ry id eo) 
number on both dice? Od eo j ° r y! 

b. Conduct an experiment to check your answer =~ itl, ea ad 


in part (a). What sample size did you use? Explain = 
your reasoning. 


c. Use the dice rolling simulator at BigldeasMath.com to complete the table and check 
your answer to part (a). What happens as you increase the sample size? 


Number _ Number of Times ] Experimental 
of Rolls Same Number Appears Probability 


100 


+ 
| 


500 


1000 | 
5000 | 


| 10,000 | | 


i 


EXPLORATION 2 


Using Sample Data 


Work with a partner. 


what is the theoretical probability that e 


- 
@ eo 
a. When three six-sided dice are rolled, oe - e @ 
~ ® 
you roll the same number on all three dice? e e 
|) 


b. Compare the theoretical probability you 
found in part (a) with the theoretical 
probability you found in Exploration 1(a). 


c. Conduct an experiment to check your answer in part (a). How does adding 
a die affect the sample size that you use? Explain your reasoning. 


d. Use the dice rolling simulator at BigldeasMath.com to check your answer 
to part (a). What happens as you increase the sample size? 


Communicate Your Answer 


3. How can you test theoretical probability using sample data? 


4. Conduct an experiment to determine the probability of rolling a sum of 7 
when two six-sided dice are rolled. Then find the theoretical probability and 
compare your answers. 
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171.2 Lesson 


Core Vocabulary... 


population, p. 604 
sample, p. 604 
parameter, p. 605 
Statistic, p. 605 
hypothesis, p. 605 


Previous 
Venn diagram 


proportion 
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What You Will Learn 


Distinguish between populations and samples. 
» Analyze hypotheses. 


Populations and Samples 


A population is the collection of all data, such as responses, measurements, or counts, 
that you want information about. A sample is a subset of a population. 


A census consists of data from an entire population. But, unless a population is small, 
it is usually impractical to obtain all the population data. In most studies, information 
must be obtained from a random sample. (You will learn more about random sampling 
and data collection in the next section.) 


It is important for a sample to be representative of a population so that sample 

data can be used to draw conclusions about the population. When the sample is 

not representative of the population, the conclusions may not be valid. Drawing 
conclusions about populations is an important use of statistics. Recall that statistics 
is the science of collecting, organizing, and interpreting data. 


Distinguishing Between Populations and Samples 


Identify the population and the sample. Describe the sample. 


a. In the United States, a survey of 2184 adults ages 18 and over found that 1328 of 
them own at least one pet. 


b. To estimate the gasoline mileage of new cars sold in the United States, a 
consumer advocacy group tests 845 new cars and finds they have an average 
of 25.1 miles per gallon. 


SOLUTION 


a. The population consists of the responses 
of all adults ages 18 and over in the 
United States, and the sample consists 
of the responses of the 2184 adults in 
the survey. Notice in the diagram that 
the sample is a subset of the responses 
of all adults in the United States. The 
sample consists of 1328 adults who said 
they own at least one pet and 856 adults 
who said they do not own any pets. 


Population: responses of all adults 
ages 18 and over in the United States 


Sample: 2184 
responses of adults 
in survey 


b. The population consists of the gasoline 


mileages of all new cars sold in the 
United States, and the sample consists 
of the gasoline mileages of the 845 new 
cars tested by the group. Notice in the 
diagram that the sample is a subset of 
the gasoline mileages of all new cars in 
the United States. The sample consists 
of 845 new cars with an average of 
25.1 miles per gallon. 


Data Analysis and Statistics 


Population: gasoline mileages of all 
new cars sold in the United States 


Sample: gasoline 
mileages of 845 
new cars in test 


UNDERSTANDING 
MATHEMATICAL 
TERMS 


A population proportion 
is the ratio of members 
of a population with a 
particular characteristic 
to the total members of 
the population. A sample 
proportion is the ratio 
of members of a sample 
of the population with a 
particular characteristic 
to the total members of 
the sample. 


A numerical description of a population characteristic is called a parameter. A 
numerical description of a sample characteristic is called a statistic. Because some 
populations are too large to measure, a statistic, such as the sample mean, is used to 
estimate the parameter, such as the population mean. It is important that you are able 
to distinguish between a parameter and a statistic. 


“EXAMPLE 


Distinguishing Between Parameters and Statistics 


a. For all students taking the SAT in a recent year, the mean mathematics score was 
514. Is the mean score a parameter or a statistic? Explain your reasoning. 


b. A survey of 1060 women, ages 20-29 in the United States, found that the standard 
deviation of their heights is about 2.6 inches. Is the standard deviation of the 
heights a parameter or a Statistic? Explain your reasoning. 


SOLUTION 


a. Because the mean score of 514 is based on all students who took the SAT in a 
recent year, it is a parameter. 


b. Because there are more than 1060 women ages 20-29 in the United States, the 
survey is based on a subset of the population (all women ages 20-29 in the 
United States). So, the standard deviation of the heights is a statistic. Note that 
if the sample is representative of the population, then you can estimate that the 
standard deviation of the heights of all women ages 20—29 in the United States is 
about 2.6 inches. 
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In Monitoring Progress Questions 1 and 2, identify the population and the 
sample. 


1. To estimate the retail prices for three grades of gasoline sold in the United States, 
the Energy Information Association calls 800 retail gasoline outlets, records the 
prices, and then determines the average price for each grade. 


2. A survey of 4464 shoppers in the United States found that they spent an average 
of $407.02 from Thursday through Sunday during a recent Thanksgiving holiday. 


3. A survey found that the median salary of 1068 statisticians is about $72,800. Is 
the median salary a parameter or a statistic? Explain your reasoning. 


4. The mean age of U.S. representatives at the start of the 113th Congress was about 
57 years. Is the mean age a parameter or a statistic? Explain your reasoning. 


Analyzing Hypotheses 


In statistics, a hypothesis is a claim about a characteristic of a population. Here are 
some examples. 


1. A drug company claims that patients using its weight-loss drug lose an average of 
24 pounds in the first 3 months. 


2. A medical researcher claims that the proportion of U.S. adults living with one or 
more chronic conditions, such as high blood pressure, is 0.45, or 45%. 


To analyze a hypothesis, you need to distinguish between results that can easily occur 
by chance and results that are highly unlikely to occur by chance. One way to analyze 
a hypothesis is to perform a simulation. When the results are highly unlikely to occur, 
the hypothesis is probably false. 
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SS eNNiesem Analyzing a Hypothesis 


You roll a six-sided die 5 times and do not get an even number. The probability of 


INTERPRETING this happening is (4 y = 0,03125, so you suspect this die favors odd numbers. The die 
MATHEMATICAL maker claims the die does not favor odd numbers or even numbers. What should you 
RESULTS conclude when you roll the actual die 50 times and get (a) 26 odd numbers and 


Results of other (b) 35 odd numbers? 


simulations may have SOLUTION 
histograms different from 
the one shown, but the 
shape should be similar. 
Note that the histogram 
is fairly bell-shaped 

and symmetric, which 
means the distribution is 
approximately normal. 

By increasing the number 
of samples or the sample ——— 


The maker's claim, or hypothesis, is “the die does not favor odd numbers or even 
numbers.” This is the same as saying that the proportion of odd numbers rolled, in 
the long run, is 0.50. So, assume the probability of rolling an odd number is 0.50. 
Simulate the rolling of the die by repeatedly drawing 200 random samples of size 50 
from a population of 50% ones and 50% zeros. Let the population of ones represent 
the event of rolling an odd number and make a histogram of the distribution of the 
sample proportions. 


ai Simulation: Rolling a Die 50 Times 


sizes (or both), you should S 0.16 rolling 26 odd numbers 
get a histogram that more 5 ~ a 
closely resembles a normal Ss 0.12 
distribution. & 
—_|> = 0.08 L 
= . 
B 0.04 [rolling 35 odd numbers | 
y _ —- r - 
_ ! 
0 Oo vt ioe) ™N wo oO Tt 00 N wo joo] 
i es er ee ae ee oe 
Oo SS i] oO oO oO i=) i=) i=) Oo ] 
Proportion of 50 rolls that result in odd numbers 


: : 26 
a. Getting 26 odd numbers in 50 rolls corresponds to a proportion of =, = 0.52. In the 
simulation, this result had a relative frequency of 0.16. In fact, most of the results 

are close to 0.50. Because this result can easily occur by chance, you can conclude 


JUSTIFYING that the maker’s claim is most likely true, 


CONCLUSIONS b. Getting 35 odd numbers in 50 rolls corresponds to a proportion of = = 0.70. 
In Example 3(b), the 2 . oe ne —— not soak ee aarnira ee is 
theoretical probability of ighly unlikely to occur by chance, you can conclude that the maker’s claim is 


getting 35 odd numbers most likely false. 

in 50 rolls is about 0.002. B . 

So, while unlikely, it Monitoring Progress i) Help in English and Spanish at BigldeasMath.com 
is possible that you 
incorrectly concluded 
that the die maker's 


5. WHAT IF? In Example 3, what should you conclude when you roll the actual die 
50 times and get (a) 24 odd numbers and (b) 31 odd numbers? 


claim is false. 


In Example 3(b), you concluded the maker’s claim is probably false. In general, such 
conclusions may or may not be correct. The table summarizes the incorrect and correct 
decisions that can be made about a hypothesis. 


Truth of Hypothesis = 


| EEE 


Hypothesis is true. | Hypothesis is false. 


Ht 


You decide that the 


i re correct decision incorrect decision 
2 hypothesis is true. 

sS : a 

® You decide that the : a - 

Qa incorrect decision correct decision 


| hypothesis is false. 


— 
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1 1 2 Exe rcises Dynamic Solutions available at BigldeasMath.com 


Vocabulary and Core Concept Check 


1. COMPLETE THE SENTENCE A portion of a population that can be studied in order to make predictions 
about the entire population is a(n) 


2. WRITING Describe the difference between a parameter and a statistic. Give an example of each. 


3. VOCABULARY What is a hypothesis in statistics? 


4. WRITING Describe two ways you can make an incorrect decision when analyzing a hypothesis. 


In Exercises 5—8, determine whether the data are In Exercises 13-16, determine whether the numerical 
collected from a population or a sample. Explain your value is a parameter or a statistic. Explain your 
reasoning. reasoning. (See Example 2.) 
5. the number of high school students in the 13. The average annual 
United States salary of some physical 
therapists in a state 
6. the color of every third car that passes your house is $76,210. 


7. asurvey of 100 spectators at a sporting event with 
1800 spectators 14. Inarecent year, 53% of the senators in the 
United States Senate were Democrats. 
8. the age of each dentist in the United States 
15. Seventy-three percent of all the students in a school 
In Exercises 9-12, identify the population and sample. would prefer to have schoo! dances on Saturday. 
Describe the sample. (See Example 1.) 
16. A survey of U.S. adults found that 10% believe 
a cleaning product they use is not safe for the 
environment. 


9. Inthe United States, 
a survey of 1152 adults 
ages 18 and over found 
that 403 of them 
pretend to use their 
smartphones to avoid 
talking to someone. 


17. ERROR ANALYSIS A survey of 1270 high school 
students found that 965 students felt added stress 
because of their workload. Describe and correct the 
error in identifying the population and the sample. 


10. Inthe United States, a survey of 1777 adults ages 18 
and over found that 1279 of them do some kind of x 
spring cleaning every year. 


The population consists of all the 
students in the high school. The sample 
consists of the 965 students who felt 


: added stress. 
11. In aschool district, a survey of 1300 high school 


students found that 1001 of them like the new, healthy 
cafeteria food choices. 18. ERROR ANALYSIS Of all the players on a National 


Football League team, the mean age is 26 years. 
Describe and correct the error in determining whether 
the mean age represents a parameter or statistic. 


12. Inthe United States, a 
survey of 2000 households 
with at least one child 
found that 1280 of them 
eat dinner together 
every night. 


Because the mean age of 26 is based only © 
on one football team, it is a statistic. 
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19. MODELING WITH MATHEMATICS You flip a coin 
4 times and do not get a tails. You suspect this coin 
favors heads. The coin maker claims that the coin 
does not favor heads or tails. You simulate flipping 
the coin 50 times by repeatedly drawing 200 random 
samples of size 50. The histogram shows the results. 
What should you conclude when you flip the actual 
coin 50 times and get (a) 27 heads and (b) 33 heads? 
(See Example 3.) 


Simulation: Flipping a Coin 50 Times 


Relative frequency 


20. MODELING WITH MATHEMATICS Use the histogram 
in Exercise 19 to determine what you should 
conclude when you flip the actual coin 50 times and 
get (a) 17 heads and (b) 23 heads. 


21. MAKING AN ARGUMENT A random sample of 
five people at a movie theater from a population of 
200 people gave the film 4 out of 4 stars. Your friend 
concludes that everyone in the movie theater would 
give the film 4 stars. Is your friend correct? Explain 
your reasoning. 


22. HOW DO YOU SEE IT? Use the Venn diagram to 
identify the population and sample. Explain your 
reasoning. 


Majors of students at a university 


Majors of students 
at a university who 
take chemistry 


23. OPEN-ENDED Find a newspaper or magazine article 
that describes a survey. Identify the population and 
sample. Describe the sample. 


24. THOUGHT PROVOKING You choose a random sample 
of 200 from a population of 2000. Each person in the 
sample is asked how many hours of sleep he or she 
gets each night. The mean of your sample is 8 hours. 
Is it possible that the mean of the entire population is 
only 7.5 hours of sleep each night? Explain. 


25. DRAWING CONCLUSIONS You perform two 
simulations of repeatedly selecting a marble out of a 
bag with replacement that contains three red marbles 
and three blue marbles. The first simulation uses 
20 random samples of size 10, and the second uses 
400 random samples of size 10. The histograms 
show the results. Which simulation should you use 
to accurately analyze a hypothesis? Explain. 


Simulation 1: Picking a Marble 10 Times 
> 0.3 
UU 


Relative frequen 


0 
0 0.2 0.4 0.6 0.8 


Proportion of 10 picks that are red 


y 
o 
w 


Relative frequenc 


04 0.6 
Proportion of 10 picks that are red 


26. PROBLEM SOLVING You roll an eight-sided die five 
times and get a four every time. You suspect that the 
die favors the number four. The die maker claims that 
the die does not.favor any number. 


a. Perform a simulation involving 50 trials of rolling 
the actual die and getting a four to test the die 
maker’s claim. Display the results in a histogram. 


b. What should you conclude when you roll the 
actual die 50 times and get 20 fours? 7 fours? 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Solve the equation by completing the square. 
27. x — WOr= 4 10 28. 312 + 6t = 18 


Solve the equation using the Quadratic Formula. 


30. n2+2n+2=0 31. 


(Section 3.3) 


29. s*+10s+8=0 


(Section 3.4) 
42? + 28z = 15 


32. 5w-w*?=-11 
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Collecting Data 


JUSTIFYING 
CONCLUSIONS 


To be proficient in math, 
you need to justify your 
conclusions and 
communicate them 

to others. 


Essential Question What are some considerations when 
undertaking a statistical study? 


The goal of any statistical study is to collect data and then use the data to make a 
decision. Any decision you make using the results of a statistical study is only as 
reliable as the process used to obtain the data. If the process is flawed, then the 
resulting decision is questionable. 


Suess ele) mi §=Analyzing Sampling Techniques 


Work with a partner. Determine whether each sample is representative of the 
population. Explain your reasoning. 


a. To determine the number of hours people exercise during a week, researchers use 
random-digit dialing and call 1500 people. 


b. To determine how many text messages high school students send in a week, 
researchers post a survey on a website and receive 750 responses. 


c. To determine how much money college students spend on clothes each semester, 


a researcher surveys 450 college students as they leave the university library. 


d. To determine the quality of service customers receive, an airline sends an e-mail 
survey to éach customer after the completion of a flight. 


ee iunele ewe Analyzing Survey Questions 


Work with a partner. Determine whether each survey question is biased. Explain 
your reasoning. If so, suggest an unbiased rewording of the question. 


a. Does eating nutritious, whole-grain foods improve your health? 
b. Do you ever attempt the dangerous activity of texting while driving? 
c. How many hours do you sleep each night? 


d. How can the mayor of your city improve his or her public image? 


Analyzing Survey Randomness 


' EXPLORATION 3 
and Truthfulness 


Work with a partner. Discuss each potential problem in obtaining a random survey 
of a population. Include suggestions for overcoming the problem. 


a. The people selected might not be a random sample of the population. 
b. The people selected might not be willing to participate in the survey. 
c. The people selected might not be truthful when answering the question. 


d. The people selected might not understand the survey question. 


Communicate Your Answer 


4. What are some considerations when undertaking a statistical study? 


5. Find a real-life example of a biased survey question. Then suggest an unbiased 
rewording of the question. 
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471.3 Lesson What You Will Learn 


& Identify types of sampling methods in statistical studies. 
BR Recognize bias in sampling. 

Core Vocabulary. & Analyze methods of collecting data. 

random sample, p. 610 > 
self-selected sample, p. 610 
systematic sample, p. 670 
Stratified sample, p. 670 


Recognize bias in survey questions. 


Identifying Sampling Methods in Statistical Studies 


cluster sample, p. 670 The steps ina typical statistical study are shown below. 

convenience sample, p. 670 = ' 

bias, p. 677 Identity the Choose a Organize Interpret the data, 

UENO BRINN, jo: OPT variable of sample that is Collect and describe — make inferences, 

eye eS 7, ilerest ‘ancl TT representative map en = the data => and draw 

experiment, p. 612 the population ol the usiTiga conclusions about 
of the study. population. statistic. the population. 


observational study, p. 672 
Survey, p. 672 

simulation, p. 672 

biased question, p 613 


There are many different ways of sampling a population, but a random sample is 
preferred because it is most likely to be representative of a population. In a random 
sample, cach member of a population has an equal chance of being selected. 


neuen The other types of samples given below are defined by the methods used to select 
population members, Each sampling method has its advantages and disadvantages. 
sample 
G) Core Concept 
Types of Samples 
For a self-selected sample, For a systematic sample, a rule is used 
members of a population can to select members of a population. For 
volunteer to be in the sample. instance, selecting every other person. 
45 
STUDY TIP ) ' 


A stratified sample ensures 
that every segment of a 
population is represented. 


nate Rhee 


Hor a stratified sample, a population is divided into smaller groups that share a 
similar characteristic. A sample is then randomly selected from each group. 


ERAGR ERNE ERASE 
RH ATE RR ATE Meee 


For a cluster sample, a population is divided into groups, called clusters. All of 
the members in one or more of the clusters are selected. 


HAAGR ERAS ERAGE 
RAARE CATE RAATE 


lor a convenience sample, only members of a population who are easy to reach 


are selected. 


STUDY TIP 


With cluster sampling, a 
member of a population 
cannot belong to more 
than one cluster. 
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STUDY TIP 


All good sampling 
methods rely on 
random sampling. 


PEXAMPLE 1 | identifying Types of Samples 


You want to determine whether students in your school like the new design of the 
school’s website. Identify the type of sample described. 


a. You list all of the students alphabetically and choose every sixth student. 
b. You mail questionnaires and use only the questionnaires that are returned. 
c. You ask all of the students in your algebra class. 


d. You randomly select two students from each classroom. 


SOLUTION 
a. You are using a rule to select students. So, the sample is a systematic sample. 


b. The students can choose whether to respond. So, the sample is a 
self-selected sample. 


c. You are selecting students who are readily available. So, the sample is a 
convenience sample. 


d. The students are divided into similar groups by their classrooms, and two students 
are selected at random from each group. So, the sample is a stratified sample. 
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1. WHAT IF? In Example 1, you divide the students in your school according to their 
zip codes, then select all of the students that live in one zip code. What type of 
sample are you using? 


2. Describe another method you can use to obtain a stratified sample in Example 1. 


Recognizing Bias in Sampling 

A bias is an error that results in a misrepresentation of a population. In order to obtain 
reliable information and draw accurate conclusions about a population, it is important 
to select an unbiased sample. An unbiased sample is representative of the population 
that you want information about. A sample that overrepresents or under-represents part 
of the population is a biased sample. When a sample is biased, the data are invalid. A 
random sample can help reduce the possibility of a biased sample. 


EXAMPLE 2 Identifying Bias in Samples 


Identify the type of sample and explain why the sample is biased. 
a. A news organization asks its viewers to participate in an online poll about bullying. 


b. A computer science teacher wants to know how students at a school most 
often access the Internet. The teacher asks students in one of the computer 
science classes. 


SOLUTION 


a. The viewers can choose whether to participate in the poll. So, the sample is a 
self-selected sample. The sample is biased because people who go online and 
respond to the poll most likely have a strong opinion on the subject of bullying. 


b. The teacher selects students who are readily available. So, the sample is a 
convenience sample. The sample is biased because other students in the school 
do not have an opportunity to be chosen. 
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STUDY TIP 


When you obtain a 
duplicate integer during 
the generation, ignore 

; it and generate a new, 
unique integer as 


a replacement. } 


>e' item Selecting an Unbiased Sample 


You are a member of your school’s yearbook committee. You want to poll members 
of the senior class to find out what the theme of the yearbook should be. There are 
246 students in the senior class. Describe a method for selecting a random sample 
of 50 seniors to poll. 


SOLUTION 


Step 1 Make a list of all 246 seniors. Assign each senior a different integer 
from | to 246. 


Step 2 Generate 50 unique random integers from randint(1,246) 
| to 246 using the rand/nt feature of a 
graphing calculator. 


Step 3 Choose the 50 students who correspond to 
the 50 integers you generated in Step 2. 
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3. The manager of a concert hall wants to know how often people in the community 
attend concerts. The manager asks 45 people standing in line for a rock concert 
how many concerts they attend per year. Identify the type of sample the manager 
is using and explain why the sample is biased. 


4. In Example 3, what is another method you can use to generate a random sample 
of 50 students? Explain why your sampling method is random. 


Analyzing Methods of Data Collection 


There are several ways to collect data for a statistical study. The objective of the study 
often dictates the best method for collecting the data. 


G) Core Concept 


READING 


A census is a survey that 
obtains data from every 
member of a population. 
Often, a census is not 
practical because of its 
cost or the time required 
to gather the data. The 
U.S. population census is 


conducted every 10 ail 


Methods of Collecting Data 


An experiment imposes a treatment on individuals in order to collect data on 
their response to the treatment. The treatment may be a medical treatment, or it 
can be any action that might affect a variable in the experiment, such as adding 
methanol to gasoline and then measuring its effect on fuel efficiency. 


An observational study observes individuals and measures variables without 
controlling the individuals or their environment. This type of study is used when 
it is difficult to control or isolate the variable being studied, or when it may be 
unethical to subject people to a certain treatment or to withhold it from them. 


A survey is an investigation of one or more characteristics of a population. In a 
survey, every member of a sample is asked one or more questions. 


imulation uses a model to reproduce the conditions of a situation or 
process s so » that the simulated outcomes closely match the real-world outcomes. 
Simulations allow you to study situations that are impractical or dangerous to 

create in real life. 
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STUDY TIP 


Bias may also be 
introduced in survey 


questioning in other ways, 


such as by the order in 
which questions are asked 
or by respondents giving 
answers they believe will 
please the questioner. 


Se itaaem identifying Methods of Data Collection 


Identify the method of data collection each situation describes. 
a. A researcher records whether people at a gas station use hand sanitizer. 


b. A landscaper fertilizes 20 lawns with a regular fertilizer mix and 20 lawns with a 
new organic fertilizer. The landscaper then compares the lawns after 10 weeks and 
determines which fertilizer is better. 


SOLUTION 


a. The researcher is gathering data without controlling the individuals or applying a 
treatment. So, this situation is an observational study. 


b. A treatment (organic fertilizer) is being applied to some of the individuals (lawns) 
in the study. So, this situation is an experiment. 
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Identify the method of data collection the situation describes. 


5. Members of a student council at your school ask every eighth student who enters 
the cafeteria whether they like the snacks in the school’s vending machines. 


6. A park ranger measures and records the heights of trees in a park as they grow. 


7. A researcher uses a computer program to help determine how fast an influenza 
virus might spread within a city. 


Recognizing Bias in Survey Questions 


When designing a survey, it is important to word survey questions so they do not lead 
to biased results. Answers to poorly worded questions may not accurately reflect the 
opinions or actions of those being surveyed. Oumaians that are flawed in a way that 
leads to inaccurate results are called biased questions. Avoid questions that: 


* encourage a particular response * are too sensitive to answer truthfully 


e do not provide enough information e address more than one issue 
to give an accurate opinion 


Identify and Correct Bias in Survey Questioning 


A dentist surveys his patients by asking, “Do you brush your teeth at least twice 
per day and floss every day?” Explain why the question may be biased or otherwise 
introduce bias into the survey. Then describe a way to correct the flaw. 


SOLUTION 


Patients who brush less than twice per day or do not floss daily may be afraid to 
admit this because the dentist is asking the question. One improvement may be to 
have patients answer questions about dental hygiene on paper and then put the paper 
anonymously into a box. 
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8. Explain why the survey question below may be biased or otherwise introduce bias 
into the survey. Then describe a way to correct the flaw. 


“Do you agree that our school cafeteria should switch to a healthier menu?” 
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11.3 Exercises 


Dynamic Solutions available at BigldeasMath.com 


of being selected is a(n) sample. 


example of each. 


Vocabulary and Core Concept Check 


1. VOCABULARY Describe the difference between a stratified sample and a cluster sample. 


2. COMPLETE THE SENTENCE A sample for which each member of a population has an equal chance 


3. WRITING Describe a situation in which you would use a simulation to collect data. 


4. WRITING Describe the difference between an unbiased sample and a biased sample. Give one 


Monitoring Progress and Modeling with Mathematics 


In Exercises 5-8, identify the type of sample described. 
(See Example 1.) 


5. The owners of a chain of 260 retail stores want to 
assess employee job satisfaction. Employees from 
12 stores near the headquarters are surveyed. 


6. Each employee in a company writes their name on 
a card and places it in a hat. The employees whose 
names are on the first two cards drawn each win a 
gift card. 


7. A taxicab company wants to know whether its 
customers are satisfied with the service. Drivers 
survey every tenth customer during the day. 


8. The owner of a community pool wants to ask patrons 
whether they think the water should be colder. Patrons 
are divided into four age groups, and a sample is 
randomly surveyed from each age group. 


In Exercises 9-12, identify the type of sample and 
explain why the sample is biased. (See Example 2.) 


9. A town council wants to know whether residents 
support having an off-leash area for dogs in the town 
park. Eighty dog owners are surveyed at the park. 


TN, 


\ 
lk 
{ 
| 


| 
! 
| 
| 
' 
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10. 


A: 


12. 


VEE 


14. 


A sportswriter wants to determine whether baseball 
coaches think wooden bats should be mandatory in 
collegiate baseball. The sportswriter mails surveys 
to all collegiate coaches and uses the surveys that 
are returned. 


You want to find out whether booth holders at a 
convention were pleased with their booth locations. 
You divide the convention center into six sections and 
survey every booth holder in the fifth section. 


Every tenth employee who arrives at a company 
health fair answers a survey that asks for opinions 
about new health-related programs. 


ERROR ANALYSIS Surveys are mailed to every other 
household in a neighborhood. Each survey that is 
returned is used. Describe and correct the error in 
identifying the type of sample that is used. 


x 


ERROR ANALYSIS A researcher wants to know 
whether the U.S. workforce supports raising the 
minimum wage. Fifty high school students chosen at 
random are surveyed. Describe and correct the error 
in determining whether the sample is biased. 


x 


Because the surveys were mailed to 
every other household, the sample is 
a systematic sample. 


Because the students were chosen at 
random, the sample is not biased. 


In Exercises 15-18, determine whether the sample is 
biased. Explain your reasoning. 


15. 


16. 


17. 


18. 


19. 


20. 


Every third person who enters an athletic event is 
asked whether he or she supports the use of instant 
replay in officiating the event. 


A governor wants to know whether voters in the state 
support building a highway that will pass through 

a State forest. Business owners in a town near the 
proposed highway are randomly surveyed. 


To assess customers’ experiences making purchases 
online, a rating company e-mails purchasers and asks 
that they click on a link and complete a survey. 


Your school principal randomly selects five students 
from each grade to complete a survey about 
classroom participation. 


WRITING The staff of a 
student newsletter wants to 
conduct a survey of the 
students’ favorite television 
shows. There are 1225 students 
in the school. Describe a 
method for selecting a random 
sample of 250 students to survey. (See ee 3) 


WRITING A national collegiate athletic association 
wants to survey 15 of the 120 head football coaches 
in a division about a proposed rules change. Describe 
a method for selecting a random sample of coaches 
to survey. 


In Exercises 21—24, identify the method of data 
collection the situation describes. (See Example 4.) 


21; 


22. 


23. 


24. 


A researcher uses technology to estimate the damage 
that will be done if a volcano erupts. 


The owner of a restaurant asks 20 customers whether 
they are satisfied with the quality of their meals. 


A researcher compares incomes of people who live in 
rural areas with those who live in large urban areas. 


A researcher places bacteria samples in two different 
climates. The researcher then measures the bacteria 
growth in each sample after 3 days. 


In Exercises 25-28, explain why the survey question 
may be biased or otherwise introduce bias into the 
survey. Then describe a way to correct the flaw. 

(See Example 5.) 


25. “Do you agree that the budget of our city should 
be cut?” 


26. “Would you rather watch the latest award-winning 
movie or just read some book?” 


27. “The tap water coming from our western water supply 
contains twice the level of arsenic of water from our 
eastern supply. Do you think the government should 
address this health problem?” 


28. A child asks, “Do you support the construction of 
a new children’s hospital?” 


In Exercises 29-32, determine whether the survey 
question may be biased or otherwise introduce bias into 
the survey. Explain your reasoning. 


29. “Do you favor government funding to help prevent 
acid rain?” 


30. “Do you think that renovating the old town hall would 
be a mistake?” 


31. A police officer asks mall visitors, “Do you wear your 
seat belt regularly?” 


32. “Do you agree with the amendments to the Clean 
Air Act?” 


33. REASONING A researcher studies the effect of 
fiber supplements on heart disease. The researcher 
identified 175 people who take fiber supplements and 
175 people who do not take fiber supplements. The 
study found that those who took the supplements had 
19.6% fewer heart attacks. The researcher concludes 
that taking fiber supplements reduces the chance of 
heart attacks. 


a. Explain why the researcher’s conclusion may not 
be valid. 


b. Describe how the researcher could have conducted 
the study differently to produce valid results. 
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34. HOW DO YOU SEE IT? A poll is conducted to predict 38. REASONING About 3.2% of U.S. adults follow a 


the results of a statewide election in New Mexico vegetarian-based diet. Two randomly selected groups 
before all the votes are counted. Fifty voters in each of people were asked whether they follow such a 
of the state’s 33 counties are asked how they voted diet. The first sample consists of 20 people and the 


second sample consists of 200 people. Which sample 
proportion is more likely to be representative of the 
national percentage? Explain. 


Lees | 


as they leave the polls. 
a. Identify the type of sample described. 


b. Explain how the diagram shows that the polling 

method could result in a biased sample. 39. MAKING AN ARGUMENT The U.S. Census is taken 
every 10 years to gather data from the population. 
Your friend claims that the sample cannot be biased. 
Is your friend correct? Explain. 


40. OPEN-ENDED An airline wants to know whether 
travelers have enough leg room on its planes. 


Population by County 


Over 150,000 50,000-99,999 
f@) 100,000-149,999 [_] Under 50,000 


a. What method of data collection is appropriate for 
this situation? 


35. WRITING Consider each type of sample listed on b. Describe a sampling method that is likely to give 
page 610. Which of the samples are most likely to biased results. Explain. 


lead to biased results? Explain. 
rearegmmmnsrornn eC: c. Describe a sampling method that is not likely to 


give biased results. Explain. 
36. THOUGHT PROVOKING What is the difference 
between a “blind experiment” and a “double-blind 
experiment?” Describe a possible advantage of the 
second type of experiment over the first. 


d. Write one biased question and one unbiased 
question for this situation. 


41. REASONING A website contains a link to a survey 
that asks how much time each person spends on the 
37. WRITING A college wants to survey its graduating Internet each week. 
seniors to find out how many have already found jobs 


in their field of study after graduation. a. What type of sampling method's usediin 


this situation? — 


a. What is the objective of the survey? 
: as b. Which population is likely to respond to the 


b. Describe the population for the survey. survey? What can you conclude? 


c. Write two unbiased questions for the survey. 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Evaluate the expression without using a calculator. (Section 5./) 


42. 4? 43. 2775 44. —64!% 


Simplify the expression. (Section 5.2) 
46. (49? « 41/44 47, (613 +313)-2 48. 4 V'16 
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11.1-11.3 What Did You Learn? 


Core Vocabulary 

normal distribution, p. 596 hypothesis, p. 605 unbiased sample, p. 6/1 
normal curve, p. 596 random sample, p. 6/0 biased sample, p. 6// 
standard normal distribution, p. 597 _ self-selected sample, p. 610 experiment, p. 612 
z-score, p. 597 systematic sample, p. 610 observational study, p. 6/2 
population, p. 604 stratified sample, p. 6/0 survey, p. 612 

sample, p. 604 cluster sample, p. 6/0 simulation, p. 6/2 
parameter, p. 605 convenience sample, p. 6/0 biased question, p. 613 
Statistic, p. 605 bias, p. 611 

Core Concepts 

Section 11.1 

Areas Under a Normal Curve, p. 596 Recognizing Normal Distributions, p. 599 


Using z-Scores and the Standard Normal Table, p. 597 


Section 11.2 


Distinguishing Between Populations and Samples, p. 604 
Analyzing Hypotheses, p. 606 


Section 11.3 


Types of Samples, p. 610 
Methods of Collecting Data, p. 6/2 


Mathematical Practices 


1. What previously established results, if any, did you use to solve Exercise 31 on page 602? 


2. What external resources, if any, did you use to answer Exercise 36 on page 616? 


prccccctccc Study Skills 
Reworking Your Notes 


It’s almost impossible to write down in your notes all the detailed 
information you are taught in class. A good way to reinforce the 
concepts and put them into your long-term memory is to rework 
your notes. When you take notes, leave extra space on the pages. 
You can go back after class and fill in: 


e important definitions and rules 
© additional examples 
¢ questions you have about the material 


A normal distribution has a mean of 32 and a standard deviation of 4. Find the 
probability that a randomly selected x-value from the distribution is in the given 
interval. (Section 11.1) 


1. 


at least 28 2. between 20 and 32 3. at most 26 4. at most 35 


Determine whether the histogram has a normal distribution. (Section 11.1) 


10. 


11. 
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Relative frequency 


A survey of 1654 high school seniors determined that 1125 plan to attend college. Identify 
the population and the sample. Describe the sample. (Section 11.2) 


A survey of all employees at a company found that the mean one-way daily commute 
to work of the employees is 25.5 minutes. Is the mean time a parameter or a statistic? 
Explain your reasoning. (Section 11.2) 


A researcher records the number of bacteria present in several samples in a laboratory. 
Identify the method of data collection. (Section 11.3) 


You spin a five-color spinner, which is divided 
into equal parts, five times and every time the 
spinner lands on red. You suspect the spinner 
favors red. The maker of the spinner claims 
that the spinner does not favor any color. You 
simulate spinning the spinner 50 times by 
repeatedly drawing 200 random samples of 
size 50. The histogram shows the results. Use 
the histogram to determine what you should 
conclude when you spin the actual spinner 
50 times and the spinner lands on red 

(a) 9 times and (b) 19 times. (Section 11.2) 


Relative frequency 


A local television station wants to find the number of hours per week people in the 
viewing area watch sporting events on television. The station surveys people at a nearby 
sports stadium. (Section 11.3) 


a. Identify the type of sample described. b. ' Is the sample biased? Explain your reasoning. 
c. Describe a method for selecting a random sample of 200 people to survey. 


Chapter 11 Data Analysis and Statistics 


Experimental Design 


Essential Question How can you use an experiment to test 


a conjecture? 


“EXPLORATION 1 | Using an Experiment 


Work with a partner. Standard white playing dice lightest side 

are manufactured with black dots that are indentations, e 

as shown. So, the side with six indentations is the ® (\ ) 
lightest side and the side with one indentation is e” 
the heaviest side. WA 9 ¢ 


You make a conjecture that when you roll a standard playing 

die, the number 6 will come up more often than the number | 

because 6 is the lightest side. To test your conjecture, roll a standard playing 
die 25 times. Record the results in the table. Does the experiment confirm your 
conjecture? Explain your reasoning. 


Number | | 
; | — 
| 


Work with a partner. To overcome the imbalance of standard 


playing dice, one of the authors of this book invented and % +: ; 
patented 12-sided dice, on which each number from 1 through 6 f e @ 46 
She \ © f) 

appears twice (on opposing sides). See BigldeasMath.com.  ) @ us 
As part of the patent process, a standard playing die was <a 
rolled 27,090 times. The results are shown below. 

| | | 

| l 2 B) 4 5 6 

| 4293 4524 | 4492 4397 | 4623 4761 

= et as | RE a an i 


What can you conclude from the results of this experiment? Explain your reasoning. 


CONSTRUCTING 
VIABLE ARGUMENTS 


To be proficient in math, 


Communicate Your Anewer 


you need to make 3. How can you use an experiment to test a conjecture? 
conjectures and perform 
experiments to explore 
the truth of your 
conjectures. 


4. Exploration 2 shows the results of rolling a standard playing die 27,090 times 
to test the conjecture in Exploration 1. Why do you think the number of trials 
was so large? 


5. Make a conjecture about the outcomes of rolling the 12-sided die in 
Exploration 2. Then design an experiment that could be used to test your 
conjecture. Be sure that your experiment is practical to complete and includes 
enough trials to give meaningful results. 
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11.4 Lesson 


Core Vocabulary. 


controlled experiment, p. 620 

control group, p. 620 

| treatment group, p. 620 

randomization, p. 620 

randomized comparative 
experiment, p. 620 

placebo, p. 620 

replication, p. 622 


Previous ‘ 
sample size 


STUDY TIP 
The study in part (a) is 
an observational study 
because the treatment is 


What You Will Learn 


Pm Describe experiments. 


Pm Recognize how randomization applies to experiments and observational 
studies. 


> Analyze experimental designs. 


Describing Experiments 


In a controlled experiment, two groups are studied under identical conditions with 
the exception of one variable. The group under ordinary conditions that is subjected to 


no treatment is s the re eT The group that is subjected to the treatment is the 


Randomization is is a ee of asiieeuian aston subjects to different treatment 
groups. In a randomized cor xperiment, subjects are randomly assigned to 
the control group or the treatment group. In some cases, subjects in the control group 
are given a placebo, which is a harmless, unmedicated treatment that resembles the 
actual treatment. The comparison of the control group and the treatment group makes 
it possible to determine any effects of the treatment. 


Randomization minimizes bias and produces groups of individuals who are 
theoretically similar in all ways before the treatment is applied. Conclusions drawn 
from an experiment that is not a randomized comparative experiment may not be valid. 


Evaluating Published Reports 


Determine whether each study is a randomized comparative experiment. If it is, 
describe the treatment, the treatment group, and the control group. If it is not, explain 
why not and discuss whether the conclusions drawn from the study are valid. 


a. Supermarket Checkout 


Check Out Even Faster 


Health Watch 


Vitamin C Lowers Cholesterol 


| 


| At a health clinic, patients were given 

| the choice of whether to take a dietary 
| supplement of 500 milligrams of 

| vitamin C each day. Fifty patients who 
| took the supplement were monitored 

| for one year, as were 50 patients who 

| did not take the supplement. At the 

| end of one year, patients who took the 
| supplement had 15% lower cholesterol 
| levels than patients in the other group. 


To test the new design of its self 


| 
checkout, a grocer gathered 142 | 
customers and randomly divided 

them into two groups. One group 

used the new self checkout and one 
group used the old self checkout to 
buy the same groceries. Users of 

the new self checkout were able to 


complete their purchases 16% faster. | 


SOLUTION 


not being imposed. 
eee lS a. The study is not a randomized comparative experiment because the individuals 


were not randomly assigned to a control group and a treatment group. The 
conclusion that vitamin C lowers cholesterol may or may not be valid. There may 
be other reasons why patients who took the supplement had lower cholesterol 
levels. For instance, patients who voluntarily take the supplement may be more 
likely to have other healthy eating or lifestyle habits that could affect their 
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cholesterol levels. 


b. The study is a randomized comparative experiment. The treatment is the use of 


the new self checkout. The treatment group is the individuals who use the new self 
checkout. The control group is the individuals who use the old self checkout. 


Data Analysis and Statistics 
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1. Determine whether the study is a randomized comparative experiment. If it is, 


Motori : 
oe oes describe the treatment, the treatment group, and the control group. If it is not, 
Early Birds Make explain why not and discuss whether the conclusions drawn from the study 
Better Drivers | are valid. 


A recent study shows that adults | — 


who rise before 6:30 A.M. are , “ : . 
better drivers than other adults. | Randomization in Experiments and 


| The study monitored the driving : Observational Studies 


| tecords of 140 volunteers who You have already learned about random sampling and its usefulness in surveys. 


| always wake up before 6:30 and Randomization applies to experiments and observational studies as shown below. 


| 140 volunteers who never wake 


: sees poms 
up before 6:30. The early risers | Experiment | Observational study | 
_ had 12% fewer accidents. _ e ] 


Individuals are assigned at random to the | When possible, random samples can be 
| treatment group or the control group. | selected for the groups being studied. l 


Good experiments and observational studies are designed to compare data from 
two or more groups and to show any relationship between variables. Only a 
well-designed experiment, however, can determine a cause-and-effect relationship. 


G Core Concept 


Comparative Studies and Causality 


e A rigorous randomized comparative experiment, by eliminating sources of 
variation other than the controlled variable, can make valid cause-and-effect 
conclusions possible. 


e An observational study can identify correlation between variables, but not 
causality. Variables, other than what is being measured, may be affecting 
the results. 


Designing an Experiment or Observational Study 


Explain whether the following research topic is best investigated through an 
experiment or an observational study. Then describe the design of the experiment 
or observational study. 


You want to know whether vigorous exercise in older people results in longer life. 


SOLUTION 


The treatment, vigorous exercise, is not possible for those people who are already 
unhealthy, so it is not ethical to assign individuals to a control or treatment group. 
Use an observational study. Randomly choose one group of individuals who already 
exercise vigorously. Then randomly choose one group of individuals who do not 
exercise vigorously. Monitor the ages of the individuals in both groups at regular 
intervals. Note that because you are using an observational study, you should be able 
to identify a correlation between vigorous exercise in older people and longevity, but 
not causality. 
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2. Determine whether the following research topic is best investigated through an 
experiment or an observational study. Then describe the design of the experiment 
or observational study. 


You want to know whether flowers sprayed twice per day with a mist of water stay 
fresh longer than flowers that are not sprayed. 
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= 
| UNDERSTANDING 
MATHEMATICAL 
TERMS 


{ 
The validity of an 
experiment refers to the 
reliability of the results. 
The results of a valid 
experiment are more 

G likely to be accepted. 


STUDY TIP 


| The experimental design 
described in part (c) is an 
example of randomized 


block design. 


Analyzing Experimental Designs 


An important part of experimental design is sample size, or the number of subjects 
in the experiment. To improve the validity of the experiment, replication is required, 
which is repetition of the experiment under the same or similar conditions. 


EXAMPLE Analyzing Experimental Designs 


A pharmaceutical company wants to test the 
effectiveness of a new chewing gum designed to 

help people lose weight. Identify a potential problem, 
if any, with each experimental design. Then describe 
how you can improve it. 


Gr 


a. The company identifies 10 people who are 
overweight. Five subjects are given the new 
chewing gum and the other 5 are given a 
placebo. After 3 months, each subject is evaluated and it is determined that 
the 5 subjects who have been using the new chewing gum have lost weight. 


b. The company identifies 10,000 people who are overweight. The subjects are 
divided into groups according to gender. Females receive the new chewing gum 
and males receive the placebo. After 3 months, a significantly large number of the 
female subjects have lost weight. 


c. The company identifies 10,000 people who are overweight. The subjects are 
divided into groups according to age. Within each age group, subjects are randomly 
assigned to receive the new chewing gum or the placebo. After 3 months, a 
significantly large number of the subjects who received the new chewing gum 
have lost weight. 


SOLUTION 


a. The sample size is not large enough to produce valid results. To improve the 
validity of the experiment, the sample size must be larger and the experiment 
must be replicated. 


b. Because the subjects are divided into groups according to gender, the groups are not 
similar. The new chewing gum may have more of an effect on women than on men, 
or more of an effect on men than on women. It is not possible to see such an effect 
with the experiment the way it is designed. The subjects can be divided into groups 
according to gender, but within each group, they must be randomly assigned to the 
treatment group or the control group. 


c. The subjects are divided into groups according to a similar characteristic (age). 
Because subjects within each age group are randomly assigned to receive the new 
chewing gum or the placebo, replication is possible. 
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3. In Example 3, the company identifies 250 people who are overweight. The 
subjects are randomly assigned to a treatment group or a control group. In 
addition, each-subject is given a DVD that documents the dangers of obesity. After 
3 months, most of the subjects placed in the treatment group have lost weight. 
Identify a potential problem with the experimental design. Then describe how you 
can improve it. , 


4. You design an experiment to test the effectiveness of a vaccine against a 
strain of influenza. In the experiment, 100,000 people receive the vaccine and 
another 100,000 people receive a placebo. Identify a potential problem with the 
experimental design. Then describe how you can improve it. 


622 Chapter 11 Data Analysis and Statistics 


1 7 4 Exercises Dynamic Solutions available at BigldeasMath.com 


Vocabulary and Core Concept Check 


1. COMPLETE THE SENTENCE Repetition of an experiment under the same or similar conditions is called 


2. WRITING Describe the difference between the control group and the treatment group in a controlled experiment. 


Monitoring Progress and Modeling with Mathematics 


In Exercises 3 and 4, determine whether the study is a 6. 

randomized comparative experiment. If it is, describe x The study is an observational study. 
the treatment, the treatment group, and the control 

group. If it is not, explain why not and discuss whether 


the conclusions drawn from the study are valid. 
(See Example 1.) In Exercises 7-10, explain whether the research topic 


is best investigated through an experiment or an 


3. observational study. Then describe the design of the 
: — experiment or observational study. (See Example 2.) 
New Drug Improves Sleep 
4 ; : | 7. A researcher wants to compare the body mass index 
To test a new drug for insomnia, a pharmaceutical | Pe oksr and noncnokers 
| company randomly divided 200 adult volunteers 
Beertwo Broup One group received the drug and 8. A restaurant chef wants to know which pasta sauce 
one group received a placebo. After one month, recipe is preferred by more diners 
the adults who took the drug slept 18% longer, ; 
while those who took the placebo experienced no 9. A farmer wants to know whether a new fertilizer affects 
Significant change. the weight of the fruit produced by strawberry plants. 
i - Dental Heal th ~~ 10. You want to know whether homes that are close to 
Milk Fights Cavities —, parks or schools have higher property values. 
At a middle school, students can choose to drink | 11. DRAWING CONCLUSIONS A company wants to test 
milk or other beverages at lunch. Seventy-five whether a nutritional supplement has an adverse effect 
students who chose milk were monitored for on an athlete’s heart rate while exercising. Identify 
one year, as were 75 students who chose other a potential problem, if any, with each experimental 
beverages. At the end of the year, students in the design. Then describe how you can improve it. 
“milk” group had 25% fewer cavities than students (See Example 3.) 
in the other group. 


a. The company randomly selects 250 athletes. Half 
of the athletes receive the supplement and their 
heart rates are monitored while they run on a 
treadmill. The other half of the athletes are given 


ERROR ANALYSIS In Exercises 5 and 6, describe and 
correct the error in describing the study. 


A company’s researchers want to study the effects of a placebo and their heart rates are monitored while 

adding shea butter to their existing hair conditioner. they lift weights. The heart rates of the athletes 

They monitor the hair quality of 30 randomly who took the supplement significantly increased 

selected customers using the regular conditioner while exercising. 

and 30 randomly selected customers using the new b. The company selects 1000 athletes. The athletes are 

shea butter conditioner. divided into two groups based on age. Within each 

=< age group, the athletes are randomly assigned to 

The control group is individuals who do receive the supplement or the placebo. The athletes’ 
not use either of the conditioners. heart rates are monitored while they run on a 


treadmill. There was no significant difference in the 
increases in heart rates between the two groups. 
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12. DRAWING CONCLUSIONS A researcher wants to 
test the effectiveness of reading novels on raising 
intelligence quotient (IQ) scores. Identify a potential 
problem, if any, with each experimental design. Then 
describe how you can improve it. 


a. The researcher selects 500 adults and randomly 
divides them into two groups. One group reads 
novels daily and one group does not read novels. 
At the end of | year, each adult is evaluated and 
it is determined that neither group had an increase 


in IQ scores. 
\Y 


b. Fifty adults volunteer to 
spend time reading novels 
every day for | year. 

Fifty other adults 
volunteer to refrain 

from reading novels for 

1 year. Each adult is 
evaluated and it is 
determined that the adults 
who read novels raised 
their IQ scores by 

3 points more than the other group. 


13. DRAWING CONCLUSIONS A fitness company claims 
that its workout program will increase vertical jump 
heights in 6 weeks. To test the workout program, 

10 athletes are divided into two groups. The double 
bar graph shows the results of the experiment. Identify 
the potential problems with the experimental design. 
Then describe how you can improve it. 


Vertical Jump Workout 


O Before 
m After 6 


Height (inches) 


Did not follow 
program 


Followed 
program 


14. WRITING Explain why observational studies, rather 
than experiments, are usually used in astronomy. 


15. MAKING AN ARGUMENT Your friend wants to 
determine whether the number of siblings has an 
effect on a student’s grades. Your friend claims to be 
able to show causality between the number of siblings 
and grades. Is your friend correct? Explain. 


16. HOW DO YOU SEE IT? To test the effect political 
advertisements have on voter preferences, a 
researcher selects 400 potential voters and randomly 
divides them into two groups. The circle graphs 
show the results of the study. 


Survey Results 
Watching 30 Minutes of TV Watching 30 Minutes of TV 


with No Ads with Ads for Candidate B 
4% iS 
38% 
(a = 


Candidate A CandidateB Candidate C Undecided 


a. Is the study a randomized comparative 
experiment? Explain. 


b. Describe the treatment. 


c. Can you conclude that the political advertisements 
were effective? Explain. 


17. WRITING Describe the placebo effect and how it 
affects the results of an experiment. Explain how a 
researcher can minimize the placebo effect. 


18. THOUGHT PROVOKING Make a hypothesis about 
something that interests you. Design an experiment 
that could show that your hypothesis is probably true. 


19. REASONING Will replicating an experiment on 
many individuals produce data that are more likely to 
accurately represent a population than performing the 
experiment only once? Explain. 


Maintaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


Draw a dot plot that represents the data. Identify the shape of the distribution. 


20. Ages: 24° 21,22, 26, 22523,)25..23520- 24 20825 


(Skills Review Handbook) 
21. Golf strokes: 4, 3, 4, 3, 3, 2, 7, 5, 3,4 


Tell whether the function represents exponential growth or exponential decay. Then graph the function. 


(Section 6.1) 
23. y= (0.95) 


24. y= (0.2) 


25. y = (1.25) 
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Chapter 11 


Data Analysis and Statistics 


Making Inferences trom 


Sample Surveys 


Essential Question How can you use a sample survey to infer 


a conclusion about a population? 


EXPLORATION + 


Making an Inference from a Sample 


Work with a partner. You conduct a study to 
determine what percent of the high school students 

in your city would prefer an upgraded model of their 
current cell phone. Based on your intuition and talking 
with a few acquaintances, you think that 50% of high 
school students would prefer an upgrade. You survey 
50 randomly chosen high school students and find that 
20 of them prefer an upgraded model. 


50,000 High 
School Students 


50 Sampled 


MODELING WITH 
MATHEMATICS 


To be proficient in math, a. Based on your sample survey, what percent of the high school students in 
you need to apply the your city would prefer an upgraded model? Explain your reasoning. 
mathematics you know to b. In spite of your sample survey, is it still possible that 50% of the high school 


solve problems arising in 


: students in your city prefer an upgraded model? Explain your reasoning. 
everyday life. 


c. To investigate the likelihood that you could have selected a sample of 50 from a 
population in which 50% of the population does prefer an upgraded model, you 
create a binomial distribution as shown below. From the distribution, estimate the 
probability that exactly 20 students surveyed prefer an upgraded model. Is this 
event likely to occur? Explain your reasoning. 


Survey Results J] 


20 of the 50 
prefer the 
upgrade. 


Probability 


13 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39 41 43 45 47 49 
Number of students who prefer the new model 


d. When making inferences from sample surveys, the sample must be random. In the 
situation described above, describe how you could design and conduct a survey 
using a random sample of 50 high school students who live in a large city. 


Communicate Your Answer 


2. How can you use a sample survey to infer a conclusion about a population? 


3. In Exploration 1(c), what is the probability that exactly 25 students you survey 
prefer an upgraded model? 
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11.5 Lesson 


Core Vocabulary.. 


descriptive statistics, p. 626 
inferential statistics, p. 626 
margin of error, p. 629 


Previous 
statistic 
parameter 


REMEMBER 


Recall that x denotes the 
— mean. It is read 


| 
| 
Las “x bar.” 


r 


= : = 
STUDY TIP 


The probability that the 
population mean is exactly 
299.15 is virtually 0, but 
the sample mean is 

a good estimate of pu. 


What You Will Learn 


~ Estimate population parameters. 
& Analyze estimated population parameters. 
~ Find margins of error for surveys. 


Estimating Population Parameters 


The study of statistics has two major branches: descriptive statistics and inferential 
statistics. Deseriptive statistics involves the organization, summarization, and 
display of data. So far, you have been using descriptive statistics in your studies of 
data analysis and statistics. Inferential statistics involves using a sample to draw 
conclusions about a population. You can use statistics to make reasonable predictions, 
or inferences, about an entire population when the sample is representative of 

the population. 


Pe "izeames Estimating a Population Mean 


The numbers of friends for a random sample of 40 teen users of a social networking 
website are shown in the table. Estimate the population mean p. 


Number of Friends = 
281 342 229 384 epee i 
247 298 248 312 445 
385 286 314 | 260 186 
| 287 342 225 | 308 343 
» 262 220 320 310 | 150 
! 274 291 300 | 410 pos 
279 Bal 370 | Si 350 
369. | 2S 325 | _ 338 278 
SOLUTION 
To estimate the unknown population mean yp, find the sample mean ~x. 
ee | ||,966 
a 7 299.15 


® So, the mean number of friends for all teen users of the website is about 299. 
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1. The data from another random sample of 30 teen users of the social networking 
website are shown in the table. Estimate the population mean wu: 


rc a er — 


Number of Friends 


305 237 261 | 374 tees 
257 243 352 | 330 189 
2007 «| ~—«418 (275 | 288 | 307 
295 288 341 322 | 271 
209 164 363 | «228 «| «= 390 

, 313 315 263 | 209 | 285 
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REMEMBER 
A population proportion 
is the ratio of members 
of a population with a 
particular characteristic 
to the total members of 
the population. A sample 
proportion is the ratio 

of members of a sample 
of the population with a 
particular characteristic 
to the total members of 
the sample. 


STUDY TIP 


Statistics and probability 
provide information that 
you can use to weigh 
evidence and make 
decisions. 


Not every random sample results in the same estimate of a population parameter; there 
will be some sampling variability. Larger sample sizes, however, tend to produce more 
accurate estimates. 


Estimating Population Proportions 


A student newspaper wants to predict the winner of a city’s mayoral election. Two 
candidates, A and B, are running for office. Eight staff members conduct surveys 
of randomly selected residents. The residents are asked whether they will vote for 
Candidate A. The results are shown in the table. 


Sample 1) Number of Votes for a7 Percent of Votes for 


Size Candidate Ainthe Sample | Candidate A in the Sample 
5 2 | 40% 
12 4 | 33.3% 
| 20 12 60% 
| 30 17 | 56.7% | 
50 29 | 58% | 
| = 125 73 | 58.4% | 
150 88 | 58.7% | 
200 | 118 | 59% 


a. Based on the results of the first two sample surveys, do you think Candidate A will 
win the election? Explain. 


b. Based on the results in the table, do you think Candidate A will win the election? 
Explain. 
SOLUTION 


a. The results of the first two surveys (sizes 5 and 12) show that fewer than 50% of 
the residents will vote for Candidate A. Because there are only two candidates, 
one candidate needs more than 50% of the votes to win. 


> Based on these surveys, you can predict Candidate A will not win the election. 


b. As the sample sizes increase, the estimated percent of votes approaches 59%. 
You can predict that 59% of the city residents will vote for Candidate A. 


Because 59% of the votes are more than the 50% needed to win, you should 
feel confident that Candidate A will win the election. 
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2. Two candidates are running for class president. The table shows the results of 
four surveys of random students in the class. The students were asked whether 
they will vote for the incumbent. Do you think the incumbent will be reelected? 
Explain. 


Percent of Votes 

for Incumbent 

esto | 7 10% 
20 | il 55% 
30 13 43.3% 
Se ee ee 


Section 11.5 Making Inferences from Sample Surveys 627 


———..-- 


randiInt(0,99,50) 
Efe) 4B) fare SA AY nag 


STUDY TIP 


| The dot plot shows the 
results of one simulation. 

| Results of other 
simulations may give 

, Slightly different results 

but the shape should 

- be similar. 


INTERPRETING 
MATREMATICAL 
RESULTS 


Note that the sample 
proportion 0.3 in part (a) 
lies in this interval, while 
the sample proportion 0.5 
in part (b) falls outside 


this interval. P 


Analyzing Estimated Population Parameters 


An estimated population parameter is a hypothesis. You learned in Section 11.2 that 
one way to analyze a hypothesis is to perform a simulation. 


Analyzing an Estimated Population Proportion 


A national polling company claims 34% of U.S. adults say mathematics is the most 
valuable school subject in their lives. You survey a random sample of 50 adults. 


a. What can you conclude about the accuracy of the claim that the population 
proportion is 0.34 when 15 adults in your survey say mathematics is the most 
valuable subject? 


b. What can you conclude about the accuracy of the claim when 25 adults in your 
survey say mathematics is the most valuable subject? 


c. Assume that the true population proportion is 0.34. Estimate the variation among 
sample proportions using samples of size 50. 


SOLUTION 


The polling company’s claim (hypothesis) is that the population proportion of U.S. 
adults who say mathematics is the most valuable school subject is 0.34. To analyze 
this claim, simulate choosing 80 random samples of size 50 using a random number 
generator on a graphing calculator. Generate 50 random numbers from 0 to 99 for each 
sample. Let numbers | through 34 represent adults who say math. Find the sample 
proportions and make a dot plot showing the distribution of the sample proportions. 


Simulation: Polling 50 Adults 


—_ 
| Random sample: 


15 out of 50 4 
e e =. Sa 
€- @u6 Random sample: 
5S fees 25 out of 50 
oo e@#eeeeee eo 
@oeeeeeeeee ®@ 
®eeeeeeeeee ® 
e @eeeeeeeeeeee @ 
@eeeeeeeeeeeéeeeeeeee ee 


0.18 0.22 0.26 0.3 0.34 0.38 0.42 0.46 0.5 
Proportion of 50 adults who say math 


a. Note that 15 out of 50 corresponds to a sample proportion of = = 0.3. In the 
simulation, this result occurred in 7 of the 80 random samples. It is likely that 
15 adults out of 50 would say math is the most valuable subject when the true 
population percentage is 34%. So, you can conclude the company’s claim is 


probably accurate. 


b. Note that 25 out of 50 corresponds to a sample proportion of = = 0.5. In the 
simulation, this result occurred in only | of the 80 random samples. So, it is 
unlikely that 25 adults out of 50 would say math is the most valuable subject when 
the true population percentage is 34%. So, you can conclude the company’s claim 
is probably not accurate. 


c. Note that the dot plot is fairly bell-shaped and symmetric, so the distribution is 
approximately normal. In a normal distribution, you know that about 95% of 
the possible sample proportions will lic within two standard deviations of 0.34. 
Excluding the two least and two greatest sample proportions, represented by red 
dots @ in the dot plot, leaves 76 of 80, or 95%, of the sample proportions. These 
76 proportions range from 0.2 to 0.48. So, 95% of the time, a sample proportion 
should lie in the interval from 0.2 to 0.48. 


628 Chapter 11 Data Analysis and Statistics 


Americans’ Main News Source 


Television: 


Internet: 
21% 


ov Newspaper: 
9% 
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3. WHAT IF? In Example 3, what can you conclude about the accuracy of the claim 
that the population proportion is 0.34 when 21 adults in your random sample say 
mathematics is the most valuable subject? 


Finding Margins of Error for Surveys 


When conducting a survey, you need to make the size of your sample large enough so 
that it accurately represents the population. As the sample size increases, the margin of 
error decreases. 


margin of error gives a limit on how much the responses of the sample would 
differ f on in responses of the population. For example, if 40% of the people in a poll 
favor a new tax law, and the margin of error is +4%, then it is likely that between 36% 
and 44% of the entire population favor a new tax law. 


G Core Concept 


Margin of Error Formula 


When a random sample of size n is taken from a large population, the margin of 
error is approximated by 


Margin of error = = 
Vn 
This means that if the percent of the sample responding a certain way is p 
(expressed as a decimal), then the percent of the population who would respond 


the same way is likely to be between p — J. and p + = 
} n 


Finding a Margin of Error 


In a survey of 2048 people in the U.S., 55% said that television is their main source 
of news. (a) What is the margin of error for the survey? (b) Give an interval that 

is likely to contain the exact percent of all people who use television as their main 
source of news. 


SOLUTION 
a. Use the margin of error formula. 
Margin of error = +. = +1__ ~ +0,022 
ae V2048 


> The margin of error for the survey is about 2.2%. 


b. To find the interval, subtract and add 2.2% to the percent of people surveyed who 
said television is their main source of news (55%). 


55% — 2.2% = 52.8% 55% + 2.2% = 57.2% 


> It is likely that the exact percent of all people in the U.S. who use television as 
their main source of news is between 52.8% and 57.2%. 
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4. Inasurvey of 1028 people in the U.S., 87% reported using the Internet. Give an 
interval that is likely to contain the exact percent of all people in the U.S. who 
use the Internet. 
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1 1 5 Exercises Dynamic Solutions avaliable at BigideasMathcom 


Vocabulary and Core Concept Check 


1. COMPLETE THE SENTENCE The gives a limit on how much the responses of the sample 
would differ from the responses of the population. 


2. WRITING What is the difference between descriptive and inferential statistics? 


Monitoring Progress and Modeling with Mathematics 


3. PROBLEM SOLVING The numbers of text messages 6. WRITING A survey asks a random sample of U.S. 
sent each day by a random sample of 30 teen teenagers how many hours of television they watch 
cellphone users are shown in the table. Estimate each night. The survey reveals that the sample mean 
the population mean w. (See Example I.) is 3 hours per night. How confident are you that the 

- - - average of all U.S. teenagers is exactly 3 hours 
Number of Text Messages - | per night? Explain your reasoning. 
30 | 60 | 59 | 83 | 41 | ld tea atl 
37 | 66 | 63 | 60 | 92 | | 
53 42 | Ai | 32 79 | | 
| | 
ag 80 41 | 51 j- 85 | 
l | 
| 73 | Je | 69 Jee eo | 
| ) . 
| 57 | 60 | 70 | 91 | 67 | | 


4. PROBLEM SOLVING The incomes for a random 
sample of 35 U.S. households are shown in the table. 7. DRAWING CONCLUSIONS When the President of 


Estimate the population mean p. the United States vetoes a bill, the Congress can 
ais override the veto by a two-thirds majority vote in each 


Income of U.S. Households 


House. Five news organizations conduct individual 
} 14,300 | 52,100 | 74,800 | 51,000 | 91,500 random surveys of U.S. Senators. The senators are 
72.800 | 50.500 | 15.000 | 37.600 | 22.100 asked whether they will vote to override the veto. The 
| , results are shown in the table. (See Example 2.) 
— 40,000 | 65,400 | 50,000 | 81,100 | 99,800 a 
43.300 32,500 76,300 83,400 | 24,600 Sample Number of Votes | Percent of Votes 
30,800 62.100 32.800 i 21.900 | 64.400 ' Size to Override Veto to Override Veto 
73,100 | 20,000 | 49,700 | 71,000 | 45,900 qi 6 85.7% 
53,200 | 45,500 | 55,300 | 19,100 | 63,100 22 16 72.7% 
LF 28 oi | 75% 
5. PROBLEM SOLVING Use the data in Exercise 3 to | 
answer each question. | st 17 54.8% 
| | 
a. Estimate the population proportion p of teen aa 27 35.1% 
cellphone users who send more than 70 text 
messages each day. a. Based on the results of the first two surveys, do 


you think the Senate will vote to override the 


b. Estimate the population proportion p of teen veto? Explain 


cellphone users who send fewer than 50 text 
messages each day. b. Based on the results in the table, do you think the 
Senate will vote to override the veto? Explain. 
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8. DRAWING CONCLUSIONS Your teacher lets the 


10. 


students decide whether to have their test on Friday 
or Monday. The table shows the results from four 
surveys of randomly selected students in your grade 
who are taking the same class. The students are asked 
whether they want to have the test on Friday. 


_ Sample , Number of Percent of | 
Size “Yes” Responses Votes 
| 10 8 80% 
| 20 12 60% 
30 16 | 53.3% 
40 | 18 45% 


a. Based on the results of the first two surveys, do 
you think the test will be on Friday? Explain. 


b. Based on the results in the table, do you think the 
test will be on Friday? Explain. 


MODELING WITH MATHEMATICS A national polling 
company claims that 54% of U.S. adults are married. 
You survey a random sample of 50 adults. 

(See Example 3.) 


a. What can you conclude about the accuracy of the 
claim that the population proportion is 0.54 when 
31 adults in your survey are married? 


b. What can you conclude about the accuracy of the 
claim that the population proportion is 0.54 when 
19 adults in your survey are married? 


c. Assume that the true population proportion is 0.54. 


Estimate the variation among sample proportions 
for samples of size 50. 


MODELING WITH MATHEMATICS Employee 
engagement is the level of commitment and 
involvement an employee has toward the company 
and its values. A national polling company claims that 
only 29% of U.S. employees feel engaged at work. 
You survey a random sample of 50 U.S. employees. 


a. What can you conclude about the accuracy of the 
claim that the population proportion is 0.29 when 
16 employees feel engaged at work? 


b. What can you conclude about the accuracy of the 
claim that the population proportion is 0.29 when 
23 employees feel engaged at work? 


c. Assume that the true population proportion is 0.29. 


Estimate the variation among sample proportions 
for samples of size 50. 


Section 11.5 


In Exercises 11-16, find the margin of error for a survey 
that has the given sample size. Round your answer to 
the nearest tenth of a percent. 


le 


13. 


EE 


17. 


18. 


19: 


20. 


Making Inferences from Sample Surveys 


260 12. 1000 
2024 . 14. 6400 
B21 16. 750 


ATTENDING TO PRECISION In a survey of 1020 U.S. 
adults, 41% said that their top priority for saving is 
retirement. (See Example 4.) 


a. What is the margin of error for the survey? 


b. Give an interval that is likely to contain the exact 
percent of all U.S. adults whose top priority for 
saving is retirement. 


ATTENDING TO PRECISION Ina survey of 1022 U.S. 
adults, 76% said that more emphasis should be placed 
on producing domestic energy from solar power. 


a. What is the r 
margin of error 
for the survey? 


b. Give an interval that 
is likely to contain 
the exact percent of 
all U.S. adults who think more emphasis should 
be placed on producing domestic energy from 
solar power. 


ERROR ANALYSIS In a survey, 8% of adult Internet 
users said they participate in sports fantasy leagues 
online. The margin of error is +4%. Describe and 
correct the error in calculating the sample size. 


0.0064 =1 
1 
ijedtlee 


ERROR ANALYSIS In a random sample of 

2500 consumers, 61% prefer Game A over Game B. 
Describe and correct the error in giving an interval 
that is likely to contain the exact percent of all 
consumers who prefer Game A over Game B. 


It is likely that the exact percent of all 
consumers who prefer Game A over 
Game B is between 60% and 62%. 
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MAKING AN ARGUMENT Your friend states that it 
is possible to have a margin of error between 0 and 
100 percent, not including 0 or 100 percent. Is your 
friend correct? Explain your reasoning. 


HOW DO YOU SEE IT? The figure shows the 
distribution of the sample proportions from three 
simulations using different sample sizes. Which 
simulation has the least margin of error? the 
greatest? Explain your reasoning. 


ig 


40% 45% 50% 55% 60% 


REASONING A developer claims that the percent 
of city residents who favor building a new football 
stadium is likely between 52.3% and 61.7%. How 
many residents were surveyed? 


ABSTRACT REASONING Suppose a random sample of 
size n is required to produce a margin of error of +E. 
Write an expression in terms of n for the sample size 


needed to reduce the margin of error to as Oh How 


many times must the sample size be increased to cut 


the margin of error in half? Explain. 


Ma intai ni ng Mathematical Pp roficiency Reviewing what you learned in previous grades and lessons 


Find the inverse of the function. 


28. y = 10*-3 


(Section 6.3) 
29, y= 2* —S 


Determine whether the graph represents an arithmetic sequence or a geometric sequence. 
(Section 8.2 and Section 8.3) 


Then write a rule for the nth term. 


(1, 17) 

°(2, 14) 
P(3, 11) 

(4.8)$ 
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25. 


26. 


27. 


30. y=In@t5) 


PROBLEM SOLVING A survey reported that 47% of 
the voters surveyed, or about 235 voters, said they 
voted for Candidate A and the remainder said they 
voted for Candidate B. 


a. How many voters were surveyed? 
b. What is the margin of error for the survey? 


c. For each candidate, find an interval that is likely to 
contain the exact percent of all voters who voted 
for the candidate. 


d. Based on your intervals in part (c), can you be 
confident that Candidate B won? If not, how 


many people in the sample would need to vote for 
Candidate B for you to be confident that Candidate 
B won? (Hint: Find the least number of voters for 


Candidate B so that the intervals do not overlap.) 


THOUGHT PROVOKING Consider a large population 
in which p percent (in decimal form) have a certain 
characteristic. To be reasonably sure that you 

are choosing a sample that is representative of a 
population, you should choose a random sample 

of n people where 


n> 22 
p 
a. Suppose p = 0.5. How large does n need to be? 


b. Suppose p = 0.01. How large does n need to be? 


c. What can you conclude from parts (a) and (b)? 


CRITICAL THINKING In a survey, 52% of the 
respondents said they prefer sports drink X and 48% 
said they prefer sports drink Y. How many people 
would have to be surveyed for you to be confident that 
sports drink X is truly preferred by more than half the 
population? Explain. 


31. y=log,x—1 


#(2, 16) 
(3, 8) 
(4, 4)® 


Making Inferences trom 


Experiments 


Yield (kilograms) 


Control “Treatment 
Group Group 


1.0 Ld | 
2 ioe | 
1.5 14 
0.9 2 
ital 1.0 
1.4 ae, W. 
0.8 aie 
09 | 4 


3 1.1 
1.6 1.8 


MODELING WITH 
MATHEMATICS 


To be proficient in math, 
you need to identify 
important quantities in 

a practical situation, map 
their relationships using 
such tools as diagrams and 
graphs, and analyze those 
relationships mathematically 
to draw conclusions. 


Essential Question How can you test a hypothesis about 


an experiment? 


Scone) wile Resampling Data 


Work with a partner. A randomized comparative experiment tests whether water 
with dissolved calcium affects the yields of yellow squash plants. The table shows 
the results. 


a. Find the mean yield of the control group and the mean yield of the treatment group. 
Then find the difference of the two means. Record the results. 


b. Write each yield measurement from the table on an equal-sized piece of paper. 
Place the pieces of paper in a bag, shake, and randomly choose 10 pieces of paper. 
Call this the “control” group, and call the 10 pieces in the bag the “treatment” 
group. Then repeat part (a) and return the pieces to the bag. Perform this 
resampling experiment five times. 


c. How does the difference in the means of the control and treatment groups compare 
with the differences resulting from chance? 


EXPLORATION 2 Evaluating Results 


Work as a class. To conclude that the treatment is responsible for the difference in 
yield, you need strong evidence to reject the hypothesis: 


Water dissolved in calcium has no effect on the yields of yellow squash plants. 


To evaluate this hypothesis, compare the experimental difference of means with the 
resampling differences. 


a. Collect all the resampling differences of means found in Exploration 1(b) for the 
whole class and display these values in a histogram. 


b. Draw a vertical line on your class histogram to represent the experimental 
difference of means found in Exploration 1 (a). 


c. Where on the histogram should the experimental difference of means lie to give 
evidence for rejecting the hypothesis? 


d. Is your class able to reject the hypothesis? Explain your reasoning. 


Communicate Your Anewer 


3. How can you test a hypothesis about an experiment? 


4. The randomized comparative experiment described in Exploration | is replicated 
and the results are shown in the table. Repeat Explorations | and 2 using this data 
set. Explain any differences in your answers. 


Yield (kilograms) 


j | li | | 
Control Group 0.9 | 0.9 _ 06 Lat On7 0.6 Lole@e | o1.3 
= | ———— | a 
| 


"Treatment Group 10} 1.2 12 13 Mhat 18 | 17 12110 | 19 
= | ee een Ae 
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11.6 Lesson What You Will Learn 


B® Organize data from an experiment with two samples. 
» Resample data using a simulation to analyze a hypothesis. 


Core Vocabulary. & Make inferences about a treatment. 


; Previous 


; 
{ 
i 
| 


randomized comparative Experiments with Two Samples 
experiment 


control group 
treatment group 
mean 

dot plot 
outlier 
simulation 
hypothesis 


In this lesson, you will compare data from two samples in an experiment to make 
inferences about a treatment using a method called resampling. Before learning about 
this method, consider the experiment described in Example 1. 


> ei |ieaaee Organizing Data from an Experiment 


A randomized comparative experiment tests whether a soil supplement affects the total 
yield (in kilograms) of cherry tomato plants. The control group has 10 plants and the 
treatment group, which receives the soil supplement, has 10 plants. The table shows 
the results. 


Total Yield of Tomato Plants (kilograms) 


|ControlGroup | 1.2 | 13 | 09 | 1.4 | 2.0} 12/07 | 1.9 


| Treatment Group | 14 09 1.5 


a. Find the mean yield of the control group, X¢ontrot- 

b. Find the mean yield of the treatment group, X,,eatment: 

c. Find the experimental difference of the means, X,,atment ~ Xcontrol* 
d. Display the data in a double dot plot. 


e. What can you conclude? 


SOLUTION 


= esp sisal ae shbes 2 se Ie sp OG sp ILO) sb abe tly By 
@. Xcontrol — 10 at 10 oe 


> The mean yield of the control group is 1.37 kilograms. 


13d, 


=— 1 4bsp OD se iS) se URS se LG se I Se Se Se LG) se ley eS 1.69 
+ Xtreatment 10 a 10 St 


> The mean yield of the treatment group is 1.69 kilograms. 
x = 1,69 =" 1.37 = 0.32 


control 


c. 


Xeon ane 
> The experimental difference of the means is 0.32 kilogram. 


d. ° 
° e ee e ee 


, Control 
it pee 4 Soe tier cron 


e @ 
bd a Saha ee . Treatment 
: ra oa Cares Se oa group 
0.7 0.9 Hall ies 145 ie? 1.9 725 2.3 
Yields (kilograms) 


e. The plot of the data shows that the two data sets tend to be fairly symmetric and 
have no extreme values (outliers). So, the mean is a suitable measure of center. The 
mean yield of the treatment group is 0.32 kilogram more than the control group. It 
appears that the soil supplement might be slightly effective, but the sample size is 
small and the difference could be due to chance. 
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Monitoring Progress @) Help in English and Spanish at BigideasMath.com 


1. In Example 1, interpret the meaning of X,,catment — Xcontro) When the difference is 
(a) negative, (b) zero, and (c) positive. 


Resampling Data Using a Simulation 


The samples in Example 1 are too small to make inferences about the treatment. 
Statisticians have developed a method called resampling to overcome this problem. 
Here is one way to resample: combine the measurements from both groups, 

and repeatedly create new “control” and “treatment” groups at random from the 
measurements without repeats. Example 2 shows one resampling of the data in 
Example 1. 


Resampling Data Using a Simulation 


Resample the data in Example 1 using a simulation. Use the mean yields of the new 
control and treatment groups to calculate the difference of the means. 


SOLUTION 


Step 1 Combine the measurements from both groups and assign a number to each 
value. Let the numbers 1 through 10 represent the data in the original control 
group, and let the numbers 11 through 20 represent the data in the original 
treatment group, as shown. 


19 [1417 
bei 9 | 10 | 


= ee 
ee et a 7 1.4 | G29 15 | 1.8 8 | 24 vib Hi 


Se ee tele te 


Step 2 Use arandom number generator. Randomly generate 20 numbers from 
1 through 20 without repeating a number. The table shows the results. 


randIintNoRep(1,20) 
a 19 4 5 18 9... 


4 5 


i562 ae 
8 [3 fe] [ro] 


Use the first 10 numbers to make the new control group, and the next 10 to 
make the new treatment group. The results are shown in the next table. 


“New Control Group 


New Treatment Group 


Step 3 Find the mean yields of the new control and treatment groups. 


~ Sep lebaamleo etal tO Oita Ol relate 2 Oct Ort ld + 0.7 See? = 1.49 


Xnew control ~ 10 10 
= en er eee eee ot let OO Ika iy Sif 1.57 
Xnew treatment — 10 _ 10 eae 


Me SO, X_.0 eae = Snew coe) = 157 — 1.49 = 0.08. This is less than the 
experimental difference found in Example 1. 
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Making Inferences About a Treatment 

To perform an analysis of the data in Example 1, you will need to resample the 

data more than once. After resampling many times, you can see how often you get 
differences between the new groups that are at least as large as the one you measured. 


Making Inferences About a Treatment 
To conclude that the treatment in Example | is responsible for the difference in yield, 
you need to analyze this hypothesis: 

The soil nutrient has no effect on the yield of the cherry tomato plants. 


Simulate 200 resamplings of the data in Example 1. Compare the experimental 
difference of 0.32 from Example | with the resampling differences. What can you 
conclude about the hypothesis? Does the soil nutrient have an effect on the yield? 


SOLUTION 


The histogram shows the results of the simulation. The histogram is approximately 
bell-shaped and fairly symmetric, so the differences have an approximately normal 
distribution. 


Mean Difference from 200 Resamplings 


Assumption is 
X new treatment Xnew control — 0. f 


experimental 
difference of 
0.32 


> 
WU 
¢ 
ov 
s 
a 
v 
— 
te 


0 
0525) —02125 —0325 —0-225 —07125)- 01025 0075) ONS 0275" S075 SOrM7s 
Mean difference, X jew treatment — Xnew control 


Note that the hypothesis assumes that the difference of the mean yields is 0. The 


INTERPRETING experimental difference of 0.32, however, lies close to the right tail. From the graph, 
there are about 5 to 10 values out of 200 that are greater than 0.32, which is at most 
MATHEMATICAL 5% of the values. Also, the experimental difference falls outside the middle 90% of 
RESULTS the resampling differences. (The middle 90% is the area of the bars from —0.275 to 
With this conclusion, you 0.275, which contains 180 of the 200 values, or 90%.) This means it is unlikely to get 
can be 90% confident that a difference this large when you assume that the difference is 0, suggesting the control 
the soil supplement does group and the treatment group differ. , 


have an effect. 
a You can conclude that the hypothesis is most likely false. So, the soil nutrient 


does have an effect on the yield of cherry tomato plants. Because the mean 
difference is positive, the treatment increases the yield. 


Monitoring Progress «) Help in English and Spanish at BigideasMath.com 
2. In Example 3, what are the consequences of concluding that the hypothesis is 


false when it is actually true? 


ee 
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1 1 .6 Exercises Dynamic Solutions available at BigideasMath.com 


Vocabulary and Core Concept Check 


1. COMPLETE THE SENTENCE A method in which new samples are repeatedly drawn from the 
data set is called 


2. DIFFERENT WORDS, SAME QUESTION Which is different? Find “both” answers. 


| Weight of Tumor (grams) / 
| cme 
0.6 | 0.7 | 05 | 


What is the experimental 
difference of the means? 


Control Group a 


Treatment Group 0.4 | 


What is treatment X conten? 


What is the square root of the average of the squared differences from —2.85? 


What is the difference between the mean of the treatment group and the mean of the control group? 


Monitoring Progress and Modeling with Mathematics 


3. PROBLEM SOLVING A randomized comparative 4. PROBLEM SOLVING A randomized comparative 
experiment tests whether music therapy affects the experiment tests whether low-level laser therapy 
depression scores of college students. The depression affects the waist circumference of adults. The control 
scores range from 20 to 80, with scores greater than group has eight adults and the treatment group, which 
50 being associated with depression. The control receives the low-level laser therapy, has eight adults. 
group has eight students and the treatment group, The table shows the results. 


which receives the music therapy, has eight students. 


The table shows the results. (See Example 1.) __Circumference (inches) 
Control Group | 34.6 | 35.4 | 33 | 346 | 


314 | 33 | 32.4 | 32.6 


Depression Score 
. — = ‘Treatment Group 


| Control Group 49 | | 
Treatment Group _ 39 = 40 ae 39 | 37 


c 
| 
1 


‘ControlGroup —-35.2.-35.2 | 36.2, 35 
Treatment Group | 33.4 | 33.4 | 34.8 | 33 


Control Group — 
Treatment Group 41 ie 40 = . Find the mean circumference of the control group. 


; 


a 
7 b. Find the mean circumference of the treatment group. 
a. Find the mean score of the control group. aa 


& 


; Find the experimental difference of the means. 
b. Find the mean score of the treatment group. P 


c. Find the experimental difference of the means. de Dispie eg ar eoubic dot plot 


9 
d. Display the data in a double dot plot. pape Te aoe Te 


e. What can you conclude? 5. ERROR ANALYSIS In a randomized comparative 
a experiment, the mean score of the treatment group 
is 11 and the mean score of the control group is 16. 

1 a Describe and correct the error in interpreting the 
experimental difference of the means. 
| 
‘ 


ona acer 6-113 
So, you can conclude the treatment 


———— increases the score. 
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10. DRAWING CONCLUSIONS Suppose the experimental 
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REASONING In Exercise 4, interpret the meaning ale 


Of Nijgaseaia Banna Vem nerererence 1s positive. 
negative, and zero. 


MODELING WITH MATHEMATICS Resample the data 
in Exercise 3 using a simulation. Use the means of 
the new control and treatment groups to calculate the 
difference of the means. (See Example 2.) 


MODELING WITH MATHEMATICS Resample the data 
in Exercise 4 using a simulation. Use the means of 
the new control and treatment groups to calculate the 
difference of the means. 


DRAWING CONCLUSIONS To analyze the hypothesis 
below, use the histogram which shows the results 
from 200 resamplings of the data in Exercise 3. 


Music therapy has no effect on the depression score. 


Compare the experimental difference in Exercise 3 
with the resampling differences. What can you 
conclude about the hypothesis? Does music therapy 
have an effect on the depression score? 

(See Example 3.) 


Mean Difference from 200 Resamplings | 


/ 7 4 


Mean difference, X new treatment — Xnew control 


—— 


difference of the means in Exercise 3 had been —0.75. 
Compare this experimental difference of means 

with the resampling differences in the histogram 

in Exercise 9. What can you conclude about the 
hypothesis? Does music therapy have an effect on the 


depression score? 15. 


Factor the polynomial completely. (Section 4.4) 
16. 5x3 — 15x? 17. y>—-8 


Determine whether the inverse of f is a function. Then find the inverse. 


ak 
20. f(x) Py 


21. fix) = = 


Chapter 11 
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Ze 


| = 30 
> 20 
= 
CY 
= 
x 10 
w 
ie 

1 
oe 
Re a 13. 


Ma intaining Mathematical Proficiency Reviewing what you learned in previous grades and lessons 


18. 23 + 522-92 — 45 


23) Aa) =2-4 


WRITING Compare the histogram in Exercise 9 to 

the histogram below. Determine which one provides 
stronger evidence against the hypothesis, Music 
therapy has no effect on the depression score. Explain. 


Mean Difference from 20 Resamplings 


ee 
S 


BS! 
S) 


Frequency 


‘s) 


S 
nw av 4 


ce 4 “A 


Mean difference, X new treatment — Xnew contro! 


HOW DO YOU SEE IT? Without calculating, 
determine whether the experimental difference, 
Xtreatment — Xeentrol 18 POSILVE, Negative, Or Zero. 
What can you conclude about the effect of the 
treatment? Explain. 


e 
© . + Control 


. e 
eat am i a Sc) 


eee 
° is Treatment 
— tae it > grou 
0.5 1.0 15 2.0 25 _ 


MAKING AN ARGUMENT Your friend states that the 
mean of the resampling differences of the means should 
be close to 0 as the number of resamplings increase. Is 
your friend correct? Explain your reasoning. 


THOUGHT PROVOKING Describe an example of an 
observation that can be made from an experiment. 
Then give four possible inferences that could be made 
from the observation. . 


CRITICAL THINKING In Exercise 4, how many 
resamplings of the treatment and control groups are 
theoretically possible? Explain. 


19. 8lw4 — 16 
(Section 7.5) 


23. f(x) =5+ \ 


11.4-11.6 What Did You Learn? 


Core Vocabulary 


controlled experiment, p. 620 placebo, p. 620 

control group, p. 620 replication, p. 622 
treatment group, p. 620 descriptive statistics, p. 626 
randomization, p. 620 inferential statistics, p. 626 
randomized comparative experiment, p. 620 margin of error, p. 629 
Core Concepts 


Section 11.4 


Randomization in Experiments and Observational Studies, p. 62/ 
Comparative Studies and Causality, p. 62] 
Analyzing Experimental Designs, p. 622 


Section 11.5 


Estimating Population Parameters, p. 626 
Analyzing Estimated Population Parameters, p. 628 


Section 11.6 


Experiments with Two Samples, p. 634 
Resampling Data Using Simulations, p. 635 
Making Inferences About Treatments, p. 636 


Mathematical Practices 


1. In Exercise 7 on page 623, find a partner and discuss your answers. What questions 
should you ask your partner to determine whether an observational study or an experiment 
is more appropriate? 


2. In Exercise 23 on page 632, how did you use the given interval to find the sample size? 


pee - - -- ~~ ------ Performance Task - - - - - - - - - - 


Curving the Test 


Test scores are sometimes curved for different reasons using 
different techniques. Curving began with the assumption that a 
good test would result in scores that were normally distributed 
about a C average. Is this assumption valid? Are test scores in 
your class normally distributed? If not, how are they distributed? 
Which curving algorithms preserve the distribution and which 
algorithms change it? re: 


To explore the answers to these questions and more, go to RERaS aa 
BigideasMath.com. Fal a 


ee ee ee ee ee 
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7 Chapter Review Dynamic Solutions available at BigldeasMath.com 


44.1) Using Normal Distributions = (pp. 595-602) 


A normal distribution has mean p and standard deviation o. An x-value is randomly selected 
from the distribution. Find P(u — 20 < x < p+ 30). 


The probability that a randomly selected 
x-value lies between w — 20 and w + 3ois the 
shaded area under the normal curve shown. 


P P(iu—2a0sx< pt 3a) = 0.135 + 0.34 + 0.34 + 0.135 + 0.0235 = 0.9735 


1. A normal distribution has mean w and standard deviation o. An x-value is randomly selected 
from the distribution. Find P(x < yw — 30). 

2. The scores received by juniors on the math portion of the PSAT are normally distributed with a 
mean of 48.6 and a standard deviation of 11.4. What is the probability that a randomly selected 


score is at least 76? 
i 


11.2] Populations, Samples, and Hypotheses (pp. 603 608) 


You suspect a die favors the number six. The die maker claims the die does not favor any 
number. What should you conclude when you roll the actual die 50 times and get a six 13 times? 


| The maker's claim, or hypothesis, is - ~~ Simulation: Rolling a Die 50 Times _ 
“the die does not favor any number.” This is 
H 


the same as saying that the proportion of sixes 
rolled, in the long run, is = é. 20) assume the 
probability of rolling a six is a Simulate the 
rolling of the die by repeatedly drawing 
200 random samples of size 50 from a 
population of numbers from one through six. 
| Make a histogram of the distribution of the 
sample proportions. 
| 
| 


Relative frequency 


0.06 0.1 
Proportion of 50 rolls that result in a six 


P Getting a six 13 eos corresponds 
to a proportion of & = 0.26. In the 
simulation, this cai had a relative frequency of 0.02. Because this result is unlikely to 
occur by chance, you can conclude that the maker’s claim is most likely false. 


3. ‘To estimate the average number of miles driven by U.S. motorists each year, a researcher 
conducts a survey of 1000 drivers, records the number of miles they drive in a year, and then 
determines the average. Identify the population and the sample. 


4. A pitcher throws 40 fastballs in a game. A baseball analyst records the speeds of 10 fastballs 
and finds that the mean speed is 92.4 miles per hour. Is the mean speed a parameter or a 
statistic? Explain. 


5. A prize on a game show is placed behind either Door A or Door B. You suspect the prize is more 
often behind Door A. The show host claims the prize is randomly placed behind either door. 
What should you conclude when the prize is behind Door A for 32 out of 50 contestants? 
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Collecting Data (pp. 609 -616) 


You want to determine how many people in the senior class plan to study mathematics 
after high school. You survey every senior in your calculus class. Identify the type of sample 
described and determine whether the sample is biased. 


> You select students who are readily available. So, the sample is a convenience sample. The sample 


is biased because students in a calculus class are more likely to study mathematics after high school. 


A researcher wants to determine how many people in a city support the construction of a new 
road connecting the high school to the north side of the city. Fifty residents from each side of 
the city are surveyed. Identify the type of sample described and determine whether the sample 
is biased. 


A researcher records the number of people who use a coupon when they dine at a certain 
restaurant. Identify the method of data collection. 


Explain why the survey question below may be biased or otherwise introduce bias into the 
survey. Then describe a way to correct the flaw. 


“Do you think the city should replace the outdated police cars it is using?” 


Experimental Design (pp. 679-624) 


Determine whether the study is a randomized comparative experiment. If it is, describe the 
treatment, the treatment group, and the control group. If it is not, explain why not and discuss 
whether the conclusions drawn from the study are valid. 


> 


10. 


11. 


The study is not a randomized comparative 
experiment because the individuals were 

not randomly assigned to a control group 

and a treatment group. The conclusion that 
headphone use impairs hearing ability may or 
may not be valid. For instance, people who 
listen to more than an hour of music per day 
may be more likely to attend loud concerts 
that are known to affect hearing. 


Headphones Hurt Hearing 
A study of 100 college and high school | 
students compared their times spent listening | 
to music using headphones with hearing loss. — 
Twelve percent of people who listened to 
headphones more than one hour per day were | 
found to have measurable hearing loss over 
the course of the three-year study. 


A restaurant manager wants to know which type of sandwich bread attracts the most repeat 
customers. Is the topic best investigated through an experiment or an observational study? 
Describe how you would design the experiment or observational study. 


A researcher wants to test the effectiveness of a sleeping pill. Identify a potential problem, if 
any, with the experimental design below. Then describe how you can improve it. 


The researcher asks for 16 volunteers who have insomnia. Eight volunteers are given the sleeping 
pill and the other 8 volunteers are given a placebo. Results are recorded for 1 month. 


Determine whether the study is a 
rR ee aka ah To test the new design of a car wash, an engineer 
gathered 80 customers and randomly divided them 
into two groups. One group used the old design to 
wash their cars and one group used the new design 

to wash their cars. Users of the new car wash design 
were able to wash their cars 30% faster. 


If it is, describe the treatment, the 
treatment group, and the control group. 
If it is not, explain why not and discuss 
whether the conclusions drawn from the 
study are valid. 
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Making Inferences from Sample Surveys = (pp. 625-632) 


Before the Thanksgiving holiday, in a survey of 2368 people, 85% said they are thankful for the 
health of their family. What is the margin of error for the survey? 


Use the margin of error formula. 


== +0.021 


Margin of error = + : 


1 
————— 
Vn 2368 


> The margin of error for the survey is about +2.1%. 


12. Inasurvey of 1017 U.S. adults, 62% said that they prefer saving money over spending it. Give 
an interval that is likely to contain the exact percent of all U.S. adults who prefer saving money 
over spending it. 


13. There are two candidates for homecoming king. Sample Number of Percent 
The table shows the results from four random Size |”Yes” Responses! of Votes 


surveys of the students in the school. The students 


were asked whether they will vote for Candidate A. ‘ 
Do you think Candidate A will be the homecoming 22 
king? Explain. 34 

ie 


41.6 Making Inferences from Experiments (pp. 633-638) 


| 


A randomized comparative experiment tests whether a new fertilizer affects the length (in 
inches) of grass after one week. The control group has 10 sections of land and the treatment 
group, which is fertilized, has 10 sections of land. The table shows the results. 


Grass Length (inches) 


_Control Group 4.8 4.4 , 4.5 
Treatment al 4. | 5 0 | 4.8 : : 49 (49 


a. Find the experimental difference of the means, X,,eatment — % 


‘control- 
* treatment ~ Xcontrol — AD 0.31 


> The experimental difference of the means is 0.31 inch. 


b. What can you conclude? 


> The two data sets tend to be fairly symmetric and have no extreme values. So, the mean is 
a suitable measure of center. The mean length of the treatment group is 0.31 inch longer than 
the control group. It appears that the fertilizer might be slightly effective, but the sample size 
is small and the difference could be due to chance. 


14. Describe how to use a simulation to resample the data in the example above. Explain how this 
allows you to make inferences about the data when the sample size is small. 
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\ Chapter Test 


1. Market researchers want to know whether more men or women buy their product. Explain 
whether this research topic is best investigated through an experiment or an observational 
study. Then describe the design of the experiment or observational study. 


2. You want to survey 100 of the 2774 four-year colleges in the United States about their 
tuition cost. Describe a method for selecting a random sample of colleges to survey. 


3. The grade point averages of all the students in a high school are normally distributed with 
a mean of 2.95 and a standard deviation of 0.72. Are these numerical values parameters or 
statistics? Explain. 


A normal distribution has a mean of 72 and a standard deviation of 5. Find the 
probability that a randomly selected x-value from the distribution is in the given interval. 


4. between 67 and 77 5. at least 75 6. at most 82 


7. A researcher wants to test the effectiveness of a new medication designed to lower blood 
pressure. Identify a potential problem, if any, with the experimental design. Then describe 
how you can improve it. 


The researcher identifies 30 people with high blood pressure. Fifteen people with the 
highest blood pressures are given the mediéation and the other 15 are given a placebo. 
After 1 month, the subjects are evaluated. 


8. A randomized comparative experiment tests whether a vitamin supplement increases 
human bone density (in grams per square centimeter). The control group has eight people 
and the treatment group, which receives the vitamin supplement, has eight people. The 
table shows the results. 


Bone Density (g/cm2) 
i T ; — a 
1.0 Msi ome |b Lt 0.9 | 1.0 
, a mi oa) a 
; 1381112 Ipos tele 


Find the mean yields of the control group, X.on1-o1. and the treatment group, X,catment: 
Find the experimental difference of the means, X,,oatment — control: 


Display the data in a double dot plot. What can you conclude? 


aes p 


Five hundred resamplings of the data are simulated. Out of the 500 resampling 
differences, 231 are greater than the experimental difference in part (b). What can you 
conclude about the hypothesis, The vitamin supplement has no effect on human bone 
density? Explain your reasoning. 


9, Inarecent survey of 1600 randomly selected U.S. adults, 81% said they Have You Purchased a Product 
have purchased a product online. Online? 
a. Identify the population and the sample. Describe the sample. 
b. Find the margin of error for the survey. 


Give an interval that is likely to contain the exact percent of all U.S. adults 
who have purchased a product online. 
d. You survey 75 teachers at your school. The results are shown in the graph. 


Would you use the recent survey or your survey to estimate the percent of 
U.S. adults who have purchased a product online? Explain. 


Chapter 11 Chapter Test 643 


1 


644 


| 7 Cumulative Assessment 


Your friend claims any system formed by three of the following equations will have 
exactly one solution. 


3x oP y+ 3z to | Mayet = 2 Fi Me Dy 4 47 = 15 


x-ytz=2 | a+y+z=4 | Sale dais gta 


a. Write a linear system that would support your friend’s claim. 


b. Write a linear system that shows your friend’s claim is incorrect. 


Which of the following samples are biased? If the sample is biased, explain why it 
is biased. 


(A) A restaurant asks customers to participate in a survey about the food sold at the 
restaurant. The restaurant uses the surveys that are returned. 


CB) You want to know the favorite sport of students at your school. You randomly 
select athletes to survey at the winter sports banquet. 


(©) The owner of a store wants to know whether the store should stay open 1 hour 
later each night. Each cashier surveys every fifth customer. 


CD) The owner of a movie theater wants to know whether the volume of its movies is 
too loud. Patrons under the age of 18 are randomly surveyed. 


A survey asks adults about their favorite way to eat ice cream. The results of the survey 
are displayed in the table shown. 


(a — 
| Cup, = 45% 
Cone 


Survey Results ] 


Sundae 


y Other 
| (margin of error £2.1 1%) 


a. How many people were surveyed? 


b. Why might the conclusion, “Adults generally do not prefer to eat their ice cream in 
a cone” be inaccurate to draw from this data? 


c. You decide to test the results of the poll by surveying adults chosen at random. 
What is the probability that at least three out of the six people you survey prefer to 
eat ice cream in a cone? 


d. Four of the six respondents in your study said they prefer to eat their ice cream in a 
cone. You conclude that the other survey is inaccurate. Why might this conclusion 
be incorrect? 


e. What is the margin of error for your survey?, 


Chapter 11 Data Analysis and Statistics 


You are making a lampshade out of fabric for the lamp shown. The pattern for the 
lampshade is shown in the diagram on the left. 


a. Use the smaller sector to write an equation that 
relates 6 and x. 


b. Use the larger sector to write an equation that relates 
Oand x + 10. 


c. Solve the system of equations from parts (a) and (b) 
for x and 0. 


d. Find the amount of fabric (in square inches) that you will 
use to make the lampshade. 


. For all students taking the Medical College Admission Test over a period of 3 years, 


the mean score was 25.1. During the same 3 years, a group of 1000 students who took 
the test had a mean score of 25.3. Classify each mean as a parameter or a statistic. 
Explain. 


Complete the table for the four equations. Explain your reasoning. 


Is the function 
its own inverse? _ ‘ 
’ 
: 


proce 


's the inverse 


The normal distribution shown has mean 63 and standard deviation 8. 
Find the percent of the area under the normal curve that is represented 
by the shaded region. Then describe another interval under the normal 
curve that has the same area. 


55 83 


Which of the rational expressions cannot be simplified? 


2x2 ++ 5x —3 3x3 + 21x? + 30x 
@ x? — 7x + 12 x2 — 25 

x+ 27 x3 + 2x2 — 8x — 16 
© x2 —3x+9 oy 2x? — 2ix+ 55 


Chapter 11 Cumulative Assessment 645 


Selected Answers 


Chapter I 


Chapter 1 Maintaining Mathematical 


1. 
7. 


10. 


1.1 


i 


Proficiency (p. 1) 
a7 2 —-46 8. Se 4a 5.93 6. 0 


pore 
} 


(0 rer 


Sample answer: 12 + 18 + 3 equals 18 when division is 
performed first and 10 when addition is performed first; 
yes; If the point (3, 2) is translated up 3 units then reflected 
across the x-axis, the new coordinate is (3, —5). If it is 
reflected across the x-axis first then translated up 3, the new 
coordinate is (3, 1). 


Vocabulary and Core Concept Check (p. 3) 


- Parent function 


Monitoring Progress and Modeling with 
Mathematics (pp. 8-70) 


absolute value; The graph is a vertical stretch with a 
translation 2 units left and 8 units down; The domain of each 
function is all real numbers, but the range of fis y => —8, and 
the range of the parent function is y = 0. 

linear; The graph is a vertical stretch and a translation 2 units 
down; The domain and range of each function is all real 
numbers. 


Temperature (°F) 


Time (hours) 


linear; The temperature is increasing by the same amount at 
each interval. 


11. 


ee 


17. 


The graph of g is a vertical translation 4 units up of the 
parent linear function. 


The graph of f is a vertical translation 1 unit down of the 
parent quadratic function. 


The graph of g is a horizontal translation 5 units right 
of the parent absolute value function. 


The graph of is a reflection in the x-axis of the parent 
quadratic function. 


The graph of f is a vertical translation 2 units up of the 
parent constant function. 


Selected Answers A1 


SAQMSUY P2}I91/9S 


19. 


Ale 


23. 


25: 


27. 


A2 


The graph of f is a vertical shrink of the parent linear 
function. 


The graph of f is a vertical stretch of the parent quadratic 
function. 


The graph of / is a vertical shrink of the parent linear 
function. 


The graph of h is a vertical stretch of the parent absolute 
value function. 


The graph of f is a vertical stretch followed by a translation 
2 units up of the parent linear function. 


Selected Answers 


29. 


Sl 


BS: 


a 


Sie 
39. 
41. 
43. 
45. 
47. 
49. 


51. 


BR 


1.1 
55: 
61. 


The graph of h is a vertical stretch and a reflection in the 
x-axis followed by a translation 1 unit down of the parent 
absolute value function. 


The graph of g is a vertical shrink followed by a translation 
6 units down of the parent quadratic function. 


The graph of f is a reflection in the x-axis followed by a 
translation 3 units left and ; unit up of the parent quadratic 
function. 


It is a vertical stretch, not shrink. The graph is a reflection 
in the x-axis followed by a vertical stretch of the parent 
quadratic function. 


(@,, =D), (Hil, =e = 3) 

absolute value; domain is all real numbers; range is y 2 —1 
linear; domain is all real numbers; range is all real numbers 
quadratic; domain is all real numbers; range is y 2 —2 
absolute value; 8 mi/h 

no; f is shifted right and g is shifted down. 


yes; Shifting the parent linear function down 2 units will 
create the same graph as shifting it 2 units right. 


a. quadratic 


b. 0; At the moment the ball is released, 0 seconds have 
passed. 


c. 5.2; Because f(t) represents the height of the ball, find 
F(0). , 

a. vertical translation; The graph will have a vertical stretch 
and will be shifted 3 units down. 

b. horizontal translation; The graph will be shifted 8 units 
right. 2 : 

c. both; The graph will be shifted 2 units left and 4 units up. 

d. neither; The graph will have a vertical stretch. 

Maintaining Mathematical Proficiency (p. 10) 

no 57. yes 59. x-intercept: 0; y-intercept: 0 

x-intercept: 5 y-intercept: 1 


1.2 Vocabulary and Core Concept Check (p. 16) 


i: 


shrink 


1.2 Monitoring Progress and Modeling with 
Mathematics (pp. 16-78) 

Jee) x= | 5. g(x) = |4x + 3] 

7. gx) =4- |x — 2| 

9. fcould be translated 3 units up or 3 units right. 

11. g(x) = 5x -2 13. g@)= | 6x| = 2) 

Ss eG) = -3+|-x-11| 17. g(x) = 5x + 10 
19. g(x) = |4x| +4 21. gx) = =| = 4| +] 
23. C; The graph has been translated left. 
25. D; The graph has been translated up. 


29. gx)=|}x-1| 31. gx) = —|x|-8 


33. Translating a graph to the right requires subtraction, not 
addition; g(x) = lx = 3| +2 


35. no; Suppose a graph contains the point (3, 2) and is translated 
up 3 units then reflected in the x-axis. The new coordinate is 
(3. —5). If it is reflected in the 1-axis first then translated up 3, 


the new coordinate is (3, 1). 
37. The graph has been translated 6 units left; A = 9 
39. The graph has been reflected in the x-axis; A = 16 
a= a 
m 


41, a. ie) sr (e—= 2) lx + 


43. vertical stretch, translation, reflection; Sample answer: 
| — 2) = |x| +2 


45. a= —2,b=1,andc = 0, g(x) = —2|x — 1| represents the 


transformation of f(x). 
1.2 Maintaining Mathematical Proficiency (p. 78) 
CV ea) 


49. 0 


1.3 Vocabulary and Core Concept Check (p. 26) 
1. slope-intercept 


1.3 Monitoring Progress and Modeling with 
Mathematics (pp. 26-28) 


3 y= ix; The tip increases $0.20 for each dollar spent on the 


meal. 
5. y = 50x + 100; The balance increases $50 each week. 


7. y = 55x; The number of words increases by 55 each minute. 


9. Greenville Journal; 5 lines 
11. The original balance of $100 should have been included; 


After 7 years, the increase in balance will be $70, resulting 


in a new balance of $170. 

13. yes; Sample answer: y = 4.25x + 1.75; y = 65.5; After 
15 minutes, you have burned 65.5 calories. 

15. yes; Sample answer: y = —4.6x + 96; y = 27; After 
15 hours, the battery will have 27% of life remaining. 

17. y = 380.03x + 11,290; $16,990.45; The annual tuition 
increases about $380 each year and the cost of tuition in 
2005 is about $11,290. 

19. y =0.42x + 1.44; r = 0.61; weak positive correlation 


21. y = —0.45x + 4.26; r = —0.67; weak negative correlation 


27. g(x) =2x+1 


23. 
25. 


i 
Wie 


19; 
25. 


St 


aoe 


35. 


Ave 
ave 


41. 


43. 


y = 0.61x + 0.10; r = 0.95; strong positive correlation 

a. Sample answer: height and weight; temperature and ice 
cream sales; Correlation is positive because as the first 
goes up, so does the second. 

b. Sample answer: miles driven and gas remaining; hours 
used and battery life remaining; Correlation is negative 
because as the first goes up, the second goes down. 

c. Sample answer: age and length of hair; typing speed and 
shoe size; There is no relationship between the first and 
second. 


. no; Because r is close to 0, the points do not lie close to 


the line. 


. Itis negative; As x increases, y increases, so z decreases. 


about 2.2 mi 
Maintaining Mathematical Proficiency (p. 28) 
1 16 15 
(16-41) 35. (1,4) 37. (2) 
Vocabulary and Core Concept Check (p. 34) 
ordered triple 
Monitoring Progress and Modeling with 
Mathematics (pp. 34-36) 
151 9 51 

(42-1) 5 3-1-4) 7 (43, -9) 
The entire second equation should be multiplied by 4, not 
just the x-term. 

Ave peewee = Il 
—4x+ 8y+4z= 44 

Ty + 6z = 26 

13 ae) 
A small pizza costs $5, a liter of soda costs $1, and a salad 
costs $3. 


no solution 15. no solution 


(GL. =3), 7) 21. no solution PBL (U5 35) 
G21) 27. — 3 tt B | 29. 1% 


Sample answer: When one variable has the same coefficient 

or its opposite in each equation. The system 

Se ae Dhy = cl 5) 

2x + 2y + 3z=8 

ie 2 c= —9 

can be solved by eliminating y first. 

L+mt+n=65,n=l+m-—15, £=im, b= 10 ft, 

m = 30 ft, n = 25 ft 

a. Sample answer: a = —1,b = —1,c = —1; Use 
elimination on equations | and 2. 

b. Sample answer: a = 4, b = 4, c = 5; The solution is 
(3,-3.2). 

c. Sample answer: a = 5,b=5,c = 5; Use elimination on 
equations | and 2. 

350 ft? 

a. r+ @+i=12,2.50r+ 41 + 2i = 32,7 = 21 + 2i 

b. 8 roses, 2 lilies, 2 irises 

c. no; Sample answer: 8 roses, 4 lilies, 0 irises; 
8 roses, 0 lilies, 4 irises; 8 roses, 3 lilies, 1 iris 

a= 12, b = —4, c = 10; These values are the only ones 

which can satisfy the linear system at (—1, 2, —3). 

t+a=g,t+b=a, 2g = 3b; 5 tangerines 


Selected Answers A3 


1.4 Maintaining Mathematical Proficiency (p. 36) 
45. 9m?+ 6m + 1 47. 1Ge=aeaer y- 

49. e(x) = —lnl +5 51. g(x) = 3|x| — 15 

Chapter 1 Review (pp. 38-40) 


The graph of fis a translation 3 units up of the parent linear 
function. 


The graph of g is a translation | unit down of the parent 
absolute value function. S 


The graph of h is a vertical shrink by a factor of { of the 
parent quadratic function. 


The graph of A is a translation 3 units up of the parent 
constant function. 


A4 Selected Answers 


The graph of fis a reflection in the x-axis followed by 
a translation 3 units down of the parent absolute value 
function. 


The graph of g is a vertical stretch by a factor of 3 followed 
by a reflection in the x-axis and a translation 3 units left 
7. gx)=—|x+4| 8 gx) =3]x/ +2 
9. 2(x) = =x 3 10. y = 0.03x + 1.23 
1 w= 0353; 15.75 mi PA (GS 94 1) 
13. (-4-2%) 14. 9 + 4y,y, -7 — 5y) 
15. no solution 16. Gur oe3)) Fig (1, 112. IO) 
18. 200 student tickets, 350 adult tickets, and 50 children under 
12 tickets 


Chapter Z 


Chapter 2 Maintaining Mathematical 
Proficiency (p. 45) 


1, -> 26 3 =36 45° See 


3 
6. 8 7. about 6.32 8. about 8.06 9, about 2.24 
12. about 15.30 


10. about 12.65 i 10 

13. d= |b — al; yes; Find the distance between the two 
y-coordinates by subtraction. Take the absolute value of the 
result, because distance is always positive. This is possible 
because when x, = x5, the distance formula simplifies as 


shown. 

d=V@ — x)? + OG. — y,)? 
d= Nala pap)? 
d=|y,—y,| 


2.1 Vocabulary and Core Concept Check (p. 52) 
1. parabola 


2.1 Monitoring Progress and Modeling with 11. The graph of g is a translation 7 units right and | unit up of 
Mathematics (pp. 52-54) the graph of f- 


3. The graph of g is a translation 3 units down of the graph of f. 


5. The graph of g is a translation 2 units left of the graph of f. B A: Th ; eee ae J ee i. : ht 

. A; The graph has been translated 1 unit right. 
15. C; The graph has been translated 1 unit right and 1 unit up. 
17. The graph of g is a reflection in the x-axis of the graph of f. 


7. The graph of g is a translation 1 unit right of the graph of f. 


Var 


19. The graph of g is a vertical stretch by a factor of 3 of the 
graph of f. 


9. The graph of g is a translation 6 units left and 2 units down 
of the graph of f. 


21. The graph of g is a horizontal shrink by a factor of 5 of the 
graph of /. 


Selected Answers AS 


Pas 


27s 


29. 


Si 


41. 


4. 
mn 


47. 


A6 


. h(x) = —0.03(x — 14)? + 10.99 


Bean 


The graph of g is a vertical shrink by a factor of t followed 
by a translation 4 units down. 


. The graph is a reflection in the x-axis, not y-axis; The graph 


is a reflection in the x-axis and a vertical stretch by a factor 
of 6, followed by a translation 4 units up of the graph of the 
parent quadratic function. 

The graph of fis a vertical stretch by a factor of 3 followed 
by a translation 2 units left and 1 unit up of the graph of the 
parent-quadratic function; (—2, 1) 

The graph of fis a vertical stretch by a factor of 2 followed 
by a reflection in the x-axis and a translation 5 units up of the 
graph of the parent quadratic function; (0, 5) 


BR) eet Oe) 
» g(x) = 8(5x) — 4; 0, -4) 7. 


C; The graph is a vertical stretch by a factor of 2 followed 
by a translation | unit right and 2 units down of the parent 
quadratic function. : 

D; The graph is a vertical stretch by a factor of 2 anda 
reflection in the x-axis, followed by a translation | unit right 
and 2 units up of the parent quadratic function. 


F; The graph ts a vertical stretch by a factor of 2 and a 

reflection in the x-axis followed by a translation 1| unit left 

and 2 units down of the parent quadratic function. 

Subtract 6 from the output; Substitute 2x? + 6x for f(x); 

Multiply the output by —1; Substitute 2x? + 6x — 6 for h(x); 

Simplify. 

jk. 

eee. 

1089 

b. The-domain is 0 < x < 66 and the range is 0 < y < 5; 
The domain represents the horizontal distance and the 
range represents the height of the fish. 


(o = ooyert 


c. yes; The value changes to — a5 The vertex has changed 
but it still goes through the point (0, 0), so there has been a 
horizontal stretch or shrink which changes the value of a. 

a a=2,h=1,k = 6; g(x) = 2¢ -1) +6 

b. g(x) = 2f(x —1) + 6; For each function, a, h, and k are 
the same but the second function does not indicate the 
type of function that is being translated. 

ec. a=2,h=1,k = 3; g(x) = 2x — 1)? +3; 

g(x) = 2f(x — 1) + 3; For each function, a, h, and k are 
the same, but the answer in part (b) does not indicate the 
type of function that is being translated. 

d. Sample answer: vertex form; Writing a transformed 
function using function notation requires an extra step of 
substituting f(x) into the newly transformed function. 


Selected Answers 


. a vertical shrink by a factor of 2 


Maintaining Mathematical Proficiency (p. 54) 
(4, 4) 
Vocabulary and Core Concept Check (p. 67) 


If a is positive, then the quadratic function will have a 
minimum. If a is negative, then the quadratic function will 
have a maximum. 
Monitoring Progress and Modeling with 
Mathematics (pp. 61-64) 

| gen iis so! (ny 3) Neel. 5, 


ZS. 


27. 


31. 
33. 


33. 


Jt. 
39. 


41. 


43. 


45. 


47. 


49. 


51. 


53. 


Both functions have an axis of symmetry of x = 2. 


The formula is missing the negative sign; The x-coordinate 
of the vertex is 


(25, 18.5); When the basketball is at its highest point, it is 
25 feet from its starting point and 18.5 feet off the ground. 


B 


The minimum value is —1. The domain is all real numbers 
and the range is y => —1. The function is decreasing to the 
left of x = 0 and increasing to the right of x = 0. 

The maximum value is 2. The domain is all real numbers and 
the range is y < 2. The function is increasing to the left of 

x = —2 and decreasing to the right of x = —2. 

The maximum value is 15. The domain is all real numbers 
and the range is y < 15. The function is increasing to the left 
of x = 2 and decreasing to the right of x = 2. 


The minimum value is — 18. The domain is all real numbers 
and the range is y > —18. The function is decreasing to the 
left of x = 3 and increasing to the right of x = 3. 

The minimum value is —7. The domain is all real numbers 
and the range is y 2 —7. The function is decreasing to the 
left of x = 6 and increasing to the right of x = 6. 


Pn inva) 
b. 3.25 m 


c. The diver is ascending from 0 meters to 0.5 meter and 
descending from 0.5 meter until hitting the water after 
approximately 1.1 meters. 


A = w(20 — w) = —w2 + 20w; The maximum area is 
100 square units. 


Selected Answers A7 


By 


69. 
Ul 


We: 


AB 


(x 3] 


- p=2,q = —6; The graph is decreasing to the left of x = —2 


and increasing to the right of x = —2. 


. p =4,q = 2; The graph is increasing to the left of x = 3 and 


decreasing to the right of x = 3. 

the second kick: the first kick 

no; Either of the points could be the axis of symmetry, 
or neither of the points could be the axis of symmetry. 
You can only determine the axis of symmetry if the 
y-coordinates of the two points are the same, because 
the axis of symmetry would lie halfway between the 
two points. 

$1.75 

All three graphs are the same; f(x) = x? + 4x + 3, 
g(x) = x27 + 4x43 

no; The vertex of the graph is (3.25, 2.1125), which means 
the mouse cannot jump over a fence that is higher than 
21125 fest 


Selected Answers 


TE 


Tks 


79. 


11. 


iS: 


Height (m) 


0 20 40 60 80 100 120 140 
Distance (m) 


The domain is 0 < x < 126 and the range is 0 < y < 50; The 
domain represents the distance from the start of the bridge on 
one side of the river, and the range represents the height of 
the bridge. 


no; The vertex must lie on the axis of symmetry, and (0, 5) 
does not lie on x = —1. 


a. about 14.1%; about 55.5 cm?/g 
b. about 13.6%; about 44.1 cm/g 


c. The domain for hot-air popping is 5.52 < x < 22.6, and the 
range is 0 < y < 55.5. The domain for hot-oil popping is 
5.35 <x < 21.8, and the range is O < y < 44.1. This means 
that the moisture content for the kernels can range from 
5.52% to 22.6% and 5.35% to 21.8%, while the popping 
volume can range from 0 to 55.5 cubic centimeters per 
gram and 0 to 44.11 cubic centimeters per gram. 


Maintaining Mathematical Proficiency (p. 64) 
4 83. no solution 85. 2 bie Sie 
Vocabulary and Core Concept Check (p. 72) 
focus; directrix 


Monitoring Progress and Modeling with 
Mathematics (pp. 72-74) 


es 
y= Sao 
A, B and D; Each has a value for p that is negative. 
Substituting in a negative value for p in y = rr results in a 


parabola that has been reflected across the x-axis. 


The focus is (0, 2). The directrix is y = —2. The axis of 
symmetry is the y-axis. 


AS. 


ee 


19. 


21. 


23. 


25. 
alle 
STs 


The focus is (—5, 0). The directrix is x = 5. The axis of 
symmetry is the x-axis. 


' ‘ % 


The focus is (4, 0). The directrix is x = —-4. The axis of 
symmetry is the x-axis. 


The focus is (0, 1). The directrix is y = 7 The axis of 
symmetry is the y-axis. “ 


ay r 1 


Instead of a vertical axis of symmetry, the graph should have 
a horizontal axis of symmetry. 


H 


9.5 in.; The receiver should be placed at the focus. The 
distance from the vertex to the focus is p = 2 = 9.5 in. 


y=5r 27. x=—yy 29. x=ty 
x= fy 33. y= =e 35. y= Ar 


1 1 
m=—<y 4 39. yor tl 


41. 


43. 


45. 


47. 


49. 


The vertex is (3, 2). The focus is (3, 4). The directrix is 
y = 0. The axis of symmetry is x = 3. The graph is a 
vertical shrink by a factor of i followed by a translation 
3 units right and 2 units up. 


The vertex is (1, 3). The focus is (5, 3). The directrix is 

x = —3. The axis of symmetry is y = 3. The graph is a 
horizontal shrink by a factor of i followed by a translation 1 
unit right and 3 units up. 


The vertex is (2, —4). The focus is 2 —4). The directrix 
isx = =. The axis of symmetry is y = —4. The graph is a 
horizontal stretch by a factor of 12 followed by a reflection 


in the y-axis and a translation 2 units right and 4 units down. 


x= a about 3.08 in. 
As |p| increases, the graph gets wider; As |p| increases, 
the constant in the function gets smaller which results in a 


vertical shrink, making the graph wider. 


au: gages 
Seen an 535 ap” 
2.3 Maintaining Mathematical Proficiency (p. 74) 
Soa — 3x — 7 57. y= —yx +3 
59. y = 3.98x + 0.92 


17. 
21. 


23. 
pas 


27. 


29. 


31. 


Vocabulary and Core Concept Check (p. 30) 


. A quadratic model is appropriate when the second 


differences are constant. 

Monitoring Progress and Modeling with 

Mathematics (pp. 80-82) 

y= —30 + 2Y +6 5. y— 0.06G — 3)? +2 

y=—3(x+ 62-12 9% y=—4@~-2)@-4) 
=Z(x-12)e+6) 13. y = 2.25(@ + 16)(x + 2) 


- If given the x-intercepts, it is easier to write the equation in 


intercept form. If given the vertex, it is easier to write the 

equation in vertex form. 

y = —16(« — 3)? + 150 19. y = —0.75x(x — 4) 

The x-intercepts were substituted incorrectly. 

y = a(x — p)(x — q) 

4=a(3 + 1)3 — 2) 

a=1 

y=(@+ )Da-2) 

S(C) = 180C?; 18,000 Ibs 

intercept form; The three points can be substituted into 

the intercept form of a quadratic equation to solve for a, 

and then the equation can be written. This method is much 

shorter than writing and solving a system of three equations, 

although it can only be used when given the intercepts. 

a. parabola; not a constant rate of change 

b. k= —16f + 280 

d. The domain is 0 < t < 4.18 and represents the time the 
sponge was in the air. The range is 0 < h < 280 and 
represents the height of the sponge. 


ec. about 4.18 sec 


quadratic; The second differences are constant; 
y = —2x2 + 42x + 470 
neither; The first and second differences are not constant. 


Selected Answers A9 


33. a. The vertex indicates that on the 6th day, 19 people were 
absent, more than any other day. 
b. y = —0.5(10 — 6)? + 19; 11 students 
c. From 0 to 6 days, the average rate of change was 
3 students per day. From 6 to 11 days, the average rate 
of change was —2.5 students per day. The rate at which 
students were missing school was changing more rapidly 
as more became ill, in comparison to when the students 
were becoming well. 
35. y = —16x? + 6x + 22; after about 1.24 sec; 1.375 sec 
a7. TSaities 
2.4 Maintaining Mathematical Proficiency (p. 82) 
39. cae) Alea 3) (X— 2) 
Chapter 2 Review (pp. 84-86) 
1. The graph is a translation 4 units left of the parent quadratic 
function. 


aa) 


[ ge) = wer ay] 


2. The graph is a translation 7 units right and 2 units up of the 
parent quadratic function. 


1 


(ge) = 7 +2] 


3. The graph is a vertical stretch by a factor of 3 followed by a 
reflection in the x-axis and a translation 2 units left and 1 unit 
down. 


= 
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» ax) = 2+ 5-2 


. g(x) = (—x + 2)? — A-x +2) +3 =H? -— 2x43 
. The minimum value is —4; The function is decreasing to the 


left of x = | and increasing to the right of x = 1. 


7, The maximum value is 35; The function is increasing to the 


left of x = 4 and decreasing to the right of x = 4. 


8. The minimum value is —25; The function is decreasing to 


the left of x = —2 and increasing to the right of x = —2. 


10. The focus is (0, 9), the directrix is y = —9, and the axis of 
symmetry is x = 0. 


12, y= —i(~- 22 +6 
13. .. 10)? — 


il, 6 —ty 
14. y= (x ap Wie = 


1S. y= 4x2 + 5x+ 1 
16. y = —16x? + 150; about 3.06 sec 


Chapter 3 


Chapter 3 Maintaining Mathematical 
Proficiency (p. 91) 


Mee ay, VEL lg HB Of 3V2 
8 10 7 
6. _V65 7. -4V5 8 4V2~— s(x — 6(x + 6) 


ier — 3)(x + 3) Mie(2x — 5)\(2e aon 
igen (x + 14)? 14x 15)? 
1S. a= 16andc = l,a=4andc = 4,a = 1 andc = 16; 
2Vac = 8 
3.1 Vocabulary and Core Concept Check (p. 99) 
1. Use the graph to find the x-intercepts of the function. 
3.1 Monitoring Progress and Modeling with 
Mathematics (pp. 99-702) 
Say, — —1 andx= —2 §. x=3andx = —3 
ema — | 9. no real solution 
13.5 — +12 15. z=1landz= 11 
19. no real solution 21. A,B, and E 


23. The + was not used when taking the square root; 
2x + 1)2 + 3 = 21; 2@ + 1)? = 18; «+ 1)? = 9; 


|B a os By 


11. no real solution 
Via ye 


x+1=+3;x=2andx = —4 
25. a. Sample answer: x*»=16 b. x*=0 
c. Sample answer: x* = —9 
2G —3 29. x= 6andx = 2 31. n=Oandn=6 


33. w= 1l2andw =2 35. x=4 37. x =3 

39. u =Oand u = —9; Sample answer: factoring because the 
equation can be factored 

41. noreal solution; Sample answer: square roots because the 
equation can be written in the form u? = d 

43. x = 6 and x = 2; Sample answer: square roots because the 
equation can be written in the form u? = d 

45. x = —0.5 and x = —2.5; Sample answer: factoring because 
the equation can be factored 


47. 
alll. 
SB. 
Beh 


61. 
63. 


65. 
67. 


69. 


7A. 
TSS 


47. 
51. 
Se 
63. 


» xi + 4x2 + 6 79, 


. x=2andy=2 


49. x=3andx = —10 

x =3andx = —2 RBH pe Sill 

f(x) = x? — 19x + 88 57. $5.75; $1983.75 

a. h(t) = —161? + 188; about 3.4 sec 

b. 80 ft; The log fell 80 feet between 2 and 3 seconds. 
0.5 ft or 6 in. 


The 20-foot wave requires a wind speed twice as great as the 
wind speed required for a 5-foot wave. 


x ~ 34.64; about 207.84 ft, 277.12 ft, 173.20 ft, and 300 ft 


x=-2andx = —4 


the rock on Jupiter; Because the first term is negative, the 
height of the falling object will decrease faster as g gets 
larger. 


0.189x2 + 2.462x:| 


= 


ON PAA OK 


- ly 


Height (inches) 


0) 6 12, x 
Distance (inches) 


The vertex (6.5, 8.0) indicates that the flea’s maximum jump 
is 6.5 inches away from and 8.0 inches above the starting 
point. The zeros x = 13 and x = 0 indicate when the flea is 
on the ground. 
you; The function does not cross the x-axis. 
a. mn =a* andm+n=0 
b. m=V-a =aV-1, 

n= —V-a2 = —aV-1; 


m and n are not real numbers. 


. 60ft 


Maintaining Mathematical Proficiency (p. 102) 
—3%° + 7x* — 15x + 9 

10x3 — 2x? + 6x 83. —44x3 + 33x? + 88x 
Vocabulary and Core Concept Check (p. 108) 


. 1 = V—1 and is used to wnite the square root of any negative 


number. 

Add the real parts and the imaginary parts separately. 
Monitoring Progress and Modeling with 
Mathematics (pp. 108-110) 

6 7. 3iV2— so. BCs —- 16-2 

15. x= —2andy=4 


x = 7and y = —12 19. x =6and y = 28 


13+2i 23. 9+11i 2519 27. 442i 
—4-145 31. a. -44+5i b. 2V2 + 10i 

. (12+2i)ohms 35. (8+i)ohms 37. —3—15i 
14-5: 41. 20 43. —27—36i 


Distributive Property; Simplify; Definition of complex 
addition; Write in standard form. 


(6—7i))-(4-3)=2-4i 49. x= +3i 
x=+iV7) 53. x=+2i1V5 55. x= +iV2 
x=+6 59 x= +31V3 61. x= +4iV3 


i? can be simplified; 
esr 1On— 27° = 15 +7 F217 + hh 


Selected Answers A11 


67. 


. 2. = Saab: 


12-10) c« 2li d. 41+3i e —9 


f. 9+23i g. 14 bh. 14 


Real Imaginary | Pure imaginary 
numbers | numbers numbers 


Powers 


» Sample answer: 34 2iand 3 


The results of i” alternate in the pattern i, —1, —i, and 1. 


13a OT 
21; The real parts are equal 
and the imaginary parts are opposites. ¢ 
a. false; Sample answer: (3 — 5i) + (4+ 513) =7 
b. true; Sample answer: (3i)(2i) = 6i7 = —6 


= PhS op PAT fA = lore 


c. true; Sample answer: 3i = 0 + 3i 

d. false; Sample answer: | + 81 

Maintaining Mathematical Proficiency (p. 110) 
yes 81. no 83. 3S 20 43)2— 3 2 
Vocabulary and Core Concept Check (p. 776) 


3.3 Monitoring Progress and Modeling with 
Mathematics (pp. 116-118) 
3. ¥=]9andx=—-1 Sinx=9 V5 
7, yet ees: wate i, 25°G@ 4+ 5) 
13. 36;(y- 6 15. 93-3" — 17. 8; (2 - 8) 
19. 8 (w+ BP an. Axe +4 +4 
23. 36:x2+ 12x+36 25. x=—-3+ V6 
7. x=-24V6 29. z= Ste 
3L..¢=-2+2i 33, xSge 7; 35a ey 
37. 36 should have been added to the right side of the equation 


39. 


41. 


instead of 9; 4x2 + 24x — 11 = 0; 4(x2 + 6x) = 11; 
A(x? + 6x + 9) = 11 + 36; 4(x + 3)? = 47; 


«+3p=41 4435 =V4T. = 3 
4 2 
_ -6 + V47 
2 


yes; All of the steps would be the same as with two real 
solutions, with the exception of the constant being negative | 
when you take the square root. 


factoring; The equation can be factored; x = 7 and x = —3 


43. square roots; The equation can be written in the form u2 = d; 
x= -8andx=0 

45. factoring; The equation can be factored; x = —6 

47. completing the square; The equation cannot be factored or 
written in the form u? = d;x = —1 + us 

A12 Selected Answers 


49. 


RE 
55. 
Sire 
SH. 


61. 
63. 
65. 


67. 


69. 


71. 


square roots; The equation can be written in the form u? = d; 

x= +10 

x=-54+5V3 53, x=-2+2V21 

S(xy=@=— 4) + 3; 4, 3) 

gtx) = (x + 6) + 1; (—6, 1) 

h(x) = (x + 1)* — 49; (-1, —49) 

f= (x3 +R) 

a. 22ft b. about 2.1 sec 

a. $3600 b. y= —(x— 10)? + 3600 

c. Sample answer: vertex form; The vertex of the graph 
gives the maximum value. 


Sample answer: Complete the square to find the vertex. 
Factor it into intercept form to find the two roots, find 
their average to obtain the time when the water reaches 
its maximum height, and then substitute the time into the 
function. Use the coefficients of the original function 


y = f(x) to find the maximum height. /{ ~2-} 125.44 ft 


no; The problem cannot be solved by factoring because the 
answers are not rational. 


on lg Bee 
y= PENA 73, x~ 0.896 0m 
3.3 Maintaining Mathematical Proficiency (p. 178) 
eS all i & 2 20 


75. 


79. 


81. 


1 =20 


2321 197 


ies ig a hee yl 202 T 
3.4 Vocabulary and Core Concept Check (p. 127) 
—b + Vb* — 4ac 
2a 


1. 


Ab 


There will be two imaginary solutions. 


3.4 Monitoring Progress and Modeling with 


oe 
11. 


Mathematics (pp.127-130) 


x=3andx=1 7 x=-3+iV6 9 x=7 
vere ral 13) = 15, sage 


iy. 
Ze 
23. 


25. 
29, 


3: 


OS: 


aE 
Be 
32. 
41. 
45. 
47. 


49, 


Sil 


S33 


ish i 


SW oe 


59. 
65. 


67. 


69. 
Wik 
res 


z=6+ V30 
400; two real: n = 3 andn = —2 


5+ 3iVI15 
8 


19. 0; one real: x = —6 


— 135; two imaginary: x = 


27. A 


C; The discriminant is negative, so the graph has no 
x-intercepts. 


0; one real: x = —4 


A; The discriminant is positive, so the graph has two 
x-intercepts. The y-intercept is —9. 


The 7 was left out after taking the square root; 


Sample inoner a=landc=5;x2+ 4x+5=0 
Sample answer: a = 2 andc = 4; 2x? — 8x + 4=0 
Sample answer: a = 5 and c = —5; 5x2 + 10x + 5=0 
5x7 + 8x — 12 =0 43, —Tx*+4x-5=0 

Bx* + 4x +1=0 
x= +2V2: Sample answer: square roots; The equation can 
be written in the form uw? = d. 
x = 9 and x = —3; Sample answer: factoring; The equation 
can be factored. 

¢ = 3 and x = 4; Sample answer: factoring; The equation 
can be factored. 
5 + V2; Sample answer: completing the square; 
Factor out 5, and a = | and b is an even number. 


=o + 
= ee ee Sample answer: Quadratic Formula; a # 1, 


b is not an even number, the equation cannot be factored, and 
it cannot be easily written in the form u? = d. 


-1+\'5 : 
= ; Sample answer: Quadratic Formula; b is not 


an even number, the equation cannot be factored, and it 
cannot be easily written in the form u? = d. 


x=6 61. about 5.67 sec 63. 
a. 203 


about 0.17 sec 


(y = —16x? + 105x + 30] 


y = —16x2 + 100x + 30) \ 


0 \ 
0 

Both rockets start from the same height, but your friend’s 

rocket does not go as high and lands about a half of a 

second earlier. 


b. about 1 sec and 5.5625 sec; These are reasonable because 

Il se Ss) 
2 

a. about 0.97 sec 

b. the first bird; The second bird will reach the water after 
about 0.98 second. 

Seyeit 

a x=6,x= —-3,x=5,andx=-2 b x=3 

Add the solutions to get =. then divide the result by 2 to 


= 3.3 which is the axis of symmetry. 


b ee) : : 
get =a Because it is symmetric, the vertex of a parabola is 
in the middle of the two x-intercepts and the x-coordinate of 


, b 
the vertex is ———. 
2a 


We 


If x = 3i and x = —2i are solutions, then the equation can 
be written as a(x — 31)(x + 27) = ax? — aix + 6a. a and ai 
cannot both be real numbers. 


3.4 Maintaining Mathematical Proficiency (p. 130) 


ie 


81. | 


83. 


3.5 
il. 
3.5 


Soe 


41. 


43. 
47. 
49. 
51. 


. (3, 8) and (—1, 4) 
5 (CQ, 2) aie (2, 3) 
a (Wi einel (5) 

. about (—4.65, —4.71) and about (0.65, —15.29) 
; (—4, —4) and (—6, —4) 

. The terms that were added were not like terms; 


79. no solution 


(4, 5) 


Vocabulary and Core Concept Check (p. 136) 
There could be no solution, one solution, or two solutions. 
Monitoring Progress and Modeling with 
Mathematics (pp. 136-138) 

(One andi 250) 5. no solution 
(1, 1) and (3, 1) 1 (a4 10) 

ke (0 =) 
23. no solution 


Te (=A 
13. (1, 4) and (9, 4) 
19. no solution 
25. AandC 
29. no solution 


0 = —2x2 + 34x — 140:x = 7 orx = 10 


. (0, —1); Sample answer: elimination because the equations 


are arranged with like terms in the same column 


about (— 11.31, 10) and about (5.31, 10); Sample 

answer: substitution because the second equation can be 
substituted into the first equation 

(3, 3) and (5, 3); Sample answer: graphing because 
substitution and elimination would require more steps in this 
case 

x=0 45. x ~ 0.63 and x = 2.37 

x=2andx=3 

The graphs intersect at the vertex of the quadratic function. 
d = 0.8t; d = 2.5t?; 0.32 min 


Selected Answers A13 


§3. no solution: m = |: one solution: m = 0: two solutions: 


m=) 


b. no solution, one solution, two solutions, or infinitely 
55. Sample answer: graphing and Quadratic Formula; graphing many solutions 
because it requires less time and steps than using the a 
Quadratic Formula in this case 
57. a. no solution, one solution, two solutions, three solutions. 
or four solutions 


59. a. circle: x? + y? = 1, Oak Lane: y = =sx ao = 
b. (—0.6, 0.8) and (0.8, 0.6) ¢. about 1.41 mi 
3.5 Maintaining Mathematical Proficiency (p. 138) 


Cully ae 3 8 
<p} itt 
=i 1 3 5 7 


A14 Selected Answers 


630 < —4 19, The solution represents weights that can be supported by 
ee ee a ee Dee shelves with various thicknesses. 
2 oa =e Ms Hardwood Shelf 
(By We ce 
3.6 Vocabulary and Core Concept (p. 144) 


1. The graph of a quadratic inequality in one variable consists 
of a number line, but the graph of a quadratic inequality in 
two variables consists of both the x- and y-axis. ‘ 

3.6 Monitoring Progress and Modeling with ad we a z a 5 4 
. ness Un. 
Mathematics (pp. 144-146) i 


Weight (Ibs) 


3. C; The x-intercepts are x = —1 and x = —3. The test point 
(—2, 5) does not satisfy the inequality. 

5. B; The x-intercepts are x = 1 and x = 3. The test point (2, 5) 
does not satisfy the inequality. 


21° 


23. 


VS Sea Sa 210) 


27. -$<x<2 Wxrs4orx27 31. -05<x53 
336.4. < —2iohy > 4 35. about 0.38 < x < 2.62 


Wis, B= 7) yr ge > all eh —2 Sauce 
15. y> fi 41. about x < —6.87 or x 2 0.87 
17. The graph should be solid, not dashed. 43. a x<x<x, Bx<xors>x G& <x <x 
45. about 55 m from the left pylon to about 447 m from the left 
pylon 
47. a. 0.0051x? — 0.319x + 15 < 0.005x? — 0.23x + 22, 
16<x<70 


b. A(x) < V(x) for 16 < x < 70; Graph the inequalities only 
on 16 < x S 70. A(x) is always less than V(x). 

c. The driver would react more quickly to the siren of an 
approaching ambulance; The reaction time to audio 
stimuli is always less. 


Selected Answers A15 


49. 


51. 
SS: 


3.6 
55. 


Die 


59: 


0.00170x? + 0.145x + 2.35 > 10,0 < x < 40; after about 
37 days; Because L(x) is a parabola, L(x) = 10 has two 
solutions. Because the x-value must be positive, the domain 
requires that the negative solution be rejected. 


32 : 256 
= ~ 10.67 square units = b, =~ ~ 85.33 square units 


a. 
a. yes; The points on the parabola that are exactly 11 feet 
high are (6, 11) and (14, 11). Because these points are 


8 feet apart, there is enough room for a 7-foot wide truck. 


b. 8ft c. about 11.2 ft 
Maintaining Mathematical Proficiency (p. 146) 


The maximum value is —1; The function is increasing to the 
left of x = —3 and decreasing to the night of x = —3. 

The maximum value is 25; The function is increasing to the 
left of x = —2 and decreasing to the right of x = —2. 


Chapter 3 Review (pp. 748-150) 


x =4andx = —2 2 x= +2 

x =2andx = —8 4. x=6andx=2.5 

(x + 18)(x + 35) = 1260; x = 10; 28 ft by 45 ft 
x=9andy=—3 We Soy 8. 11-+ 107 


=62 + 1li WG 11. x= +4) 
(48 fa 13 eee ee ia x= SH 
x=3+3V2 16. y=(x— 1)? + 19; (1, 19) 
ee 199 = 05 and eee 
i x= 8588 20. 0; one real solution: x = —3 


. 40; two real solutions: x = 1 + V10 


16; two real solutions: x = —5 andx = —1 


. (~2, 6) and (1, 0); Sample answer: substitution because 


both equations are already solved for y 


(4, 5); Sample answer: elimination because adding the like 
terms eliminates y 


. about (—0.32, 1.97) and (0.92, —1.77); substitution because 


elimination is not a possibility with no like terms 


. x = —0.14 and x = 1.77 
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28. 


Pe). 


St) 


31. 


Ss YO xeer Zee 1 


32. Zan 


al 


a3. 
Jo. 


¥ 
Chapter 4 
Chapter 4 Maintaining Mathematical 
Proficiency (p. 155) 


ft Se 


<5 On Bul sere —T Gre 8) 
<a = | 


wo 


33. a. The function is increasing when x > 4 and decreasing 


ie oe 2. 4m +3 Sh Say ar (e 4. x+4 when x < 4, 
52-4 6 Sx 7, G4in3 «= 8, 7 AP ~ 33.51 8 b. x<3andx>5 
9. 48 ft 10. 45acm? ~ 141.37 cm? XM aex <5 
11. no; If the volume of a cube is doubled, the side length is 35. a. The function is increasing when x < 0 and x > 2 and 
increased by a factor of vy decreasing when 0 <x <2, 
4.1 Vocabulary and Core Concept Check (p. 162) b. —1<x<2andx>2 
1. The end behavior describes the behavior of a graph as x c x<—l 
approaches positive infinity and negative infinity. 37. The degree is even and the leading coefficient is positive. 


4.1 Monitoring Progress and Modeling with 
Mathematics (pp. 162-164) 
3. polynomial function; f(x) = 5x? — 6x? — 3x + 2; degree: 3 
(cubic), leading coefficient: 5 
5. not a polynomial function 
7. polynomial function; h(x) = —V74 + 8x3 + 32 +x- i; 
degree 4: (quartic), leading coefficient: —V7 
9. The function is not in standard form so the wrong term was 
used to classify the function; fis a polynomial function. The 
— BS RG [as aeaiei: tuacuon. Theleadeasimametent 39, The degree is even and the leading coefficient is positive. 
11. A(-2)=-46 13. 9(8)=-43 18. p(t)=% 
17. h(x) > —~ as x > —e and h(x) 3 —~ asx © 
19. f(x) > © asx —~ and f(x) 9 ~asx4 & 
21. The degree of the function is odd and the leading coefficient 
is negative. 
23. polynomial function; f(x) = —4x4 + 23 + V2x2 + 4x — 6; 
degree: 4 (quartic), leading coefficient: —4. 
Gee | jt Ay? PG 
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41. a, 2422 
0 27 
0 
From 1980 to 2007 the number of open drive-in theaters 
decreased. Around the year 1995, the rate of decrease 
began to level off. 

b. 1980 to 1995: about —119.6, 1995 to 2007: about 
—19.2; About 120 drive-in movie theaters closed each 
year on average from 1980 to 1995. From 1995 to 2007, 
drive-in movie theaters were closing at a much lower 
rate, with about 20 theaters closing each year. 

c. Because the graph declines so sharply in the years 
leading up to 1980, it is most likely not accurate. The 
model may be valid for a few years before 1980, but in 
the long run, decline may not be reasonable. After 2007, 
the number of drive-in movie theaters declines sharply 
and soon becomes negative. Because negative values do 
not make sense given the context, the model cannot be 
used for years after 2007. 

43. Because the graph of g is a reflection of the graph of fin the 
y-axis, the end behavior would be opposite; g(x) > —© as 
x— —®and g(x) > asx @, 

45. The viewing window is appropriate if it shows the end 
behavior of the graph as x 4 © and x 3— ©, 

47. a. 6 6 

-9 9 -9 9 
-6 -6 
6 6 

-9 9 -9 9 
-6 -6 
6 6 

-9 9 -9 9 
—6 —6 

y = x, y = x°, and y = x are all symmetric with respect 

to the origin. 

y = x*, y = x4, and y = x are all symmetric with respect 

to the y-axis. 

b. The graph of y = x!° will be symmetric with respect to 
the y-axis. The graph of y = x!! will be symmetric with 
respect to the origin; The exponent is even. The exponent 
is odd. 

49, f(—5) = —480; Substituting the two given points into the 
function results in the system of equations 2 +b +c—5=0 
and 16 + 4b + 2c — 5 = 3. Solving for b and c gives 
f(x) = 2x3 — 7x2 + 10x — 5. 

A18 Selected Answers 


4.1 
pie 
55: 
4.2 

1. 


4.2 


31. 
Sh 


ah 
41. 
45. 
47. 
49. 


51. 
53. 


Doe 


SM 
59. 


oe a ar 29. 


Maintaining Mathematical Proficiency (p. 164) 
—2x* + 3xy + y? 53. 12kz — 4kw 

eye | okey P 1orne 

Vocabulary and Core Concept Check (p. 170) 


The binomials could be multiplied in a horizontal format or 
a vertical format. The patterns from Pascal’s Triangle could 
also be used. 

Monitoring Progress and Modeling with 
Mathematics (pp. 170-172) 

oe eae | 5. Ale ox" — 3 x — 4 

Po 12 the Soe = 

=2 — ae ee 


. 5x6 — 7x5 + 6x4 + 9x34 7 


mache sss he a! 

P = 47.7 + 678.5t + 17,667.4; The constant term 
represents the total number of people attending 
degree-granting institutions at time ¢ = 0. 

S500 2 19. —10x? + 23x — 24x + 18 


eo ee eee 
» 3x9 — 6x4 — Gx? + 250% — 23x +7 
. The negative was not distributed through the entire second 


set of parenthesis; 

(x2 — 3x + 4) — G8 + Tx — 2) = x? — 3x4+4-4-—7x4+2 
= —x3+32- 10x +6 

1233 — 29x2 + 7x + 6 
=2Ax? + 86x 51x — 20 

(a + b)(a — b) = a® — ab + ab — b? = a — b?; 

Sample answer: 24 « 16 = (20 + 4)(20 — 4) 


= 202 — 4? 

= 400 — 16 

= 384 
2-81 37. %2-30c +25 39, 49h? + 56h + 16 
8k3 + 722 + 216k +216 43. 88 + 4872 + 961 + 64 


l6q* 867 + 216g log -- ai 

yezt + Syizt + Oye ra lhyer2 Syed 

9a’ + 66a°h? + 97a*h* — 88a2b® + 16b®; Sample 

answer: Pascal’s Triangle; Use Pascal’s Triangle to expand 

the two binomials. Multiply the results vertically to find your 

final product. 

2x3 + 10x* + 14x +6 

a. 5000(1 + r)? + 1000(1 + r)* + 4000(1 + r) 

b. 7000r° + 25,0007? + 34,000r + 16,000; 7000 is the 
total amount of money that gained interest for three 
years, 25,000 is the total amount of money that gained 
interest for two years, 34,000 is the total amount of 
money that gained interest for one year, and 16,000 is the 
total amount of money invested. 

c. about $17,763.38 

no; The sum of (x + 3) and (x — 3) is 2x, a monomial. The 

product of (x + 3) and (x — 3) is x* — 9, a binomial. 

equivalent; They produce the same graph. 

not equivalent; Although they appear to produce the same 

graph, the table of values shows they are off by a constant of 1. 


61. 


63. 


65. 


67. 
4.3 


4.3 


25; 
29. 
33. 


meee ——— 


td 8 ve ig i 4 
U © Ws 20) We & | 
Le e235 35021 Tat 
8 285956) 57055565528 841 
1 9 36 84 126 126 84 36 9 1 
1 10 45 120 210 252 210 120 45 10 1 


(x + 3)? = x7 + 21x® + 18925 + 945x4 + 2835x3 + 5103x2 
ap SulOBhs sr Piliize 
(x — 5)? = x? — 45x38 + 900x7 — 10,500x® + 78,750x5 
— 393,750x4 + 1,312,500x3 — 2,812,500x2 
ar 3 SIS ovens = IAS AS 
ao. b. 3S ch 9 
d. g(x) + h(x) has degree m. g(x) — h(x) has degree m. 
@(x) « h(x) has degree (m + n). 
mec! + OnP = +? 
ey ei ay a te ye 
ute Dy yo hy ae Any oy 
b. The Pythagorean triple is 11, 60, and 61. 
ec. 121 + 3600 = 3721 


3721 = 3721 
Maintaining Mathematical Proficiency (p. 772) 
5 ae ike (i, @ = 2h 


Vocabulary and Core Concept Check (p. 177) 


To evaluate the function f(x) = x3 — 2x + 4 when x = 3, 
synthetic division can be used to divide f(x) by the factor 
x — 3. The remainder is the value of f(3). So, f(3) = 25. 
Oj =z 4 
3 Se 21 

1 3 Th PAs) 
G2 — 2x? — 9x + 18) + @& +3) =x? —-—5x +6 
Monitoring Progress and Modeling with 
Mathematics (pp. 177-178) 

3 Dba se 8! 


+5+—— : 
x a the 53 


Sample answer: 3|1 


=122x + 109 
Se a 
62 18 

.xt34+—— 
$2 4~ 5) lil 52 3} 


6 


hae Spe eee 


5x2 — 12x + 37 + 
x—- 4 


eee x — Oy + | — ——— 


35 = (© 
D; (2)? + (2) — 3 = 3 so the remainder must be 3. 


. C; (2) — (2) + 3 = 5 so the remainder must be 5. 


The quotient should be one degree less than the dividend. 
x a 5x aE 3 2 1 
Se ago ee, 
f(-)) = 37 27. f(2)=11 
f(6) = 181 31. f(3) = 115 


no; The Remainder Theorem states that f(a) = 15. 


A _ —1.95x3 + 70.1x? — 188x + 2150 
ip 14.8x + 725 


ap 


408,563.25 


= 0.13x2 + 11.19x — 560.90 + 
z a ie as 


STA a8), Dyesr S 

4.3 Maintaining Mathematical Proficiency (p. 178) 
41. x=3 43. x=-7 

4.4 Vocabulary and Core Concept Check (p. 184) 
1. quadratic; 3x? 


O<x< 18 


3. It is written as a product of unfactorable polynomials with 
integer coefficients. 
4.4 Monitoring Progress and Modeling with 
Mathematics (pp. 184-186) 
5. x(x — 6)(x + 4) 7. 3p>(p — 8)(p.+ 8) 
9. g°(2q — 3\(q + 6) 11. w®(5w — 2)(2w — 3) 
tax + 4)ix* — 4x4 16) 15. eo 7 ke" + 7g 4+ 49) 
17. 3h°%(h — 4)(h? + 4h + 16) 
19S 26(2t + 5)(4 — 10? = 125) 


21. x? + 9 is not a factorable binomial because it is not the 
difference of two squares; 3x3 + 27x = 3x(x? + 9) 


23. (y2+6\y—5) 25. (3a2 + 8)(a + 6) 

27. (x—2)(x+2)x—8) 29. (2g + 3)(2q —3\Kq—4) 
31. (7k2 + 3)(7k2-—3) 33. (c2 + 5)(c2 + 4) 

35. (422+ 9)(2z + 3)(2z-3) 37. 37° +5) — 4) 


39. factor 41. nota factor 43. factor 
a4 (1-120 0 
=4.) 20°50 


io 0 0 
g(x) = x(x + 4) — 5) 


taal t.-6 0 =8 143 
6 0 0-48 
io 0 =8 0 


oe — 6) — 2) + 2x + 4) 


AO, 27 \ 4 oi 37 84 
7 49 -84 


oe 2 0 
r(x) = (x + 7) — 3) — 4) 

51. D; The x-intercepts of the graph are 2, 3, and —1. 

53. A; The x-intercepts of the graph are —2, —3, and 1. 

55. The model makes sense for x > 6.5; When factored 
completely, the volume is V = x(2x — 13)(x — 3). For all 
three dimensions of the box to have positive lengths, the 
value of x must be greater than 6.5. 

57. a‘(a + 6)(a — 5); A common monomial can be factored out 
to obtain a factorable trinomial in quadratic form. 

59. (z — 3)(z + 3)(z — 7); Factoring by grouping can be used 
because the expression contains pairs of monomials that have 
a common factor. Difference of two squares can be used to 
factor one of the resulting binomials. 

61. (4r + 9)(16r2 — 36r + 81); The sum of two cubes pattern 
can be used because the expression is of the form a? + b°. 

63. (4n2 + 1)(2n — 1)(2n + 1); The difference of two squares 
pattern can be used to factor the original expression and one 
of the resulting binomials. 


Selected Answers A19 


65. a. no; 7z4(2z + 3g — 2) 4.5 Monitoring Progress and Modeling with 


b. no; (2 —n)(n+6)3n—11) c yes : Mathematics (pp. 194-196) 

67. 0.7 million 3. z= —3,z=0,andz=4 5. x= Oandx=1 

69. Sample answer: Factor Theorem and synthetic division; 7. w=Oand w = +V10 ~ +3.16 
Calculations without a calculator are easier with this method 9. c=0,c =3,andc = +V6 ~ +2.45 ll. n=-4 
because the values are lesser. 13. ee Gti 

71. k= 22 er ep re 


7 | 2 135-225 105 
14 7-105 


2 Sate 0 


(hee e (e— allie sp ah(Gii sei eed Ser = Il) 
c. (@ — b*\(ab + 1/7 
75. a. (x + 3)? + y? = 52; The center of the circle is (—3, 0) 
and the radius is 5. 


b. (x — 2)? + y* = 32; The center of the circle is (2, 0) and 
the radius is 3. 


c. (x — 4)? + (y + 1)? = 6; The center of the circle is 
(4, —1) and the radius is 6. 


4.4 Maintaining Mathematical Proficiency (p. 186) 
77. x=6andx=-5 79, x=2andx=2 


81. x = 18 andx = —6 $3. x= —3 andx = —7 7A Vue Gs 
4.5 Vocabulary and Core Concept Check (p. 794) 23. The + was not included with each factor; +1, +3, +5, +9, 
#15, 2D 


1. constant term; leading coefficient 
25. x= —S,x = 1,andx = 3 27. x= —1,x=5,andx=6 


A20 Selected Answers 


29) x = —3,x =4, andx=5 
ole x > —4,x = —0.5, andx = 6 Bi}, 5), Sh, etaal 
35.0), —3, and —2 Si, ak ESL ati! S! 
oe 56 and 1 VE 
2 2; 
41. f(x) = 3 — 7x2 + 36 
45. f(x) = x* — 32x? + 24x 
47. x = —3,x = 3, and x = 4; Sample answer: graphing; The 
equation has three real solutions, all which can be found by 
graphing to find the x-intercepts. 


49. 4cm by 4cm by 7 cm 


= 2.56 


43. f(x) =x — 10x — 12 


51. The block is 3 meters high, 21 meters long, and 15 meters 
wide. 


ea. —20P + 2527? — 280r — 2400 = 0 
b. 1,2,3,4,5,6,8,10 ec. t= 5 years and t= 10 years 
55. The length should be 8 feet, the width should be 4 feet, and 
the height should be 4 feet. 
Siena. k—60 b. k=33 cc. 
61. x =2 
63. The height of each ramp is S feet and the width of each ramp 


is 5 feet. The left ramp is to be 24 feet in length while the 
right ramp is to be 12 feet in length. 


k=6 S207 = 1 


65. rs; Each factor of ag can be written as the numerator with 

each factor of a, as the denominator, creating r X s factors. 
4.5 Maintaining Mathematical Proficiency (p. 196) 
67. not a polynomial function 


69. not a polynomial function; The term ¥/x has an exponent that 
is not a whole number. 
V2 
73. x= +7 
4.6 Vocabulary and Core Concept Check (p. 202) 
1. complex conjugates 
4.6 Monitoring Progress and Modeling with 
Mathematics (pp. 202-204) 
3. 4 a: 6 ee 9. =1, 1, 2.,.and4 
ie), —2, |, and3 AS 3, — lene ee 
15. —4, —1, 2, iV2, and —iV2 
17. 2; The graph shows 2 real zeros, so the remaining zeros must 
be imaginary. 


71. x= +3i 


19, 2; The graph shows no real zeros, so all of the zeros must be 
imaginary. 
Bit) — 2 + 4x7 — 7x — 10 
pam) — x° — 11x? + 41x — 51 
ae) = x° — 4x2 — 5x + 20 
Oey) — x — 8x* + 23x — 32x? + 22x — 4 
29. The conjugate of the given imaginary zeros was not 
included. 
ray — (x -— 2)ix -(1 + Oli-G —)D)) 
=(@- Die -1)-i@-) +i] 
= — Dia 1)? = 7 
ae ee — 2 1) (—1)] 
te 2) — 2x 2) 
= — Dy Oe — 2 ta 4 
=x? — 4x7 + 6x — 4 


SIE 


33. 


35. 


BU 


39. 


41. 
43. 


47. 
49. 


Sil. 


Sample answer: y = x® — 4x+ — x7 + 4: 
eet — Ger 1) — 2) 2) ae + 1) 
= (x7 — 1)? -— 40x? +:1) 
= (xt — 5x? + 4)(x? + 1) 
= 79 + x4 — 5x4 - 5x2 +4244 
(= x6- 4x4 - VP + 4 


Positive | Negative 
real zeros | real zeros 


Imaginary | Total 


Positive 
real zeros 


Negative 
real zeros 


Imaginary 
zeros 


Positive 
real zeros 


Negative 
real zeros 


Imaginary 
zeros 


5 


Positive 
real zeros 


Negative 
real zeros 


C; There are two sign changes in the coefficients of f(—x). 
So, the number of negative real zeros is two or zero, not four. 
in the year 1958 45. inthe 3rd year and the 9th year 

x = 4.2577 

no; The Fundamental Theorem of Algebra applies to 
functions of degree greater than zero. Because the function 
f(x) = 2 is equivalent to f(x) = 2x®, it has degree 0, and does 
not fall under the Fundamental Theorem of Algebra. 


A21 


Selected Answers 


Lei) 
"ad 


Sie 


59. 
4.7 

ile 
4.7 


ae 


A22 


a. For all functions, f(x) > © as x + ©. When n is even, 
f() > © as x — —©, but when n is odd, f(x) — —~ as 
= see 

b. Asn increases, the graph becomes more flat near the 
zero x = —3. 


c. The graph of g becomes more vertical and straight near 
x= 4. 


Deposit 


[000 Proto 


ist Deposit 
2nd Deposit 
3rd Deposit 


1000 


4th Deposit 


b. v= 1000g3 + 1000g? + 1000g + 1000 
c. about 1.0484: about 4.84% 
Maintaining Mathematical Proficiency (p. 204) 


. The function is a translation 4 units right and 6 units up of 


the parent quadratic function. 


The function is a vertical stretch by a factor of 5 followed by 
a translation 4 units left of the parent quadratic function. 


(a) = 5x + 4) 


g(x) = [ix +1] -3 
Vocabulary and Core Concept Check (p. 209) 
horizontal 


Monitoring Progress and Modeling with 
Mathematics (pp. 209-270) 


The graph of g is a translation 3 units up of the graph of f. 


Selected Answers 


The graph of g is a translation 2 units right and | unit down 
of the graph of f. 


B; The graph has been translated 2 units right. 
D; The graph has been translated 2 units right and 2 units up. 


. The graph of g is a vertical stretch by a factor of 2 followed 


by a reflection in the x-axis of the graph of f- 


13. The graph of g is a vertical stretch by a factor of 5 followed 


by a translation | unit up of the graph of f. 
| T | Ay id if | 


15. The graph of g is a vertical shrink by a factor of 3 followed 


by a translation 4 units left of the graph of f. 
ell) deal A) a AVeeAle ee 


Dy. 


19. 


21. 


23. 
25. 
2k 


29. 


31. 


AE 


4.7 
35. 


aiff 


39. 


g(x) = + 2)44+1; 


The graph of g is a translation 2 units left of the graph of f 
OO) = exe 3: 


The graph of g is a vertical shrink by a factor of ! followed 
by a reflection in the x-axis of the graph of f. 

The graph has been translated horizontally to the pet 

2 units S instead of to the left 2 units. 


g(x) = —x9 + 9x2 — 27x + 21 

iy — —27x° — 18x27 + 7 

W(x) = 27x3 — 12x; W(5) = 3315; When x is 5 yards, the 
volume of the pyramid is 3315 cubic feet. 

Sample answer: If the function is translated up and then 
reflected in the x-axis, the order is important; If the function 
is translated left and then reflected in the x-axis, the order is 
not important; Reflecting a graph in the x-axis does not affect 
its x-coordinate, but it does affect its y-coordinate. So, the 
order is only important if the translation is vertical. 

a. Om,4m,and7m 

b. g(x) = —Hx — 2) — 6x — 9) 


V(x) = 3mx2(x a Sie W(x) = Fa( hs ae 3}; 


W(3) = 127 = 37.70; When x is 3 feet, the volume of the 
cone is about 37.70 cubic yards. 


Maintaining Mathematical Proficiency (p. 270) 


The maximum value is 4; The domain is all real numbers and 
the range is y < 4. The function is increasing to the left of 

x = 0 and decreasing to the right of x = 0. 

The maximum value is 9; The domain is all real numbers and 
the range is y < 9. The function is increasing to the left of 

x = —5 and decreasing to the right of x = —5. 

The maximum value is 1; The domain is all real numbers and 
the range is y < 1. The function is increasing to the left of 

x = 1 and decreasing to the right of x = 1. 


4.8 Vocabulary and Core Concept Check (p. 276) 
_ 1. turning 
4.8 Monitoring Progress and Modeling with 
Mathematics (pp. 216-278) 
3, A 
Te 


5. B 


IL. 


13. 


15. The wastes should be —2 and 1. 


17. -1,l,and4 19. —4,-3,and1 21. 


74 


Selected Answers 


—4,3, and 3 


A23 


ne) 
= 


a 

! _ 

4) rc) 
> 


ve) 
in 


Sie 

The x-intercepts of the graph are x ~ —3.90, x ~ —0.67, 

and x ~ 0.57. The function has a local maximum at 

(—2.67, 15.96) and a local minimum at (0, —3); The 

function is increasing when x < —2.67 and x > 0 and is 

decreasing when —2.67 <x <0. 

25 5 oh), 
47. 
4 4 
5 


The x-intercepts of the graph are x ~ —1.88, x = 0, 
x = 0.35, and x ~ 1.53. The function has a local maximum 


at (0.17, 0.08) and local minimums at (— 1.30, —3.51) and 49, 
(1.13, —1.07); The function is increasing when 
—1.30 <x <0.17 and x > 1.13 and is decreasing when 51 


eae. FORO Mex < IIR: 
ils 


a 
Re 
w wo 
cos) 
nm a) 
mn nd 


The x-intercept of the graph is x ~ —2.46. The function has 
a local maximum at (— 1.15, 4.04) and a local minimum at 


(1.15, 0.96); The function is increasing when x < —1.15 4.9 
and x > 1.15 and is decreasing when —1.15<x< 1.15. Li. 
7}: 24 4.9 


a) 
wn 
Un 


-24 


The x-intercepts of the graph are x ~ —2.10, x = —0.23, 
and x ~ 1.97. The function has a local maximum at : 
(—1.46, 18.45) and a local minimum at (1.25, —19.07); 1 
The function is increasing when x < —1.46 and x > 1.25 
and is decreasing when —1.46 <x < 1.25. 
31. (—0.29, 0.48) and (0.29, —0.48); (—0.29, 0.48) corresponds 
to a local maximum and (0.29, —0.48) corresponds to a local 
minimum; The real zeros are —0.5, 0, and 0.5. The function is 
of at least degree 3. 
33. (1, 0), (3, 0), and (2, —2); (1, 0) and (3, 0) correspond 
to local maximums, and (2, —2) corresponds to a local 
minimum; The real zeros are 1 and 3. The function is of at 
least degree 4. 


A24 Selected Answers 


. (—1.25, — 10.65); (—1.25, — 10.65) corresponds to a local 


minimum: The real zeros are —2.07 and 1.78. The function 
is of at least degree 4. 


y 


odd 41. even 43. neither 45. even 
5 


0 1.25 
-1 
about 1 second into the stroke 


A quadratic function only has one turning point, and it is 
always the maximum or minimum value of the function. 


. no; When multiplying two odd functions, the exponents of 


each term will be added, creating an even exponent. So, the 
product will not be an odd function. 


L0G) arr 


UL ei re c. about 10.8 ft 


ur 
V(h) = 647h — TUE about 9.24 in.; about 1238.22 in.? 


Maintaining Mathematical Proficiency (p. 278) 


. quadratic; The second differences are constant. 


Vocabulary and Core Concept Check (p. 223) 
finite differences 


Monitoring Progress and Modeling with 
Mathematics (pp. 223-224) 


~ f@®=@+ Da- Y@- 2) 

. fo =e t Se - D-H) 

. 3:f@) = 28 +42-b-4 

» ASfG)= —3x? = 

» 45) = 2 1S ae Bae AD 

. The sign in each parentheses is wrong. The x-intercepts 


should have been subtracted from zero, not added. 
(—6, 0), (1, 0), (3, 0), (0, 54) 
54 = a(O0 + 6)(0 — 1)(0 — 3) 
54 = 18a 
a=3 ; 
SQ=3a + OG = Ha 3) 


15. Sample answer: 
eax aye — 4)(x +0); 
ee) — 4) — 1), 
5 — Sie 4) + 4); 
y=a(x — 3)\(x — 4)(x-c) 
6 = a2 — 3)(2 — 4)(22 — c) 


6 = 2a(2 — c) 
3 = a(2 —c) 
Face 


Any combination of a and c that fit the equation will contain 
these points. ; 

17. y = 0.002x? + 0.60x — 2.5; about 15.9 mph 

19. d=? — 3n; 35 

21. With real-life data sets, the numbers rarely fit a model 


perfectly. Because of this, the differences are rarely 
constant. 


2G, D 
4.9 Maintaining Mathematical Proficiency (p. 224) 


25. x=+6 27. x=3+2V3 29. x=1andx=—-2.5 
_ -3+V29 
Ail, = i0 


Chapter 4 Review (pp. 226-230) 
1. polynomial function; h(x) = — 15x? — x3 + 2x?; It has 
degree 7 and has a leading coefficient of —15. 
2. not a polynomial 


6G. 40° — 4x7 — 4x - 8 1. 3xt 3 ae a as 
Set iix+1 9. 2y?+ 10y? + S5y—21 
10. 8m3 + 12m2n + 6mn?2 + n3 11. s? + 3s? — 10s — 24 
12. m* + 16m>-+ 96m? + 256m + 256 
13. 24355 + 810s* + 1080s? + 720s? + 240s + 32 
14, 2+ 62 + 1524 + 2023 + 1522+ 6z +1 


a 4x — 3 ae Tx + 43 
ee | 1G ox 10+ 
: 233 2 

Wem — 4x? + 15x60 + 2(5) = 546 


noes — 1)(4x? + 2x + 1) 
pita — 2a + 2)(2Za — 7) 


20. 22(z2 — 5)(z — 1)(z + 1) 


.36. g(x) = 


2eeT «2 60-27 -54 
= 0 0 54 
1 0 O27) 0 
fe) = & + 2)@ — 3)Q2 + 3x + 9) 
23. x = —4,x = —2, andx = 3 
24. x= —4,x = —3,andx = 2 
2Ssaie= x — 5x" 5x — 1 
26 x OX a 25x — 30 
27. FQ) — X* — 9x9 + 112 + 51x — 30 
28. The length is 6 inches, the width is 2 inches, and the height 
is 20 inches; When £ (4 — 4)(34 + 2) = 240, 2= 6. 
Zo) — > — ox + (ie — 15 
Mee = x x + 14x — 16x — 32 
Seay — x + ie + Or — 4x 80 


Positive 


Negative | Imaginary | Total 


34. The graph of g is a reflection in the y-axis followed by a 
translation 2u units up of the graph of f. 


35. The graph of g is a reflection in the x-axis followed by a 
po ml units left of Mie men mo s 


1 3 
we a) 
37. g(x) = xX44+2-7 


Selected Answers A25 


38. 5 


5 


The x-intercept of the graph is x ~ —1.68. The function 
has a local maximum at (0, —1) and a local minimum at 
(—1, —2); The function is increasing when —1 <x <0 
and decreasing when x < —1 and x>0. 


39. 12 


6 


The x-intercepts of the graph are x ~ 0.25 and x ~ 1.34. 
The function has a local maximum at (—1.13, 7.06) and 
local minimums at (—2, 6) and (0.88, —3.17); The function 
is increasing when —2 <x < ~1.13 and x > 0.88 and is 
decreasing when x < —2 and —1.13 <x < 0.88. 


40. odd 41. even 42. neither 
43. f(x) = (x + 4)(x — 4)(x — 2) 
44, 3; f(x) = 2x0 — 7x? — 6x 


Chapter 5 


Chapter 5 Maintaining Mathematical 
Proficiency (p. 235) 


1 8w? m0 
Le y? Zar ah ey 4. 3x3 Sy =a ° iy 
7 y=2-4e B& y=3t3xr 9% y= Bet? 
=) gi SOX. 
10. y= y= 2 y= 
| Bae 4x ie 7x 


13. yes; Sample answer: When simplifying x3 - (x2)*, you must 
first apply the Power of a Power Property and then apply the 
Product of Powers Property. 


5.1 Vocabulary and Core Concept Check (p. 241) 

lies 

(Va ie 

3. When ais positive, it has two real fourth roots, +Wa, and 

one real fifth root Va. When a is negative, it has no real 
fourth roots and one real fifth root, V/a. 

5.1 Monitoring Progress and Modeling with 
Mathematics (pp. 241-242) 


Be 2 he W oa 2 11. 2 g3. 125 


is. =3 (Sige 


19. The cube root of 27 was calculated incorrectly; 
2723 = (27'BY =32=9 

21. B; The denominator of the exponent is 3 and the numerator 
is 4. 

23. A; The denominator of the exponent is 4 and the exponent is 
negative. 


2B tes 27. 0.34 29. 2840.40 31. 50.57 


oer = 5.72 tt 35305 37. x = —7.66 
Bhi set) Pay 41. x= +2 43. x= 33 
A26 Selected Answers 


oe ae 


» potatoes: 2.4%; ham: 3.7%; eggs: 1.7% 


3,4: V81 =3 and 256 =4 49. about 753 ft3/sec 


Maintaining Mathematical Proficiency (p. 242) 


- 55. 5000 57. 0.82 
Zz 


Vocabulary and Core Concept Check (p. 248) 


. No radicands have perfect nth powers as factors other than 1, 


no radicands contain fractions, and no radicals appear in the 
denominator of a fraction. 

Monitoring Progress and Modeling with 
Mathematics (pp. 248-250) 


3. SH 5.96 7, oe, 3) eae 
13.12 15. 273 Agee 19. Games 7 
3 3 
a3, VIO 95 VO 4g AVT gg, 1 V3 
2 4 yl =) 
a 15 + 5V2 a 9V3 — 9V7 te 3V2 + V30 
7 —4 —2 
37. 12711 =. 39, 12114) 4.. -9V3. 43. S77 
45. 6(3'%) 
47. The radicand should not change when the expression is 
factored; 
3V12 + 5V12 = (3 + 5)V12 = 8V12 
2 lg| 
9, 3y? 5 en 88 
55. Absolute value was not used to ensure that all variables are 


oy. 


63. 


67. 
le 


1B: 
TE 


is 
79. 


81. 


positive; 
V/2(h2)° _ 2h? 
lg 


V6 | ; 
as 
oaeictvac 59, 2mNVSmn gy Vw 
n? 5w® 
3/4 
ay #0 65. 21Wy 
2x72 69. Aww 
P = 2x3 + 4x73 
= x1 1/3 


about 0.45 mm 


no; The second radical can be simplified to 18V11. The 
difference is —11V11. 


10 + 6V5 
_ 3/3V 
a 4ar 
a) 
b S= 4n( oY] 
Aq 
re 4m(3Vv)28 
(4m) 


S= (47)34 = 2/3(3 y)2/3 
= (4m)'23 y)28 

c. The surface area of the larger balloon is 27% ~ 1.59 
times as large as the surface area of the smaller balloon. 


‘s bit he 
when 7 is even and — is odd 
n 


5.2 Maintaining Mathematical Proficiency (p. 250) 15. Ay 


83. The focus is = 0). The directrix is x = ; The axis of 
symmetry is y = 0. 


PNW HU HDA WW OD 


85. g(x) = —x* + 3x? + 2x; The graph of g is a reflection in the 

x-axis of the graph of f. 17. 
87. g(x) = (x — 2)3 — 4; The graph of g is a translation 2 units 

right of the graph of f. 
5.3 Vocabulary and Core Concept Check (p.256) 


1. radical 


5.3 Monitoring Progress and Modeling with The domain is x > 0. The range is y < 0. 
Mathematics (pp. 256-258) 


19. The graph of g is a translation 1 unit left and 8 units up of 
a7eB Ry lel 7... 8 


the graph of f- 
F ; y 


cert 
| i 


Bilge 2 2 6 7 8 9 18) 


The domain is x > 0. The range is y > 4. : rr 


11. 


21. The graph of g is a reflection in the x-axis followed by a 
translation 1 unit down of the graph of f- 


aa Sr 


13. 


23. The graph of g is a vertical shrink by a factor of ; followed 
by a reflection in the y-axis of the graph of f- 


{ San es hat ha 


—— es 


The domain is x = 3. The range is y = 0. 


Selected Answers A27 


4 
25. The graph of g is a vertical stretch by a factdiot 2 followed 61. 8 


by a translation 5 units left and 4 units down of the graph of f. 
a= v2 


The radius is 6 units. The x-intercepts are +6. The 
y-intercepts are +6. 


63. 


27. The graph was translated 2 units left but it should be 
translated 2 units right. 


-~NWeausy 


123450 
about 3 ft; Sample answer: Locate the 7T-value 2 on the 
a ae estimate the £-value. 


65. 
29. The domain is x < —1 and x = 0. The range is y 2 0. 
ire 
V2 
31. The domain is all real numbers. The range is y = “ 400 800 p 
vie a. about 2468 hp  b. about 0.04 mph/hp 
33. The domain is all real numbers. The range is y 2 —— 67. a. the 165-lb skydiver 


b. When A = 1, the diver is most likely vertical. When 


35. alway a7 sates A = 7, the diver is most likely horizontal. 


39. M(n) = 0.915Vn; about 91.5 mi 41. g(x) = =IVx+8 : Aer - me 
43. 56) = VON 6 Jaks OV 5.3 Maintaining Mathematical Proficiency (p. 258) 


2 a7 is = 
47, g(x) =2Vx4+3 49. g(x) =2V (x +52 -2 OOO 9 le ee 
(BR St! ais 75. x<0.5 andx>6 


Sit: 53. 2 
m= *2v%x] pa = 25 5.4 Vocabulary and Core Concept Check (p. 266) 
, : r r~_], 1. no; The radicand does not contain a variable. 
5.4 Monitoring Progress and Modeling with 
Mathematics (pp. 266-268) 
=) 


(0, 0), right 3.4x=7 5. x= 24 7. x=6 9. x= 
55. 2 57. 11. x=1024 13. about2l7yr 15. x=12 
7 x=14 19% x=Oandx=5 21. x=3 
-10 6 7B, FSI) 25. x=4 27. x= +8 
29. no real solution 31. x=3 33. x=5 
= mee oo 8 35. Only one side of the equation was cubed; 
(—8, 0), right The radius is 3 units. The V3x—8=4 — 
x-intercepts are +3. The (v 378 y = 4 
y-intercepts are +3. 3x —-8 = 64 
59. =A 


37. x2>64 3% x>27 41. O<x<2 
43. x>—220 45. Ov ade uth 
47. (3,0) and (4, 1);{ 47) | 


The radius is 1 unit. The goatee oe ates The 
y-intercepts are +1. 


A28 Selected Answers 


49. 


So: 


bt 


(0, —2) and (2, 0); 51. (0, —1); 


a. The greatest stopping distance is 450 feet on ice. On wet 


asphalt and snow, the stopping distance is 225 feet. The 
least stopping distance is 90 feet on dry asphalt. 
b. about 272.2 ft; When s = 35 and f = 0.15, d = 272.2. 
a. When solving the first equation, the solution is x = 8 
with x = 2 as an extraneous solution. When solving the 
second equation, the solution is x = 2 with x = 8 as an 
extraneous solution. 


= NW DOD NSN © 


. The square root of a quantity cannot be negative. 
. Raising the price would decrease demand. 
. 367 = 113.1 ft? 


kt 


a h=h)- =) b. about 5.75 in. 


Maintaining Mathematical Proficiency (p. 268) 
feet — 4x2 +3 67.4 Iie — 8 

gi) = 303 — 2x*; The graph of g is a vertical shrink by a 
factor of 5 followed by a translation 3 units down of the 
graph of f. 

Vocabulary and Core Concept Check (p. 273) 
You can add, subtract, multiply, or divide f and g. 
Monitoring Progress and Modeling with 
Mathematics (pp. 273-274) 

(f + g)(x) = 14% and the domain is x > 0; 

(f — g)(x) = —24W%x and the domain is x > 0; 

(f + g)(16) = 28; (f — g)(16) = —48 

(f + g)(x) = —7x3 + 5x? + x and the domain is all real 
numbers; (f — g)(x) = —7x? — 13x? + 11x and the domain 
is all real numbers; (f + g)(—1) = 11; (f — g)(-1) = -17 


(fg)(x) = 2x! and the domain is all real numbers; 
g 


(E\-2n = 13,122 
& 


(Elo = 2° and the domain is x # 0; (fg)(—27) = 118,098; 


9. (fe)(x) ub. and the domain is x > 0; (E Joo = axi2 and 


the domain is x > 0; ( fg)(9) = 972; f Jo = 


f a 
g 3 


11. (fg)(x) = —98x!" and the domain is x > 0; (Elo = 
§ 


and the domain is x > 0; (fg)(64) = —200,704; (Ea) Be Ge 
g 


13. 2541.04; 2458.96; 102,598.56; 60.92 
iy .0; — 14,60; —38.24; —0.31 


17. Because the functions have an even index, the domain is 
restricted; The domain of (fg)(x) is x = 0. 


19, a. (F + M)(t) = 0.0001 — 0.0162? + 0.214 + 7.4 
b. the total number of employees from the ages of 16 to 19 


in the United States 


_l x6. 
Oy 


21. yes; When adding or multiplying functions, the order in 
which they appear does not matter. 


23. (f+ g)3) = —21; (F— g)(1) = —15 Gg)2) = 0;( 


25. r(x) =x? - : 2= a 


27. a. r(x) = a s(x) = 


b. t(x) = 7 


6.4 


\ae + 144 
0.9 


20 -—x , Vx? + 144 


0.9 


i 
g 


jo aes 


c. x ~ 1.7; If Elvis runs along the shore until he is about 
1.7 meters from point C then swims to point B, the time 
taken to get there will be a minimum. 


5.5 Maintaining Mathematical Proficiency (p. 274) 


Sve 
29. = 
‘ 7+ 8z 


33. no; —1 has two outputs. 


ohy atiere 


31. n= 


3 
Tb — 4 


35. no; 2 has two outputs. 
5.6 Vocabulary and Core Concept Check (p. 231) 


1. Inverse functions are functions that undo each other. 


5.6 Monitoring Progress and Modeling with 
Mathematics (pp. 281-284) 


i, . = a 7. x=2y+6;0 


11. 
13. 


Selected Answers 


9, = 25-1 
EN 


A29 


DV)D0)0¢ 


» 
so 
. 
- 
0 
= 
A 


4. pe 
» Sample answer: switching x and y; You can 


graph the inverse to check your answer. 


Selected Answers 


27. 


29. 


Bc 
33: 
35. 


ou. 


41. 


45. 
49. 
51. 


SAA 


59. 
61. 


63. 


65. 
69. 


cal 


oe eS. 
g(x) ff: 


When switching x and y, the negative should not be switched 
with the variables; 


Wee oes 3 
e— — Viet 
xyt3=y 


no; The function does not pass the horizontal line test. 
no; The function does not pass the horizontal line test. 
yes; g(x) = Vx + ] 


3 
yes; g(x) = x* — 4, where x > 0 39. yes; g(x) = a +5 


es 3 
no; y = +Vx — 2 43. yes; LOS = 1 
yes; g(x) = WV 2x 47. B 


The functions are not inverses. 


The functions are inverses. 


fave 
£ = (5); about 31.3 ft 55, B 57. A 


5; When x = 5, 2x? + 3 = 53. 

a. w = 24 — 6; the weight of an object on a stretched 
spring of length £ 

b. SIb  c. 0.5(22 — 6) + 3 = £; 200.5w + 3) -6=w 


a F= 2C + 32; The equation converts temperatures in 
Celsius to Fahrenheit. 


beestartae tise endeael 4s econ) 

B 67. A 

a. false; All functions of the form f(x) = x”, where n is an 
even integer, fail the horizontal line test. 


b. true; All functions of the form f(x) = x”, where n is an 
odd integer, pass the horizontal line test. 


The inverse y = i, mt has a slope of u and a y-intercept 
mo oem m 


of =e 
Ht 


5.6 Maintaining Mathematical Proficiency (p. 284) 
1 

{53 as 

77. The function is increasing when x > 1 and decreasing when 
x <1. The function 1s positive when x < 0 and when x > 2, 
and negative when 0<x <2. 

79. The function is increasing when —2.89 < x < 2.89 and 
decreasing when x < —2.89 and x > 2.89. The function is 
positive when x < —S and 0 <x <5 and negative when 
—) <x < Oandx>5. 


Chapter 5 Review (pp. 286-288) 


ass 4 


Moiese 2. 2483S 4 e178 5.x = 3 
6.x=—landx=-6 1, 8 4 9 2+V3 
10. 7V8 911. 7V3— 12, 513.234 13, 523 

14. Bie 18. —2V/10z 


16. The graph of g is a vertical stretch by a factor of 2 followed 
by a reflection in the x-axis of the graph of f; 
vice sit 


17. The graph of g is a reflection in the y-axis followed by a 
translation 6 units down of the graph of f. 


1 Zoggs 6 7. 8x 


18. 
19. 


(8, 0); right 


20. 


21. 
24. 
27. 
28. 


29. 


30. 


The radius is 9, The x-intercepts are +9. The y-intercepts 
are £9) 

x= 62 22. x =2andx = 10 23. x = +36 
x>9 Pi, {3 S sae GW 26. x = 30 

about 4082 m 

(fe)(x) = 8(3 — x)°” and the domain is x < 3; 

(E}oo = +0 — x)/6 and the domain is x < 3; (fg)(2) = 8; 
& 

4 9) =1 
(Ela = 5 


(f + g)(x) = 3x* + x + 5 and the domain is all real numbers; 
(f — g(x) = 3x? — x — 3 and the domain is all real numbers: 
eels) = 70. — eso TT 

ACS) = Va ear HAVE 
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33. g(x) = Hx — 5), x25; 


— 


a a 
NBA OON BH 


2 4 6 8 10 12 14 16 18x 


34, no SS yes : about 63£ 


Chapter 6 


Chapter 6 Maintaining Mathematical 
Proficiency (p. 293) 


36. p= 


d 
1.587 


3 a 


48 2532 Bo 5 or 
domain: —5 <x < 5,range: O< y <5 
Genream: | =2.— 1.6.1.2 erate: {=s. —8F—I. 1. 34 


domain: all real numbers, range: y < 0 


ee 


all values, odd values; no values, even values; The exponent 
of —4" is evaluated first, then the result is multiplied by 
—1, so the value will always remain negative. The product 
of an odd number of negative values is negative. After the 
exponent of —4” is evaluated, the result is multiplied by —1, 
so it will never be positive. The product of an even number 
of negative values is positive. 
6.1 Vocabulary and Core Concept Check (p. 300) 

1. The initial amount is 2.4, the growth factor is 1.5, and the 

percent increase is 0.5 or 50%. 

6.1 Monitoring Progress and Modeling with 
Mathematics (pp. 300-302) 


3. Ge ME Sa Cb. 216 
7.a. 2 b 32 19. 
9. exponential growth 2ie 


11. exponential decay 


A32 


Selected Answers 


13. 


BOs 
25. 


27. 
ile 
Bie 
55. 
59. 


41. 
45. 


47. 


exponential growth 


b=3 

a. exponential decay b. 25% decrease 

c. in about 4.8 years 

a. y = 233(1.06)'; about 261.8 million b. 2009 

Power of a Power Property; Evaluate power; Rewrite in form 
y=al try. 

about 0.01% 29. y = a(1 + 0.26)'; 26% growth 

y = a(l — 0.06)'; 6% decay 

y = al — 0.04)'; 4% decay 

» = a(1 + 255)’; 25,500% growth 37. $5595:60 


The percent decrease needs to be subtracted from 1 to 
produce the decay factor; 


0 D t 
= al i sa | ; y = 500(1 — 0.02)'; y = 500(0.98)! 
amount/\factor 


$3982.92 43. $3906.18 

a represents the number of referrals it received at the start of 
the model. b represents the growth factor of the number of 
referrals each year; 50%; 1.50 can be rewritten as (1 + 0.50), 
showing the percent increase of 50%. 


no; f(x) = 2* eventually increases at a faster rate than 
g(x) = x? but not for all x > 0. 


49. 221.5; The curve contains the points (0, 6850) and 19. exponential growth 

(6, 8179.26) and ep al. 2 ES ae 

51. a. The decay factor is 0.9978. The percent decrease is 
0.22%. 


b. Eggs Produced by Leghorn 


21. exponential decay 


“ 
i) 
m 
oO 
Pd 
° 
co 
a 
a 
= 
3 
2 


100 150 200 250 300 w 
Age (weeks) 


c. about 134 eggs per year 


d. Replace a with y, where y represents the age of the : a ; 
|. Sa i te 


chicken in years. 
6.1 Maintaining Mathematical Proficiency (p. 302) 


23. D; The graph shows growth and has a y-intercept of I. 
25. B; The graph shows decay and has a y-intercept of 4. 


53. xl! 55. 24x2 Sih Ask Rw Sar Sut 27. y = (1 — 0.221); 22.1% decay 
6.2 Vocabulary and Core Concept Check (p. 307) 29, y = 2(1 + 0.492)'; 49.2% growth 
1. an irrational number that is approximately 2.718281828 31. 


6.2 Monitoring Progress and Modeling with 
Mathematics (pp. 307-308) 


a Ss. x 7. 625% 9, 36% 11. e-*+8 


13. The 4 was not squared; (4e3*)? = 42eG0) = 16e& 
15. exponential growth 


domain: all real numbers, range: y > 0 
33: 


domain: all real numbers, range: y> 1 
35. the education fund; the education fund 
37. Sample answer: a= 6, b = 2,r = —0.2, q = —0.7 


39. no; e is an irrational number. Irrational numbers cannot be 
expressed as a ratio of two integers. 


41. account 1; With account 1, the balance would be 


re 2500( "i al oY = 4535105 Wit account: the 


balance would be A = 2500e°% * 10 = $3729.56. 
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43. a. N(t) = 30e%.1660 
b. 900 


0 20 
0 


c. At 3:45 p.M., it has been 2 hours and 45 minutes, or 

2.75 hours, since 1:00 p.m. Using the trace feature 

of the calculator, type 2.75 to find the point 

(2.75, 47.356183). At 3:45 p.M., there are about 

47 cells. 
6.2 Maintaining Mathematical Proficiency (p. 308) 
45. 5 x 103 47. 4.7X 10 8 
49, y= -Vx+ | 


6.3 Vocabulary and Core Concept Check (p. 314) 


I. common 


3. They are inverse equations, 
6.3 Monitoring Progress and Modeling with 
Mathematics (pp. 314-316) 
§37=9 7.6=i1 9 (4) *=16 
11. log, 36 = 2 13. logy, 7 tas 15. log, 5 25 = 
17, 4 Ore 21. —4 235 
27. 0.778 


33. 4603 m Ps 


25. log, 8, logs 23, log, 38, log, 10 
29. —1.099 Sle 2.079 
S754 2). eek 

41. —3 and a are in the wrong position; log, a = -3 
43. y = logy; x 45. y=2' 47, y=e+1 
49, y= ; In x 51. y = log.(x + 9) 

§3. a. about 283 mi/h 


b. d= 10 ~ 693: The inverse gives the distance a tornado 
will travel given the wind speed, ». 


A34 Selected Answers 


55: 


Sie 


59. 


61. 63. 


domain: x > —2, range: 
all real numbers, 
asymptote: x = —2 


domain: x <0; range: all 

real numbers, asymptote: 

x=0 

65. no; Any logarithmic function of the form g(x) = log, x will 
pass through (1, 0), but if the function has been translated or 
reflected in the x-axis, it may not pass through (1, 0). 

67. a. 180 


0 =} 200 
0 
b. about 281 Ib 


ec. (3.4, 0); no; The x-intercept shows that an alligator with 
a weight of 3.4 pounds has no length. If an object has 
weight, it must have length. 


69. a. 20 


200 35,000 


Oo 


b. 15 species 
d. The number of species of fish increases; Sample 
answer; This makes sense because in a smaller pool or 
lake, one species could dominate another more easily and 
feed on the weaker species until it became extinct. 


2 5 4 7 
ia 3 b. 3 Cc. 3 d. 3 


6.3 Maintaining Mathematical Proficiency (p. 376) 
73. gx) =x 75. g(x) = Vx +2 


77. quadratic; The graph is a translation 2 units left and 1 unit 
down of the parent quadratic function. 


6.4 Vocabulary and Core Concept Check (p. 322) 15. 


1. Positive values of a vertically stretch (a > 1) or shrink (a < 1) 
the graph of f, / translates the graph of f left (h < 0) or right 
(h > 0), and k translates the graph of f up (k > 0) or down 
(k < 0). When a is negative, the graph of fis reflected in the 
x-axis. 

6.4 Monitoring Progress and Modeling with 

Mathematics (pp. 322-324) 

3. C; The graph of fis a translation 2 units left and 2 units down 
of the graph of the parent function y = 2”. 

5. A; The graph of h is a translation 2 units right and 2 units 
down of the graph of the parent function y = 2*. 


17. 
7. The graph of g is a translation 5 units up of the graph of f 
a | oy" oe 
19. 
9. The graph of g is a translation 1 unit down of the graph of f 
a wae 26 oe a 
21. 


c. about 3918 m2 13. 


The graph of g is a translation 3 units right and 12 units up of 
the graph of f 


The graph of g is a horizontal shrink by a factor of ; of the 
graph of f. 


t 


The graph of g is reflection in the x-axis followed by a 
translation 3 units right of the graph of f 


The graph of g is a horizontal shrink by a factor of : followed 
by a vertical stretch by a factor of 3 of the graph of f. 
— ave 


Selected Answers A35 


23. The graph of g is a vertical stretch by a factor of 6 followed 47. The graph of g is a translation 6 units left of the graph of f5 
by a translation 5 units left and 2 units down of the graph x= —6 
of f. 49. The graph of S is a vertical shrink by a factor of 0.118 

followed by a translation 0.159 unit up of the graph of f; 
For fine sand, the slope of the beach is about 0.05. For 
medium sand, the slope of the beach is about 0.09. For 
coarse sand, the slope of the beach is about 0.12. For very 
coarse sand, the slope of the beach is about 0.16. 

51. yes; Sample answer: If the graph is reflected in the y-axis, 
the graphs will never intersect because there are no values of 
x where log x = log(—x). 

53. a. never; The asymptote of f(x) = log x is a vertical line 

and would not change by shifting the graph vertically. 


25. The graph of the parent function f(x) = 2* was translated b. always; The asymptote of f(x) = e* is a horizontal line 
3 units left instead of up. and would be changed by shifting the graph vertically. 


c. always; The domain of f(x) = log x is x > 0 and would 
not be changed by a horizontal shrink. 

d. sometimes; The graph of the parent exponential function 
does not intersect the x-axis, but if it is shifted down, the 
graph would intersect the x-axis. 

55. The graph of h is a translation 2 units left of the graph of 

f; The graph of h is a reflection in the y-axis followed by a 

translation 2 units left of the graph of g; x has been replaced 

with x + 2. x has been replaced with —(@ + 2). 


6.4 Maintaining Mathematical Proficiency (p. 324) 


27. The graph of g is a vertical stretch by a factor of 3 followed 57. (fg)(x) = x°; (fe)(3) = 729 
ah, a translation 5 units Babi ue the graph of f 59, (f+ g)(x) = 1433; Gi ft g)(2) = 112 
6.5 Vocabulary and Core Concept Check (p. 331) 
1. Product 


6.5 Monitoring Progress and Modeling with 
Mathematics (pp. 331-332) 
Sh (sles 5. 1.424 te AVI? 
9. B; Quotient Property 11. A; Power Property 
13. log, 4 + log, x US il sr Sy ley ae 
17. Inx ins iny [Eee log, 5 + 4 log, x 


21. The two expressions should be added, not multiplied; 
log, 5x = log, 5 + log, x 


29. The graph of g is a reflection in the x-axis followed by a : A 
translation 7 units right of the graph of f. 23. logyjg 25. Inx*y* 27. logs 4Vx 
: — 29. In 32x’y4 
31. BE 


log; x = log, y* — logs 3x Quotient Property 


= 4 log; y — (log, 3 + log,.x) Power and Product Properties 
= 4 log, y — log, 3 — log; x Distributive Property 

33. 1.404 35,1232 37. 1.581 39. —0.860 

41. yes; Using the change-of-base formula, the equation can be 


_ logx 
31. A; The graph of fhas been translated 2 units right. Biapned 88 y= log 3° 


33. C; The graph of fhas been stretched vertically by a factor of 2. 43. 60 decibels 
35. g(x) =5 4-2 37. g(x) =e +5 
39. g(x) = 6log,x — 5 41. g(x) = log,,(—x + 3) +2 
43. Multiply the output by —1; Substitute log, x for f(x). 
Subtract 6 from the output; Substitute —log, x for h(x). 


45. The graph of g is a translation 4 units up of the graph of f, 
vat 


A36 Selected Answers 


45. a. 21n2 ~ 1.39 knots 
b. s(h) = 2 In 100h 
s(h) = In(100h)? 
exh) — gin(100h)2 
es) = (100h)? 
log e“® = log(100h)? 

s(h) log e = 2 log(100h) 

s(h) log e = 2(0log 100 + log h) 

s(h) log e = 2(2 + log h) 


eae a 2) 
log e 
47. Rewrite each logarithm in exponential form to 
obtain a = b*, c = bY, anda = c*. So, 


log, a _ log, ct _ zlogyc _ 
log,c  log,c log, c 


6.5 Maintaining Mathematical Proficiency (p. 332) 
dM OF Xe Sie) << —6 

53. x ~ —0.76 and x = 2.36 55. x =~ —1.79 andx = 1.12 
6.6 Vocabulary and Core Concept Check (p. 338) 


. exponential 


z= log.a. 


— 


3. The domain of a logarithmic function is positive numbers 
only, so any quantity that results in taking the log of a 
non-positive number wil! be an extraneous solution. 

6.6 Monitoring Progress and Modeling with 
Mathematics (pp. 338-340) 


Soe=-1 722=7 8 x 1771 11. x=-2 
doa 0:255 15. x~ 0.173 17. about 17.6 years old 
19. aboutS0Omin 21. x=6 23. x=3 25. x=6 
tex —10 29. x=1 

ai. p= ME = 3.7 andy = St = 27 

33. x=4 35. x~6.04 37. x= +1 


39. x = 10.24 
41. 3 should be the base on both sides of the equation; 
log,(5x — 1) = 4 
3log3(5x =) 34 


Sup = jt = till 
5x = 82 
x= 16.4 


43. a. 39.52 years 
d. 38.38 years 


b. 38.66 years c. 38.38 years 


45. a. x=3.57 b. x=0.8 
Age x > 1.815 49. x = 20.086 Bal, secs 17/23) 
Reh Bere : 


55. 0<.x< 25; Sample answer: algebraically; Converting the 
equation to exponential form is the easiest method because it 
isolates the variable. 


57. r>0.0718 orr>7.18% 59. x= 1.78 
61. no solution 


ae =| 
63. a. a= —F 9 inl 25.7 


b. 36cm footprint: 11.7 years old; 32 cm footprint: 
7.6 years old; 28 cm footprint: 4.6 years old; 
24 cm footprint: 2.2 years old 


65. 
69. 
To 


27. 


29. 


ai: 
33: 


soy 2= 40-1) 


Sample answer: 2* = 16; log,(—x) = 1 67. x =~ 0.89 


x = 10.61 Mey = 2 andx— 3 


To solve exponential equations with different bases, take 

a logarithm of each side. Then use the Power Property to 
move the exponent to the front of the logarithm, and solve 
for x. To solve logarithmic equations of different bases, find 
acommon multiple of the bases, and exponentiate each side 
with this common multiple as the base. Rewrite the base as a 
power that will cancel out the given logarithm and solve the 
resulting equation. 


Maintaining Mathematical Proficiency (p. 340) 
i ao —3(x — 3) 
ey 2 xt | 


. 4,y = —3x4 + 209 — x2 + 5x — 6 


Vocabulary and Core Concept Check (p. 346) 
exponential 

Monitoring Progress and Modeling with 
Mathematics (pp. 346-348) 

exponential; The data have a common ratio of 4. 
quadratic; The second differences are constant. 
y=0.754F 9% y=3Q2F IL y= 35> 

y = 5(0.5¥ 15. y = 0.25(2) 


. Data are linear when the first differences are constant; The 


outputs have a common ratio of 3, so the data represents an 
exponential function. 


. Sample answer: y = 7.20(1.39) 
. yes; Sample answer: y = 8.88(1.21)* 


no; Sample answer: y = —0.8x + 66 
Iny igh. tm re 


0 2 : a ; a 
yes; y = 9.14(1.99)* 


yes; y = 14.73(1.03) 
y = 6.70(1.41); about 208 scooters 
t = 12.59 — 2.55 Ind; 2.6h 


Selected Answers A37 


(5, 1.23) 


e 
(4, 0.79), 
(3, 0.53). 


(20:08) eum 


Sample answer: y = 0.50(1.47¥ 
b. about 47%; The base is 1.47 which means that the 
function shows 47% growth. 

37. no; When d is the independent variable and ft is the dependent 
variable, the data can be modeled with a logarithmic 
function. When the variables are switched, the data can be 
modeled with an exponential function. 

39. a. 5.9 weeks 
b. 


ONE 2a GC NC] ONT At 
The asymptote is the line y = 256 and represents the 
maximum height of the sunflower. 

6.7 Maintaining Mathematical Proficiency (p. 348) 

41. no; When one variable is increased by a factor, the other 

variable does not increase by the same factor. 

43. yes; When one variable is increased by a factor, the other 

variable increases by the same factor. 

45. The focus is (0, 4), the directrix is y = —7, and the axis of 


; ? 1G 16? 
symmetry is x = 0. 


47. The focus is (0.1, 0), the directrix is x = —0.1, and the axis 
of symmetry is y = 0. 


A38 Selected Answers 


Chapter 6 Review (pp. 350-352) 
1. exponential decay; 66.67% decrease 


2. exponential growth; 400% increase 


3. exponential decay; 80% decrease 


{ | i ] | ek 
\ ‘ | i 


4. $172539 5. e 6. = 


8. exponential growth 


10. exponential decay _ Chapter if 


Chapter 7 Maintaining Mathematical 
Proficiency (p. 357) 


19 4 1 11 3 
1. ols. 2: ry 3. = 4. = Sho = 
iy 


15? 
I 9 iz 
es. & SO. 


10. 0; Division by zero is not possible. 
7.1 Vocabulary and Core Concept Check (p. 363) 
1. The ratio of the variables is constant in a direct variation 


equation, and the product of the variables is constant in an 
inverse variation equation. 


y 


MM. 3 12,2 13. 0 — 
14. g(x) =log,x Uey=e+4 16. y= 10-9 7.1 Monitoring Progress and Modeling with 
17. Mathematics (pp. 363-364) 
3. inverse variation 5. direct variation 7. neither 
9. direct variation 11. direct variation 
13. inverse variation 158. y= 2 = - 
2) 
17. ae 8 12: ie = 7 
AE ‘ Ne” 
: ; : 1 2 2 
18. The graph of g is a horizontal shrink by a factor of = i = oo a 


followed by a translation 8 units down of the graph of f. 


23. The equation for direct variation was used; Because 5 = - 
a= 40.80, y= 2 
ie 25 “tes 5 
Number of songs | 5000 | 4000 ; 3333 | 2000 


b. The number of songs decreases. 


27. A= ee. about 321 chips per wafer 


SAOMSUY Pe}d2}eS 


19. The graph of g is a vertical shrink by a factor of 4 followed 29 


: 2 tin duct of th ber of hats and the price per hat 
by a translation 5 units left of the graph of f a ae eee Se 


is $50, which is constant. 
31. Sample answer: As the speed of your car increases, the 
number of minutes per mile decreases. 


33. cat: 4 ft, dog: 2 ft; The inverse equations are d = - and 
6-—d= a Because the constant is the same, solve the 
equation 7d = 14(6 — d) for d. 


7.1 Maintaining Mathematical Proficiency (p. 364) 


35. x7 -6 
20. g(x) = 3e°*+° +3 21, (x) = los(—x) = 2 37. 
22. logy 3 + logs x + logs y 23. 1+ 3ilogx+ logy 
4. In3+Iny—Sinx 25. log, 384 26. log, +5 
27. In4x2 28. about 3.32 29. about 1.13 
30. about 1.19 31. x~129 32. x=7 
33. x~3.59 34, x>139 35. 0<x< 8103.08 
36. x21.19 37. y=6a(4)" 


38. Sample answer: y = 3.60(1.43) 


39. s = 3.95 + 27.48 In #, 53 pairs domain: all real numbers, range: v > 0 


Selected Answers A39 


domain: x > —9, range: all real numbers 


7.2 Vocabulary and Core Concept Check (p. 370) 


i. 


range; domain 


7.2 Monitoring Progress and Modeling with 


A40 


Mathematics (pp. 370-372) 


The graph of g lies farther from the axes. Both graphs lie in 
the first and third quadrants and have the same asymptotes, 
domain, and range. 


The graph of g lies farther from the axes and is reflected over 
the x-axis. Both graphs have the same asymptotes, domain, 
and range. 


The graph of g lies farther from the axes. Both graphs lie in 
the first and third quadrants and have the same asymptotes, 
domain, and range. 


Selected Answers 


11. 


13. 


15. 


The graph of g lies closer to the axes and is reflected over the 
x-axis. Both graphs have the same asymptotes, domain, and 
range. 


domain: all real numbers except 0; range: all real numbers 
except 3 


domain: all real numbers except 1; range: all real numbers 
except 0 


domain: all real numbers except —2; range: all real 
numbers except 0 


17. 


domain: all real numbers except 4; range: all real numbers domain: ali real numbers except —>. range: all real numbers 
except —1 except —- 
19. alll. 
The graph should lie in the second and fourth quadrants 
instead of the first and third quadrants. : 
21. A;The asymptotes are x = 3 andy = 1 domain: all real numbers except —5; range: all real numbers 
> . 5 a 
23. B; The asymptotes are x = 3 and y = —1. ert > 
25: j= 
33. 9(x) seis 5 


domain: all real numbers except 3; range: all real numbers 
except | 
4 ara 


translation | unit left and 5 units up 


6 
35. g(x) = —— + 2 
5 x — 5 


A 
| 
J 
! 
1 
| 
e al 
| 
| 


domain: all real numbers except 2; range: all real numbers 
except + 


& vo. 71s 


translation 5 units right and 2 units up 


Selected Answers A41 


39. 


41. 


43. 
47. 


Sie 


53: 
S15) 


Si 


translation 6 units right and 1 unit up 


=I 
year 3: 


a(x) = std 


translation 13 units left and 7 units up 

a. 50 students 

b. The average cost per student approaches $20. 

B 45. a. about23°C b. —0.005 sec/°C 
10 49. 1 


-2 

even odd 

yes; A rational function can have more than one vertical 
asymptote when the denominator is zero for more than one 


: 3 
value of x, such as y = ——————____., 
2 Ena 
y = x, y = —x; The function and its inverse are the same. 


(4, 3); The point (2, 1) is one unit left and one unit down 
from (3, 2), so a point on the other branch is one unit right 
and one unit up from (3, 2). 
The competitor is a better choice for less than 18 months of 
service; The cost of Internet service is modeled by 

_ 50+ 43x ee . 
C= re The competitor’s cost is lesser when 


x = 6and x = 12, and greater when x = 18 and x = 24. 


7.2 Maintaining Mathematical Proficiency (p. 372) 


59. 4(x — 5)(x + 4) (Hil, Gs = SiGe oe 2) 
63. 3° 65. 624 
A42 Selected Answers 


73 
1. 


7.3 


on 


ak 


Bis hl 


a9; 


41. 


43. 


3 
. veo 13: 


- (~— 3)\x + 3) x FOX #2 ie 


Vocabulary and Core Concept Check (p. 380) 
To multiply rational expressions, multiply numerators, 
then multiply denominators, and write the new fraction 
in simplified form. To divide one rational expression 

by another, multiply the first rational expression by the 
reciprocal of the second rational expression. 


Monitoring Progress and Modeling with 
Mathematics (pp. 380-382) 


Dx x+3 
— . : 6 
aa? 5 ae 

x+9 . 
xe-2aet4 


242+5) , (5 
x—-3 a Na 


(© - Hat 6) 43 
x 


# —2 a: 


oe? 
2x(x + 4) 
y= 
(x + 9)(x — 4)2 
Te | 


. The polynomials need to be factored first, and then the 


gear A 


common factors can divide out; 
att 


Be) 
. The expressions have the same simplified form, but the 


domain of fis all real numbers except x # z and the domain 
of g is all real numbers. 


aT 
oe. #0 29. 2x —2.0# Oe #3 

(x + 2) (x + 6)(x — 2) 
Eee a —4, a 
@+HE- EDGE 7 NT 
a Get) 


rh 
b. soup: about 0.784, coffee: about 0.382, 
paint: about 0.341 
From most efficient to least efficient, paint can, coffee 
can, and soup can 
171,000t + 1,361,000 
= eS $8443 
(1 + 0.0182)(2.96t + 278.649) . 
a. The population is increasing by 2,960,000 people each 
year. 
b. The population was 278,649,000 people in 2000. 


SONS3s 


The graph does not have a value for y when x = —4 and 
approaches y = —0.125. 


4 3 5 
77 45. OX + 3) Ao a ae 


47. Galapagos: about 0.371, King: about 0.203: King; The King 33. g(x) = wll. AD 
penguin has a smaller surface area to volume ratio, so it is v3 
better ~ to live in a colder environment. 


49. f(x) = 24 =) A, g(x) = 2) 


7.3 Maintaining Mathematical Proficiency (p. 382) 


Sl.x=-S 53, x=% 55. 7413 57. prime 


15 E 

7.4 Vocabulary and Core Concept Check (6.3883) ss w# — - - - - 4 - - LH - ~ 

1. complex fraction 4 
7.4 Monitoring Progress and Modeling with 
Mathematics (pp. 388-390) 
5 9 — 2x 
“ “ xt] 
ee 2x(% — 5) 8h (Ge se SNGs = Sy) 
I (GS = SYICP SS Cr — teh) 


I— 


a SS 


Hae — 3 OL Bhkee = 2) 


The graph of g is a translation 5 units to the right and 12 units 


2 is 5x2 i ue 
17, The LCM of 5x and x? is 5x’, so multiply the first term by - Beets ee paur) = ° 


and the second term by 2 before adding the numerators; 


Ax + 10) 35. g(x) =— +2 
5x2 
ll 2(x + 7) 3(x + 12) 
* 30x " (x + 4x + 6) * (x + 8)(x — 3) 


8x3 — 9x2 — 28x + 8 

soe = AN Bbe = 30) 
27. sometimes; When the denominators have no common 
factors, the product of the denominators is the LCD. When 
the denominators have common factors, use the LCM to find 


25. 


the LCD. 
29. A The graph of g is a translation 2 units up of the graph of 
ries) 
31. g(x) = = 5 fo) == 
20 
37. g(x) = Pag ar a 


The graph of g is a translation 1 unit to the right and 5 units 


up of the graph of f(x) = = 


The graph of g is a translation 3 units to the right and 3 units 


up of the graph of f(x) = — 
see — thes), 3 5 
i. jaa Sela fs ee 4 
jy * 41) a = 
al 

43 ee 1x x4 

PG=iaa 4 
fo re roe 02h 647,» =e 


(a + ja — jy’ x(x + 30) 
49. no; The LCM of 2 and 4 is 4, which is greater than one 
number and equal to the other number. 


Selected Answers A43 


51. a. M= a 
| 1 iP 
1 a 
ia 
4 Pi (at 
a (1 + i)! 
(1 + i)!" 
__Pi(l + i) 
Cao 
b. $364.02 
53. g(x) = 72028_ + 0.003; translation 12.2 units to the left 
gesp IAL 
and 0.003 unit up of the graph of f 
ine | 
> ae ~ 49° a el 
Fee 2 Fa 90x +400 
40x(x + 10) 


c. about 0.0758 car/min; about 4.5 cars/h; Multiply the 
number of cars washed per minute by the rate 60 min/h 
to obtain an answer in cars per hour. 


BW/5 IL SF , ll ae 
te u ya : 
2a ps : i 
jie 2+ 

ie 5 ee 

2+ = 

2 
1.4, about 1.4167, about 1.4138, about 1.4143, about 1.4142; 

V2 


7.4 Maintaining Mathematical Proficiency (p. 390) 


58. (!,~1) and (2.2) 


7.5 Vocabulary and Core Concept Check (p. 396). 


61. no solution 


1. when each side of the equation is a single rational expression; 
Sample answer: The equation is a proportion. 
7.5 Monitoring Progress and Modeling with 
Mathematics (pp. 396-398) 


3. x=4 Sx =) 7. x=—-5,x=7 
OD f= =i ee 0 11. 26 serves 6 PA0)S) ey 
I, dG sp S)) We, Meese Ee ae 4)) 19. x=2 
21. x= - 23. x= —> x=2 25. no solution 
le 6 = — 2s 295 = Sa2 
31. Both sides of the equation should be multiplied by the same 


expression; 


5 2 
3x33-> 4+ 373.4 = 333. 
Be 3x She 2 Spe S II 


3B} 8b 
Work.rate Work done 
1 room 5 
Ae 8 hours 5 hours 8 — 
: J room 5 
Friend 5 hours = room 
t hours t 


b. The sum is the amount of time it would take for you and 


your friend to paint the room together; : ar ; = 1, 


t= 13.3h = 13h 20 min 


A44 Selected Answers 


35: 


Bhs 


41. 


45. 
47. 


51. 


Sie 


7s) 
59. 


61. 


6. 


10. 
iH 


ou eae 
x+2 x+4 
used when each side of the equation is a single rational 

sar Jl a ‘cee Bae 

X+2 xt4 xt37 
Multiplying by the LCD can be used when there is more than 
one rational expression on one side of the equation. 


Sample answer: Cross multiplication can be 


expression; Sample answer: 


2 3 
* = — + Me sy = — 
yey = 4 39. yes;y Soa 
we ae 
yes; y = + 5 43. no; y ee 
a. about 21 mi/gal ob. about 21 mi/gal 


x = +0.8165 49. x = 1.3247 

1+ V5 4x41 _b-—xd 
aes ce 80) = 3 a xc —a 
a. always true; When x = a, the denominators of the 


fractions are both zero. 

b. sometimes true; The equation will have exactly one 
solution except when a = 3. 

c. always true; x = a is an extraneous solution, so the 
equation has no solution. 

Maintaining Mathematical Proficiency (p. 398) 

discrete; The number of quarters in your pocket is an integer. 
, © bee 


Money (dollars) 


Quarters 
3 63. 15 
Chapter 7 Review (pp. 400-402) 
i: 
3; 


inverse variation 2. direct variation 


direct variation 4. neither 5. direct variation 
: hae 5 5 
inverse variation (=) = —S 
3% 3 
yoiy=-8 9 y=2sy=-15 
x bg 

Beal eee 

y se 3 


domain: all real numbers except 3; range: all real numbers 
except 0 


12, 


13. 


14. 


16. 


i. 


1: 


24. 


domain: all real numbers except —5; range: all real 
numbers except 2 


a ee 


domain: all real numbers except 4; range: all real numbers 
except 3 


16x3 3(x + 4) 


ap? ° 15. aa x#3,x #4 
3x(4x — 1) 1 
pee dg eS 
ey, — 37 Ot A 

1 3x2 + 26x + 36 
a | eget en 
Ga aet tx F8 8 Rreney 
Beellx-9 49 ~2(2x? + 3x + 3) 
(x + 8)(x — 3) * (ce — 3)(x + 3) + 1) 


16 
sy) = ——— + 5 
oa ie 3 


S ee ee SS 


translation 3 units right and 5 units up of the graph of f 


22. 


23. 


24. 


27. 


29; 


Sil. 


translation | unit right and 9 units up of the graph of f 


4 nt#0,.g#0 25. x=5 26. x=0 
p+q 
no solution 28. yes; g(x) = es 6 

n 


10 1 
2 ———— + 0. . 5 SS) 
yes; 2(x) 7 30. yes; g(x) a 


a. 4games b. 4 games 


Chapter & 


Chapter 8 Maintaining Mathematical 


Proficiency (p. 407) 


; a —6 6. x = 66 7 xv=7 
x = 100 9, x=3 


Sample answer: The points on the scatterplot are increasing 


and fis decreasing; Both level off as x increases. 


Vocabulary and Core Concept Check (p. 474) 


. sigma notation 


A sequence is an ordered list of numbers and a series is the 


sum of the terms of a sequence. 


Selected Answers 


A45 


~ 
© 
~~ 
2 
i" 
2 
- 
Y: 
2 
aL. 


8.1 


5. 3,4, oe 0 7. 


Monitoring Progress and Modeling with 
Mathematics (pp. 414-416) 


1, 408 0y25, 56 


9. 1,4, 16, 64, 256, 1024 Meet 1.4511, 20, 31 

wae Sop See 

oe baa Pte 

15. acithineticng,@ S05) tml, Si 4 

17. arithmetic; a; = 0.7(5) + 2.4 = 5.9; a, = 0.7n + 2.4 

19. arithmetic: as 1.6(6) | 7.4= 2.254, lnGre t Jet 

; | 5 n 

21. arithmetic; a, = 4) =n = 7 
23, 22, eee 

~ 3(0) 3@) BGyaGy > 36) «(15° * Gn 


29. 


. (IP + 1,223 + 1,3) + 1, (43 + 15 €; = 53 + 1 = 126; 


a4,=n+1 

PD: The number of squares in the ath figure ts equal to the sum 
of the first positive n integers which is equal to the equation 
shown in D. 

a, =4n + 2 


n 


Oe 2 3 4 somal 


Bi. S Gea) eee eect D4 
aml i= 1 fe is 

37. > (-1IiG + 2) 39. 42 4). 100 43. 82 
pol 

45, St 47, 35 49. 280 

51. There should be ten terms in the series; 


SH 
So 


A46 


2a. O00 
ig 


10 
S Bn — 5) = -24+14+4+7+ 10+ 13+ 16+ 19 
=| 


Mm 
b. 316 days 
» = n(n + 1) 


His 


Oars 4 RSeGn 


yes; Subtract 3 from the sum. 
a. true; 


Dea = ca, + Ca, x Cay ge 
= c@janas ta, +--+ + a,) = Psi 
b. true; hit: 
DXC + b)) = (a, + b,) + (a, + bn) +--+ + (a, tte 

iy | Wis 388 os eID ME (Da |r 2 OSS 


n 


Selected Answers 


> 2i)( 33i)= 54 


ce. false: > (2i)(3/) = 30,[ 
i=1 i=] 


i=] 


2 2 2 
d. false; >) (2i)? = 20, | oy 2} = 36 


i=1 i=1 


61. as ave — 1 ib. 632127: 255 
8.1 Maintaining Mathematical Proficiency (p. 476) 
63. Gel) 
8.2 Vocabulary and Core Concept Check (p. 422) 
1. common difference 
8.2 Monitoring Progess and Modeling with 
Mathematics (pp. 422-424) 
3. arithmetic; The common difference is —2. 
5. not arithmetic; The differences are not constant. 
7. not arithmetic; The differences are not constant. 
9, arithmetic; The common difference is 1 
ll. a a,=—-6n+3 b. a,=5n+2 
13. a, = 8n + 4; 164 15. a, = —3n + 54; —6 
17. a,=in-2;2 19. a, = —0.8n + 3.1; -12.9 
21. The formula should be a, = a, + (n — 1)d; a, = 35 — 13n 
23. a, = 5n — 12 25. Gee 2 hal 
a, 
12 
e 
10] - 
e 
8 
e 
6 
e 
: e 
2 . 
——__-= eee 
012345 6n 
27. 
6 
5 
4 
3 
2 
1 
bes 
G2 § 4 56x 
2c 31. a, =11n— 14 33. 4, = —6n + 25 
35. a,=—4n+13 37. a,=sn+2 
39.4, Son 12 41. a, =3n-7 
43. a,=4n+9 
45. The graph of a, consists of discrete points and the graph of 
f consists of a continuous line. 
47. 360 49, —924 51. —8.2 S35) 1026 
55. a. a,=2n+1  b. 63 band members 
‘ 
57. 1+ > 8i; 81 
SS) 
59. no; Doubling the difference does not necessarily double 
the terms. | 
~ 1 + 299 
61. 22,500; > (2i — 1) = 1s0(1 +792) 
pS 
63. (22 = x| seats 
7 9 Il 13 15 17 19 21 23 25 
O5. 16 16" 16° 16° 16° 16° 16" 16” 16° ANG 6 


8.2 Maintaining Mathematical Proficiency (p. 424) 
67. 3? 69. 53/4 
71. exponential decay 


Soe 


73. exponential growth: 


a caper silane 


8.3 Vocabulary and Core Concept Check (p. 430) 
1. commonratio 3. a,r~! 
8.3 Monitoring Progress and Modeling with 
Mathematics (pp. 430-432) 
5. geometric; The common ratio is 7 
7. not geometric; The ratios are not constant. 
9. not geometric; The ratios are not constant. 
11. geometric; The common ratio is i. 
13. a. a,=-365"'-! b. a, =72(2)" 
15. a, = 4(5)" ak = 62,500 = 
Li @, = 112(3)" ;a,=1 19; ee (o) hips 
21.) 2, = 1.3(—3)"~ |; ay = 947.7 
23a. — 2"! 25. 


0 
Ome, 3.74, Seo uen 


27. a, = —3(4y"~! 29, 


Sa ieee. 405 ao) Wn 
e 
—500 


1000 

~ 1500 

~- 2000 
2500 

-3000 ® 
3500 


31. The formula should be a,, = a,r"~ !; a, = 8(6)"~! 

Bee 74)" ' 35. a, = —6(3)" “| ora, = —6{(—3)" —! 
37. a, = 512(4)" ‘ora, = —512(-1)" 

39, a, = —432(1)"" ' ora, = 432(—1)' 
Mie 42-43, a = 5(4)" 


a 


989,527 


47. 40,353,606 49. Fosse 


45. a, = 6(-2)"~! 


Ses 12 
6561 
55. The graph of a, consists of discrete points and the graph of f 

is continuous. 
57. "$276:25 


~1 
59. a. a, = a2" ; 1 Sn < 6; The number of games must 
be a whole number. 


SI $3. =262;/140 


b. 63 games 
61. a. a, = 8" !; 2,396,745 squares 

b. b, = (3\", about 0.243 square units 
63. $141,521.58 


65. no; The total amount repaid for loan 1 is about $205,000 and 
the total amount repaid for loan 2 is about $284,000. 


8.3 Maintaining Mathematical Proficiency (p. 432) 


67. domain: all real numbers except 3; range: all real numbers 
except 0 


69. domain: all real numbers except 2; range: all real numbers 
except | 


8.4 Vocabulary and Core Concept Check (p. 439) 
1. partial sum 
8.4 Monitoring Progress and Modeling with 
Mathematics (pp. 439-440) 
3, S, =05)S, =0.67)S, = 0.72, S, ~ 0.74, S; = 0.75; 
S,, appears to approach 0.75. 


Sn 


ae ar Oe 


0 i 
Oh al FA ei ath Ey Asta) 


Selected Answers A47 


" 
.. 
@ 
a) 
ce 
@o 
Q. 
> 
~ 
2 
i) 
* 
wi 


5. AY —_ 4, S5 fos 6.4, oe ss 7.84, Sy = 8.70, Se = 9.22: 59, 144 rabbits; When 7 = Pe each formula produces 144. 
S,, appears to approach 10. 61. a. a, = 9000, a, = 0.9a, _, + 800 
Sask Cen b. The number stabilizes at 8000 trees. 
ee 63. a. 1,2, 4,8, 16, 32, 64; geometric 
b. a, = 2"~ 1; a, = 1,4, = 2a, _, 
65. 15 months; $213.60; a, = 3000, 


a= (1 i ON, S265 
Oe ae 67. a. 3, 10,21,36,55 b. quadratic ¢. a,=2n?+n 
7. 10 9) =o iteceets,. 18 69. a. T,=4 +15, = 02 
15. Because uy > 1, the sum does not exist. n7.- 56 ft b. TS, = nt 6 = 2 ep ee ee 
19. = 24, 3 23, A= 32% CS, = T,-14T, 
s TE ec , ve 
25, Sage ener 5 3( ! ) 1 S 2(2) 3 -= 6 8.5 Maintaining Mathematical Proficiency (p. 450) 
— oes = 5 71. x=25 73. x=27 
2 
and = 6 18 9 320 
3 7. v=—y=t - y= v= 80 
27. $5000 Chapter 8 Review (pp. 452-454) 
29. yes; At 2 seconds, both distances are 40 feet. 12 2 
y meres l. gaan 2 > Gree 3 See 
ails £E all i=1 i=0 
b. 1 ft?; As n increases, the area of the removed triangles 4. —729 5. 1081 6. 650 WE ONS 
gets closer to the area of the original triangle. 8. yes; The terms have a common difference of —8. 
8.4 Maintaining Mathematical Proficiency (p. 440) 9. a,=6n—4 10. a, = 3n 
33. quadratic 35. neither a a, 
8.5 Vocabulary and Core Concept Check (p. 447) 30 oe 
feeeanatt 25 |--4+—-+ —--j-— 20 -: 
- equation 3 
20! =1—|—1—e- +--+ + 15 to 
8.5 Monitoring Progress and Modeling with Fi me ep ee oo fae nd 
Mathematics (pp. 447-450) Wigs ce >| ee 


all ZI H 0 pl Ree 
° ove cel ee | eet O 1 25S ae & Born 
Cee 3) 65a 7h 


3. a, = 1,a, =4,a, = 7, a, = 10, as = 13, ag = 16 

5. f(O) = 4, f(1) = 8, f(2) = 16, fG) = 32, f(4) = 64, f(5) = 128 

7. a; = 2,4) = 5, a, = 26, a, = 677, as = 458,330, Hl. a, = —4n + 12 
dg = 210,066,388,901 . 


9. f(0) = 2, fC) = 4, f(2) = 2, f3) = —2,f(4) = —4, 
Se 2 


MH. a =2la7—a2 7 13. a, = 3,a, = 4a, _, 


15. a, = 44,4, = “04 
17a, = 2. ge ee 12. 2070 13. a, = 1500n + 35,500; $244,500 
14. yes; The terms have a common ratio of 2. 


19. a = 1,4) = 4,4, = 4,2 + 4, 1S. a, = 25(32)" 
. a 5 


21. a, =6,4,=n-a,_, 23. fl) = 1,f(n) =ftn—-1)4+1 


25. fl) = —-2,f(n) = fin -— 1) +3 a, 
27. A recursive rule needs to include the values of the first terms; 25} 4 
a, =5, a) = 2,4, = 4,5 —4,-4 ps Se oe 
29. a)=7,4,=4,-,+4 31. a, =2,4,4 8110 ae 
33, -@, = 12,4, = lla, 2, 35. a, = 1.9,4,=a,_1 — 0.6 2 ia ee ie Ss 
a7 a, = —3,4, = 4a,_| 39. a, = 112,4, =a, _, + 30 "12345 6n 
41. a,=-6n+9 43. a, = —23)"-! 17. a,=4"~ ora, = (—4)"7! 


45. a,=9.1n-21.1 47. a,=—-in+16 


49. a, = —2n + 22 51. B; An explicit rule is a, = 6n — 2. 


1000 ° 
53. a. a, = 50,000, a, = 0.84, _ , + 5000 800 
b. 35,240 members 
c. The number stabilizes at about 25,000 people. 200 ¢ 


e 
0123 45 6n 


wm 
mn 


. Sample answer: You have saved $100 for a vacation. Each 
week, you save $5 more. a, = 100, a, = a,_, +5 


57. a. $1612.38 b. $91.39 


A48 Selected Answers 


18. 855 
19. S, = 1, S, = 0.75, S, ~ 0.81, S, ~ 0.80, S; ~ 0.80; 
S, evemacbes 0.80. 

‘ as 

nomi sau Nel A 
20. -16 21. 3 
22. a, = 7, ay = 18, a; = 29, a, = 40, a, = 51, ag = 62 
23. a, = 6, a, = 24, a, = 96, a, = 384, a, = 1536, ag = 6144 
24. f(0) = 4, fC) = 6, f(2) = 10, f(3) = 16, f(4) = 24, f(5) = 34 
25. a, = 9,4, = Fa, _\ 26. a, =2,a,=a,_ ,(n— 1) 
27, a, =7, a) = 3,4, =a,_2— a, _| 
28. 105,a,=24,-, 29 a, = 26n— 30 
30. i =8(-5y'-1 31. a, = 26(2)" 
22. = 11,120, P, = 1.04P,,_, 
35. =l,a,=a a3 


ri 


eiicter q 


Chapter 9 Maintaining Mathematical 


11. 


11. 


13. 


Proficiency (p. 459) 


a5 
“I7hWabl2—9hi6-+4] 2 Jo} ah 9-3] 
2| | 
4+20| 5. 13m 6. 24ft 
12mm 8 28km 9% 115in. 10. O4yd 


yes; The line passing through the points (x,, y,) and (x, y,) is 
horizontal. The line passing through the points (x5, y,) and 
(x, y2) is vertical. Horizontal and vertical lines are 
perpendicular, so the triangle formed by the line segments 
connecting (x;, y,), (%, y,), and (x, yy) contains a right angle. 


Vocabulary and Core Concept Check (p. 466) 
cosine and secant 


To solve a right triangle, the missing angles and side lengths 
must be found. 


Monitoring Progress and Modeling with 
Mathematics (pp. sored) 
sin 0 = =, cos 0 = 3, tan 0 = + z, esc = > sec 0 = 3, 
cot 6 = ; 
5 _ 2V6 _ 5V6 wal 
sin 6 = 7 cos 8 = 7 , tan d= 2 csc @= 5° 
1V6 _ 2V6 
sec 2 5 
V14 5 2V14 _ 9V14 
fe = = 9 , COS O=5:t tan 6 = 5 ,csc 0= 78° 
) _ 5V14 
sec 9 = 5° cot 6= Ta 
. 4V97 9V97 _ VOT _9 
sin 6 o7 sé= 97 7 ose O= | 
_ 6V2 ye 11V2 
cos 6 7y 7 an e= 12° CSC 9 =F, sec 8 = ID” 
v2 
cot @ = oe 


_ N85 _ 6V85 _ V85 V85 
15. sin @= 85 , cos 8 = 85 »esc 9 = ——~, sec 0 Se : 
6 
cot @= 7 
ert 115 Bo _ V115 _ 14V115 
ilee sin @= , cos 0 = 14° an 8 = 9 ,csc 6 = is” 
OV 115 
cot 6 115 
19. The adjacent side was used instead of the opposite 
_ opp_ 8 
sin 0 = on 7 
21. x=4.5 23. x=6 25. x=8 
27. 0.9703 29. 1.1666 31. 9.5144 
33. A= 54°, b = 16.71, c = 28.43 
35. B= 35°, b = 11.90, c = 20.75 
37. B=47,a = 28.91, c = 42.39 
39. A= 18°, a = 3.96, b = 12.17 41. w~5l4m 
43. about 427 m 45. a. about 451 ft b. about 5731 ft 
47, a. about 22,818 mi  b. about 7263 mi 


53. 


» a. about 59,155 ft b. 


about 53,613 ft 

c. about 39,688 ft; Use the tangent function to find the 
horizontal distance, x + y, from the airplane to the 
second town to be about 93,301 ft. Subtract 53,613 ft to 
find the distance between the two towns. 


. yes; The triangle must be a 45-45-90 triangle because both 


acute angles would be the same and have the same cosine value. 
a. x = 0.5; 6 units 


b. Sample answer: Each side is part of two right triangles, 


with opposing angles _ So, each side length is 
n 
180° 


2 sn| 
n 


) and there are n sides. 


Cc ne sin 180° } about 3.14 
n 


Maintaining Mathematical Proficiency (p. 468) 
1.5 gal 57. C ~ 37.7 cm, A = 113.1 cm? 
C = 44.0 ft, A = 153.9 ft? 
Vocabulary and Core Concept Check (p. 474) 
origin; initial side 
Sample answer: A radian is a measure of an angle that is 
approximately equal to 57.3° and there are 27 radians in a 
circle. 
Monitoring Progress and Modeling with 
Mathematics (pp. 474-476) 

y 


110° 


Selected Answers A49 


900 
9. 430°;-290° 11. 235°; 485° 13. mn 

15. 132 ih, POP 19. about —286.5° 

21. A full revolution is 360° or 27 radians. The terminal side 
rotates one-sixth of a revolution from the positive x-axis, so 

‘ 1 1 Ass PRO alk F SKaa 
multiply by 2 to get ae 360° = 60° and 6 27 3° 

23) B 25..A 27. about 15.7 yd, about 78.5 yd? 

29. The wrong conversion was used; 

oa cs qr radians 
24° = 24 degrees Tass 20 od 
= a2 radians ~ 0.42 radians 

31. 72,000°, 4007 Sky SUS 35. 3.549 

37. —0.138 39. 528in2 41. 60°, = 

43. about 6.89 in.?, about 0.76 in.?, about 0.46 in.” 

45. yes; When the arc length is equal to the radius, the equation 
s = ré shows that 9 = 1 and A = sr bis equivalent to A = a 
forr= sand 6=1. 

47. a, 70°33’ b, 110.76°; 110 + 2 + 2 = 110.76° 

¢ 2 Maintaining Waatheiatical Protleeney (p. 476) 

4%. about 27.02 51. about 18.03 53. about 18.68 

9.3 Vocabulary and Core Concept Check (p. 482) 

1. quadrantal angle 

9.3 Monitoring Progress and Modeling with 
Mathematics (pp. 482-484) 

3. sin@= =5, cos d=, tan 0 = —3,csc 0= —2 sec 0= 5, 
cot 6 = 

5. sin@= —2 cos @ = = 3 tan 6 = 4, csc 6 = —3, sec 0 = — 
cot 6 = ; 

7. sin @= ? cos 6= —2 tan @= *, csc 9 = —2, sec @= ~3, 
cot 9 = = 

9. sin 6=0, cos @= 1, tan 6 = 0, csc 6 = undefined, 
sec 8 = |. cot 6 = undefined 

11. sin 6= 1, cos 6= 0, tan 6 = undefined, csc 9 = 1, 
sec 6 = undefined, cot @ = 0 

13. sin 6 = 1, cos @ = 0, tan 6 = undefined, csc 6 = 1, 
sec 6 = undefined, cot @ = 0 

A50 Selected Answers 


1S: 


17. 


MU). 


All 


23. 


Be 


5: 
S62. 


; 80° 


y ; 40° 


320° 


40° x 


&/3 


NE 


-V2 


about 16.5 ft/sec 


2 29. ask 33. 65 ft 


<_ 
SiS) 


37. about 10.7 ft 


2 
b. 45°; Because <5 is constant in this situation, the 9.4 Monitoring Progress and Modeling with 


Mathematics (pp. 497- 
maximum distance traveled will occur when sin 264 is as (pp ay 
large as possible. The maximum value of sin 26 occurs 5. yess2 7 no % 1,67 0 MN. 4,7 
when 26 = 90°, that is, when 6 = 45°. 13. 3, 27; The graph of g is a vertical stretch by a factor of 3 of 


c. The distances are the same. the graph of f(x) = sin x. 


41. a 
¢ = =) 
We Voy 2 2) (0, 1) 
Pee 
s: 
= 
(1 
\3 
2 ° 
(2, 12] ees ° \2 55 il. ar. The graph of g is a horizontal shrink by a factor of 3 
é ‘ of the graph of f(x) = cos x. 
43. tang = 2 EZ sin 90° = 1 and cos 90° = 0, so tan 90° is 
cos 6 


undefined because you cannot divide by 0, but 


corso? = ; Ee 


45. m=tan@ 47, a. (—58.1,114)  b. about 218 pm 
9.3 Maintaining Mathematical Proficiency (p. 484) 


VW 
a Se 17. 1, 1; The graph of g is a horizontal shrink by a factor of - — 
Bill, a 27 
of the graph of f(x) = sin x. + 
ie. Tee o. 
> 
=) 
S 
1) 
~~ 
vi 
19. * zy The graph of g is a horizontal shrink by a factor of 
Bit 


and a vertical shrink by a factor of 5 of the graph of 
F(X) = cos x. 


9.4 Vocabulary and Core Concept Check (p. 497) 
1. cycle 
3. A phase shift is a horizontal translation of a periodic 


function; Sample answer: y = sin(x = 7 


Selected Answers A51 


23. The period is - and represents the amount of time, in 
seconds, that it takes for the pendulum to go back and forth 
and return to the same position. The amplitude is 4 and 
represents the maximum distance, in inches, the pendulum 
will be from its resting position, 

as 

ZT. 

Silt 

: a SUE 

35. To find the period, use the expression jl 

b 
8 A] 
Period: —" = -"= 37 
jo)? 
g 

37. The graph of g is a vertical stretch by a factor of 2 followed 
by a translation > units right and 1 unit up of the graph of f. 

39. The graph of g is a horizontal shrink by a factor of 3 
followed by a translation 377 units left and 5 units down of 
the graph of f. 

41. int 2 ier lt. 43, 

A52 Selected Answers 


45. 


49. 
33: 


SBh 


SW. 


Shi 
61. 


63. 


65. 


67. 
9.4 


69. 


73. 
oo 


A 51. g(x) =3sinx—-—m+2 
= — GOSUXia 


4s) 
ae 
* 

Soe 


Height (feet) 
O-NWRU DN OD 


0 10 20 30 40 50 60 70 80 90 6 
Angle (degrees) 


days 205 and 328; When the function is graphed with the 
line y = 10, the two points of intersection are (205.5, 10) and 
(328.7, 10). 

a. about —1.27  b. about0.64 ec. about 0.64 


a. h 


Haight (feet) 
S 


0 40 80 120 160 ft 
Time (seconds) 


b. 45 cc. 175 ft, 5 ft 


The x-intercepts occur when x = =F 7° Sere eters 


Sample answer: The x-intercepts can be represented by the 


expression (2n + Ip where n is an integer. 


The graph of g(x) = cos x is a translation 5 units to the right 
of the graph of f(x) = sin x. 

80 beats per minute 

Maintaining Mathematical Proficiency (p. 494) 


(Gs = Dee sr 1D) 
a ‘Gear ses = Il) 


PGe— No Sy IGS SP ONE? ap 2) 
Vocabulary and Core Concept Check (p. 502) 


The graphs of the tangent, cotangent, secant and cosecant 
functions have no amplitude because the ranges do not have 
minimum or maximum values. 


5 ee i) 


27; 7 


9.5 Monitoring Progress and Modeling with 15. 
Mathematics (pp. 502-504) 


The graph of g is a vertical stretch by a factor of 2 of the 
graph of f(x) = tan x. 


17. 
The graph of g is a horizontal shrink by a factor of of the 
graph of f(x) = cot x. 


The graph of g is a vertical stretch by a factor of 3 of the 
graph of f(x) = csc x. 


19. 
The graph of g is a horizontal stretch by a factor of 4 and a 
vertical stretch by a factor of 3 of the graph of f(x) = cot x. 


ite 


The graph of g is a horizontal shrink by a factor of ; of the 
graph of f(x) = sec x. 
21. FT RS Ay, & 


The graph of g is a horizontal shrink by a factor of = and a 


vertical shrink by a factor of of the graph of f(x) = tan x. 


13. To find the period, use the expression Bl Period: Bl = 


w/3 


The graph of g is a horizontal shrink by a factor of 2 and a 


vertical shrink by a factor of 5 of the graph of f(x) = sec x. 


Selected Answers A53 


iw) 
(*) 


. y= 6tanx 


4 
The graph of g is a horizontal stretch by a factor of — of the 
graph of f(x) = csc x. = 


27, y = 2 tan mx 


29. B; The parent function is the tangent function and the graph 
_ 
has an asymptote at x = > 
31. D; The parent function is the cosecant function and the graph 
has an asymptote at x = 1. 
33. A; The parent function is the secant function and the graph 
has an asymptote at x = a 
35. The tangent function that passes through the origin and has 
asymptotes at x = ar and x = — 7 can be stretched or shrunk 
vertically to create more tangent functions with the same 
characteristics. 
37. g(x) = cot{ 2x + a) +3 39. g(x) = —Ssec(x — 7) +2 
41. Function B has a local maximum value of —5 so Function A’s 
local maximum value of -t is greater. Function A has a 
local minimum of ; so Function B’s local minimum value of 
5 is greater. 
43. d 
800 
_. 700 
= 600 
®% 500 
& 400 
2 300 
ra 
200 
100 
0 
0 10 20 30 40 50 60 70 80 90 6 
Angle (degrees) 
As d increases, 6 increases because, as the car gets farther 
away, the angle required to see the car gets larger. 
45. a. d= 260 — 120 tan 0 
b. 4 
280 
240 
200 
160 
120 
80 
40 
0 : 
0 10 20 30 40 50 60°70 80 90 6 
The graph shows a negative correlation meaning that as 
the angle gets larger, the distance from your friend to 
the top of the building gets smaller. As the angle gets 
smaller, the distance from your friend to the top of the 
building gets larger. 
47. no; The graph of cosecant can be translated a units right to 
create the same graph as y = sec x. 
A54 _~—s Selected Answers 


49, 


13: 


17. 


19. 
21. 


23: 
25. 


27. 


22). 


31. 


216 
33. 


ahh 


asec bx = 
cos bx 


Because the cosine function is at most 1, y = a cos bx will 
produce a maximum when cos bx = | and y = a sec bx 
will produce a minimum. When cos bx = —1, y = acos bx 
will produce a minimum and y = a sec bx will produce a 
maximum. 


. Sample answer: y = 5 tan( 3 = an) 
Maintaining Mathematical Proficiency (p. 504) 
~yH=—P4+24+5x-6 55, y=ist+iv-d-?2 
3 ar 
Vocabulary and Core Concept Check (p. 570) 
sinusoids 


Monitoring Progress and Modeling with 
Mathematics (pp. 510-512) 

1,2 3 3 

277 anor Oe: * 8a 


. P=0.02 sin 407 


0.01 0.02 \0.03 0.04 


-0.01 


—0.02 


y = 3 sin 2x 15. y = —2eos Hr + 4) 


To find the amplitude, take half of the difference between the 
maximum and the minimum; ee =8 
h = —2.5 cos mt + 6.5 


D = 19.81 sin(0.549t — 2.40) + 79.8; The period of the 
graph represents the amount of time it takes for the weather 
to repeat its cycle, which is about 11.4 months. 


V = 100 sin 47 
a. N = 3.68 sin(0.776t — 0.70) + 20.4 
b. about 23,100 employees: 


a. and b. A cosine function because it does not require 
determining a horizontal shift. 

c. A sine function because it does not require determining a 
horizontal shift. 


y = 2.5 sin a(x = 2 +5.5,y = —2.5 cos 4x + 5.5 


a. d= —6.5 cos a! + 10 


b. low tide: 12:00 A.M., 12:00 P.m., high tide: 6:00 A.M., 
6:00 P.M. 


c. Itis a horizontal shift to the left by 3. 
Maintaining Mathematical Proficiency (p. 512) 


6+ 3V6 ae 13V1i1t — 1343, 
p : 8 


In4 + 6Inx—Iny 


S72 inane 


of 
1. 


9.7 


27. 


29. 


. sin? @= 1 — cos? 6; 


Vocabulary and Core Concept Check (p. 517) 


A trigonometric equation is true for some values of a 
variable but a trigonometric identity is true for all values of 
the variable for which both sides of the equation are defined. 
Monitoring Progress and Modeling with 
Mathematics (pp. 577-518) 


Fe cecip = 2 wee 9 = Biaee 9 = 32, 
3 4 
cot 9 = 2V2 
Pe aos _ _1V58 _ V58 
sin 8 58 , cos 9 3 CSCO. 3° 
_ _\58 ae! 
sec 96 = = , cot A= 3 
ae, See | — wb _ _6\1ll 6 
sin 9 = “= tan 8 = —— ,csc 8 ar: , sec 8 5° 
Slt 
» eo ————— 
co 11 
sin 6 = _V10. cos 9 = 3V10 tan 6 = _ csc 9 = =v 10: 
10 10 3 
_ V10 
sec 6 3 
cos x 13. —tan 6 15. sin? x 17. —sec x 


1 — sin? 6 = 1 — (1 — cos? 6) = 1 — 1 + cos? 6 = cos? 6 


. : 1 
sin x csc x = sin x e — =1 
sin x 
T cos xX 
cos( 7 = x) cot x = sinx « — = cos x 
2 sin x 


cos( 5 = 6) =p Il 


a esin 6+ 1 
1 — sin(— 6) I= sin(— 6) 
Bs sin 6+ 1 
| = (=Sin i 
_ sinéd+1 
1 + sin 6 
1+ cosx | sinx Balis COs sin x(1 — cos x) 
sin x Ie-cosex sin x Cle costy) Glacosex) 
COSY 2 sin x(1 — cos x) 
sin x 1 — cos? x 
— 1 + cos x r sin x(1 — cos x) 
sin x sin? x 


_ sin x(1 + cos x) ves 
sin? x sin? x 


_ sin x(1 + cos x) + sin x(1 — cos x) 


sin? x 
sine (ieercosnws ll = seOsmy) 
sin? x 

_ sin x(2) 

sin? x 
eee 

sin x 

= 2cscx 


sin x(1 — cos x) 


31. sin x, csc x, tan x, cot x; cos x, sec x; 
sin(— 9) = —sin 6 


=. a 
aoe eae)  sne 7 
tan(— @) = —tan 6 
cot(— 6) = eT) aA cot 8 


33. i sin x 


yes; sec x tan x — sinx = . — sin x 
cosx cos x 


sin x 


—— — sinx 
cos-.¥ 


sec? x sin x — sin x 


= sin x(sec? x — 1) 


= sin x tan? x 
an eae h sin(90 — §) 
: sin 0 
= hcos 6 
sin 6 
s=hcoté 


37. a. uw =tané 
b. uw starts at 0 and increases without bound. 

39. You can obtain the graph of y = cos x by reflecting the 
graph of f(x) = sin x in the y-axis and translating it e units 
right. 

9.7 Maintaining Mathematical Proficiency (p. 578) 

_ 14v3 
3 

9.8 Vocabulary and Core Concept Check (p. 523) 

1. cos 170° 


41. x=11 43. x 


Selected Answers 


A55 


9.8 Monitoring Progress and Modeling with 8. 


Mathematics (pp. 523-524) 


V2 — V6 


3, V3 =o eee 2 9) 9 4 2 
4 4 

HW. -2 13. -2 18-2 17, tanx 

19. cos x 21. cos x 

23. The sign in the denominator should be negative when using 


the sum formula; 


T 
tan x + tan — 


140° 


ee an x ed ; 
ree aries about 1497 m 
4 9. sin 6 = 1, cos 6 = 0, tan 9 = undefined, csc 6 = 1, 
25. BD | oye 39 = a, = 0, 7 sec § = undefined, cot 6 = 0 
“ile : 10. sin @ = —<, cos 6 = 44, tan 9 = —4, csc 8 = —= 
33. sin( = — 6) = sin = cos @ — cos a sin 0 , ree my 
a : sec J = 5 ,, cole = —— 
= (1) cos @— (0) sin 6 Ae 2V13 2) V3 
snes 11. sin@d= 3° 6= “3° t = ~p ese g= = 
qs, 35 tan (0 — 45°) + 35 tan 45° jes ee 
: htan @ aay | Oa 3] 
| aos + 35 tan 45° vp 3 22 wi 15,2 
_ 1 + tan @ tan 45° 2) 
A tan 0 16. 8,27; The graph of g is a vertical stretch by a factor of 8 of 
(ian oe ie e the graph eee 
1 + tan 6 | ee 
htan 6 
_ 35(tan 6 — 1) + 35(1 + tan 6) 
htan @1 + tan 6) 
me 25uein @) = 36) sp SS ar 35 (em 2) 
htan @(1 + tan @) 
= 70 tan @ 
htan @1 + tan @) 1 
70 17. 6,2; The graph of g is a horizontal shrink by a factor of a 
~ ACL + tan 6) and a vertical stretch by a factor of 6 of the graph of 
37. y, + y = cos 960mt + cos 1240at f() = sin x; 


= cos(1100at — 1407?) + cos(1100at + 140771) 
= cos!100at cos 140at + sin 11007t sin 1407 
+ cos 110071 cos 1407t — sin 1100 zt sin 140 at 
= cos 11007t cos 1407t + cos 1100at cos 140 at 
= 2cos 11007? cos 14077 


mz — my 


39. a. tan(@, — 6,) =—+*——  b. 60° 
1+ mm, 18 
9.8 Maintaining Mathematical Proficiency (p. 524) , 
4.7=4 43. x= -3 
Chapter 9 Review (pp. 526-530) 
V85 V85 11V85 11 
4 § = ff] = b—} = 
1. sin@ 1 6 ose 8 35 , sec 8 6° 
ies: 
cot 9 = V5 
2. about 1Sft 3. 22%-338 4.2 5, at 


6. 135° 7. 300° 


A56 Selected Answers 


ia 
4’ 2 
and a vertical shrink by a factor of ‘ of the graph of 
f(x) = cos x; 


; The graph of g is a horizontal shrink by a factor of 


19. 


21. 


22). 


23; 


24. 


25. 


The graph of g is a horizontal stretch by a factor of 2 of the 
graph of f(x) = tan x. 


The graph of g is a vertical stretch by a factor of 2 of the 
graph of f(x) = cot x. 


The graph of g is a horizontal shrink by a factor of ~ and a 


vertical stretch by a factor of 4 of the graph of f(x) = tan x. 


27% 28. 


29. Sample answer: y = —sin 3x 


30. Sample answer: y = cos mx — 2 

31) ie — WeSicosianeils:5 

32, P = 1.08 sin(0.585t — 2.33) + 1.5; The period represents 
the amount of time it takes for the precipitation level to 
complete one cycle, which is about 10.7 months. 

33. cosex 34. tanx 35. (sinex 

cos x sec ¥ _ cos x sec x 


36. 
1 + tan? x sec? x 


COS X 
sec x 


= COS x COS x 
= cos? x 


Arh tan( = = x) cot x = cot x cot x 


= cot? x 
= csc? x — 1 
/ Te 
3g, 2+ V6 gg yvg_-2 gn, VO+V2 
4 4 
19 _ 3a 5m - 
41. 75 42. x = td 43. x=0,7 


Chapter 10 


Chapter 10 Maintaining Mathematical 
Proficiency (p. 535) 


a 68 


o had a a _ 68 
= 30 ~=6100’ Ms . 25 100’ re 
Same ey Je 
86 100°” 


4. Movies Watched 
per Week 


We ww 
ou 


25 


Nu 
i=) 


Pal 
io) 
c 
a 
S 
lez 
a 
- 
7 


—_ = 
Crs Oe ur 


0-1 2-3 4-5 
Movies 


5. no; The sofa will cost 80% of the retail price and the arm 
chair will cost 81% of the retail price. 


10.1 Vocabulary and Core Concept Check (p. 542) 
1. probability 


Selected Answers A57 


10.1 Monitoring Progress and Modeling with 
Mathematics (pp. 542-544) 

Reo ololsl, Nalclie WeUUsl voc, Netti Wel 10 tek 
Uwe elcisl, Veveot, Yegusl, 20st Beane Musil, AIC vek 
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11. There are 4 outcomes, not 3; The probability is ‘. 
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c. Sample answer: The probabilities are similar. 
25: a or about 52% 


27. —. or 0.75%: about 113; (0.0075)15,000 = 112.5 


400° 

10.1 Maintaining Mathematical Proficiency (p. 544) 
6x4 1 x? — 4x2 — 15x + 18 
+ : w—2 


15x? 
en 
10.2 Vocabulary and Core Concept Check (p. 550) 

j. When two events are dependent, the occurrence of one 
event affects the other. When two events are independent, 
the occurrence of one event does not affect the other. 
Sample answer: choosing two marbles from a bag without 
replacement; rolling two dice 

10.2 Monitoring Progress and Modeling with 
Mathematics (pp. 550-552) 

3. dependent; The occurrence of event A affects the occurrence 
of event B. 

5. dependent; The occurrence of event A affects the occurrence 
of event B. 

7. yes 9. yes 11. about 2.8% 13. about 34.7% 

15. The probabilities were added instead of multiplied; 
P(A and B) = (0.6)(0.2) = 0.12 
Wi (0),325: 
19. a. about1.2%  b. about 1.0% 
You are about 1.2 times more likely to select 3 face cards 
when you replace each card before you select the next card. 
21. a. about17.1%  b. about 81.4% 23. about 53.5% 
25. a. Sample answer: Put 20 pieces of paper with each of the 
20 students’ names in a hat and pick one; 5% 
b. Sample answer: Put 45 pieces of paper in a hat with 
each student’s name appearing once for each hour the 
student worked. Pick one piece; about 8.9% 


A58 Selected Answers 


27. yes; The chance that it will be rescheduled is 
(0.7)(0.75) = 0.525, which is a greater than a 50% chance. 


29. a. wins: 0%; loses: 1.99%; ties: 98.01% 
b. wins: 20.25%; loses: 30.25%; ties: 49.5% 


c. yes; Go for 2 points after the first touchdown, and 
then go for | point if they were successful the first 
time or 2 points if they were unsuccessful the first 
time; winning: 44.55%; losing: 30.25% 


10.2 Maintaining Mathematical Proficiency (p. 552) 
31. x= 0.2 33. x= 0.15 
10.3 Vocabulary and Core Concept Check (p. 558) 
1. two-way table 
10.3 Monitoring Progress and Modeling with 
Mathematics (p. 558-560) 
3. 34; 40; 4; 6; 12 


Gender 


Female | Total 


Response 


351 people were surveyed, 171 males were surveyed, 
180 females were surveyed, 283 people said yes, 68 people 
said no. 


Dominant Hand 


Female 


Gender 


Female 


0.430 


Response 


11. 


Breakfast 


Did Not Eat 


Not Tired | 0.909 


13. a. about 0.789 b. 0.168 
c. The events are independent. 


0.333 


15. The value for P(yes) was used in the denominator instead of 10.5 Vocabulary and Core Concept Check (p. 575) 


the value for P(Tokyo); 1. permutation 


a 2 ~ 0.126 10.5 Monitoring Progress and Modeling with 
o “ Tectia Brom J Pe Mathematics (p. 575-578) 
. Route B; It t tting t 
_ eee emer ememeg ee te L2730000! On Sea eepeee «SS. a. 24 bh 12 


Tae 2 ees 30 9. 20 11. 9 13. 20,160 
15. 870 17.9909 1% 4 21.4 23. 20 
ay 5) ike 3h 29. 220 31. 6435 33. 635,376 
35. The factorial in the denominator was left out: 
= ii! oo 
Po = (i — 7 1,663,200 


37. combinations; The order is not important; 45 
39. permutations; The order is important; 132,600 


19, Sample answer: 


Transportation to School 


Rides Bus | Walks 


41. 59Cy = s9C4;3 For each combination of 9 objects, there is a 


; corresponding combination of the 41 remaining objects. 
Transportation to School 


43. a. neither, they are the same; ,P, = ,P; = 24 

b. 3;,C, = 1, ,C, =4 

cee, = Fey, out te, <,C,.., whenn > 1, and 
Cr when — 1. 


Rides Bus | Walks | Car 


0.2 O03 Sipderss” | 0.633 


Female 0.167 (OMT || (OUSIBT || 10),3ko7! 


21. Routine B is the best option, but your friend’s reasoning of 


non 


45. 


why is incorrect; Routine B is the best choice because there © 
is a 66.7% chancé of reaching the goal, which is higher than (P, > ,C,; Because ,P, = and ,C, = n! 7 D 
the chances of Routine A (62.5%) and Routine C (63.6%). n—n! ae - (n—n!er! a 
23. a. about 0.438 b. about 0.387 | afr > 7C, when r> 1 and ,P.= ,C, when r= Oor7 = 1. @ 
25. a. More of the current consumers prefer the leader, so they 47. 1 49. I St. e6e + 12e ee a 
should improve the new snack before marketing it. 44,850 15,890,700 
: : 53. at + 12a3b + 54a*b? + 108ab* + 81b7 
b. More of the new consumers prefer the new snack than i : - : 
the leading snack, so there is no need to improve the 55. wit — 12w? + 54w® — 108" + 81 
snack. : 57. 729u® + 1458u>v2 + 1215u4v4 + 540u3v6 + 135u2V8 
10.3 Maintaining Mathematical Proficiency (p. 560) + 1uyl) f yl 
27. 29. 59. —8064 61. —13,608 63. 316,800,000 
65-5 —937,920 
67. gC, gC), gC, 3C3, AG 3Cs, 36> gC7, aCe; iL, 8, 28, 56, with 
50,28, 8,0 
= mu 3) 1061 
2468 10 12 14 157 113-17 ahs ME Tee at eae 2 oc 1250 
10.4 Vocabulary and Core Concept Check (p. 567) Ee ls: 2 77. a, 2,598,960 b. 5148 
1. yes; A is everything not in A; Sample answer: event A: you ; _ 365Px 
win the game, event A: you do not win the game 79. a. about 0.04; about 0.12 b. 1 365" c. 23 people 
10.4 Monitoring Progress and Modeling with 10.5 Maintaining Mathematical Proficiency (p. 578) 
Buecgiaces (p. 567-568) ; 81. TH 
oh a laa 7. 39: 01 0.45 10.6 Vocabulary and Core Concept Check (p. 583) 
9" —.. or 0.7 


0 1. a variable whose value is determined by the outcomes of a 
11. forgot to subtract P(heart and face card); probability experiment 


P(heart) + P(face card) — P(heart and face card) = 


15. 10% 17. 0.4742, 0r47.42% 19. “n 


13. = 


21. = 


23. no; Until all cards, numbers, and colors are known, the 
conclusion cannot be made. 


10.4 Maintaining Mathematical Proficiency (p. 568) 


25. a, = 1, a, = 2, a, = 3, a, = 4,4, =5, a, = 6 


Rell 
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10.6 Monitoring Progress and Modeling with 
Mathematics (pp. 583-584) 


Drawing a Ball 


P(x) 


Probability 
o 
w 


1 2a x 
Number on ball 


| w (value) | 1 
Outcomes 


Probability 


7. a. 2 b. 2 9. about 0.00002 


135as 


Binomial Distribution 
of Your Survey 


Probability 


OP 123) 46 5 mek 


Number of persons who 
own a class ring 


ca 


The most likely outcome is that 1 of the 6 students owns 
a ring. 
c. about 0.798 
15. The exponents are switched; 
P(k = 3) = C,(2)'(3) ° ~ 0.032 
17. a. P(O) ~ 0.099; P(1) = 0.271, P(2) = 0.319, 
P(3) ~ 0.208, P(4) ~ 0.081, P(5) = 0.019, 
= 0.0025, P(7) ~ 0.00014 


0.0025 | 0.00014 


Binomial Distribution of 
Gopher Holes in Carrot Patch 


Probability 


OM 2° BeARses 7 x 


Number of gopher holes 
in carrot patch 
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11. about 0.00018 


19. no; The data is skewed right, so the probability of failure 
is greater. 


21. a. The statement is not valid, because having a male and 
having a female are independent events. 


b. 0.03125 


Cc. Binomial Distribution 
of First Female Child 


£ 
2 
co 
a 
° 
= 
a 


0 
Onc. 3) 456) 7899 ORex: 


Number of children a couple has 
before their first female child 


skewed right 
10.6 Maintaining Mathematical Proficiency (p. 584) 
23. FFF, FFM FMF, FMM, MMM, MMF, MFM, MFF 
Chapter 10 Review (pp. 586-588) 
1. =. i 2. 20 points 
3. a. 0.15625  b. about 0.1667 
You are about 1.07 times more likely to pick a red then a 
green if you do not replace the first marble. 
4. a. about 0.0586 b. 0.0625 
You are about 1.07 times more likely to pick a blue then a 
red if you do not replace the first marble. 
5. a. 0.25  b. about 0.2333 
You are about 1.07 times more likely to pick a green and 
then another green if you replace the first marble. 
6. about 0.529 


Response 


About 44.9% of responders were men, about 55.1% of 
responders were women, about 87.8% of responders thought 
it was impactful, about 12.2% of responders thought it was 
not impactful. 
8. 0.68 9. 0.02 10. 5040 11, 1,037.836.800 
1P%, US) 18}, 7/0 14.) 16x? 32°y + 24 yy 


15. = 16. about 0.12 
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eA k 
Number of free throws made 


The most likely outcome is that 4 of the 5 free throw shots 
will be made. 


Chapter Il 


Chapter 11 Maintaining Mathematical 


Proficiency (p. 593) 
about 77.2, 82.5, 82; median or mode; The mean is less than 
most of the data. 
about 73.7, 70.5, 70; median or mode; The mean is greater 
than most of the data. 
about 19.8, 16, 44; median; The mean and mode are both 
greater than most of the data. 
about 3.85; The typical data value differs from the mean by 
about 3.85 units. 
about 7.09; The typical data value differs from the mean by 
about 7.09 units. 
6.5; The typical data value differs from the mean by 6.5 units. 
All the data values are the same; no; The formula for 
standard deviation includes taking only the positive 
square root. 


11.1 Vocabulary and Core Concept Check (p. 600) 


i 


Find the value where row | and column 4 intersect. 


11.1 Monitoring Progress and Modeling with 


By 
11. 
19, 
21. 


23. 
27. 


29. 


31. 
33. 


35. 


Mathematics (pp. 600-602) 


50% 5. 25% de ONG 970025 
0.68 13. 0.68 JI ODES 17. 0.84 
an Seon baOsls%G 


The values on the horizontal axis show a standard deviation 
of 1 instead of 2. 


(IS) cares} 745) Alef PAs) 35 


The probability that x is between 23 and 27 is 0.68. 


0.0668 25. no 
Baseball Ticket Sales 
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no; The histogram is skewed left, not bell-shaped. 
a. about 4.52 X 107° 


b. yes; The probability that a box contains an amount of 


cereal significantly less than the mean is very small. 
one standard deviation above the mean 
a. 88thpercentile b. 93rd percentile 


c. ACT; Your percentile on the ACT was higher than your 
percentile on the SAT. 

no; When the mean is greater than the median, the 

distribution is skewed right. 


11.1 Maintaining Mathematical Proficiency (p. 602) 


aT: 


50: 


x-intercepts: —1, about 1.4, and about 3.6; local 
maximum: (0, 5); local minimum: (2.67, —4.48); increasing 
when x < 0 and x > 2.67; decreasing when 0 < x < 2.67 


x-intercepts: about —1.8 and about 7.8; maximum: (3, 11.5); 
no local minimum; increasing when x < 3; decreasing when 
ae 


11.2 Vocabulary and Core Concept Check (p. 607) 


3 


sample 


3. aclaim about a characteristic of a population 
11.2 Monitoring Progress and Modeling with 


LA 


13. 


15. 


lee 


19. 


21. 


Mathematics (pp. 607-608) 
population; Every high school student is counted. 
sample; The survey is given to a subset of the population of 
spectators. 
population: every adult age 18 and over in the United States, 
sample: the 1152 adults age 18 and over who were surveyed; 
The sample consists of 403 adults who pretend to use their 
smartphone to avoid talking to someone, and 749 adults who 
do not. 
population: every high school student in the district, 
sample: the 1300 high school students in the district who 
were surveyed; The sample consists of 1001 high school 
students who like the new healthy cafeteria food choices, and 
299 high school students who do not. 
statistic; The average annual salary of a subset of the 
population was calculated. 
parameter; The percentage of every student in the school was 
calculated. 
The sample number in the statement is not the size of the 
entire sample; The population consists of all the students in 
the high school. The sample consists of the 1270 students 
that were surveyed. 
a. The maker’s claim is most likely true. 
b. The maker’s claim is most likely false. 
possibly, but extremely unlikely; The result is unlikely to 
occur by chance. The sample size of the population is too 
small to make such a conclusion. 


Selected Answers AG61 


— 
@ 
is) 
A 
a 
@ 
Q. 
> 
=] 
- 
e 
“i 


23. Sample answer: population: all American adults, 
sample: the 801 American adults surveyed; The sample 
consists of 606 American adults who say the world’s 
temperature will go up over the next 100 years, 

174 American adults who say it will go down, and 
21 American adults who have no opinion. 

25. simulation 2; Simulation 2 gives a better indication of 

outcomes that are not likely to occur by chance. 


11.2 Maintaining Mathematical Proficiency (p. 608) 
27. x =5 +V29 or x ~ 10.39, x ~ —0.39 
29. s = —5 V17 ors ~ —0.88, s ~ —9.12 
1 ae 15 
BE a ar 
11.3 Vocabulary and Core Concept Check (p. 674) 


1. Ina stratified sample, after the groups are formed, a random 
sample is selected from each group. In a cluster sample, 
after the groups are formed, all the members of one or more 
groups are randomly selected. 

3. Sample answer: to determine how quickly an oil spill would 
spread through a lake 


11.3 Monitoring Progress and Modeling with 
Mathematics (pp. 614-676) 


5. convenience sample 7. systematic sample 


9. convenience sample; Dog owners probably have a strong 
opinion about an off-leash area for dogs. 
11. cluster sample; Booth holders in section 5 are likely to have 
a different opinion than booth holders in other sections about 
the location of their booth. 


13. Not every survey that was mailed out will be returned, so 
it is not a systematic sample; Because households in the 
neighborhood can choose whether or not to return the survey, 
the sample is a self-selected sample. 


15. no; The sample represents the population. 


17. yes; Only customers with a strong opinion about their 
experience are likely to complete the survey. 


19. Sample answer: Assign each student in the school a 
different integer from 1 to 1225. Generate 250 unique 
random integers from | to 1225 using the random number 
function in a spreadsheet program. Choose the 250 students 
who correspond to the 250 integers generated. 


21. simulation 23. observational study 


25. encourages a yes response; Sample answer: Reword the 
question, for example: Should the budget of our city be cut? 


27. implies that the arsenic level is a health risk; Sample 
answer: Reword the question, for example: Do you think the 
government should address the issue of arsenic in tap water? 
29. no; Responses to the question will accurately reflect the 
opinions of those being surveyed. 


31. yes; Visitors are unlikely to admit to a police officer that they 
do not wear their seatbelt. 
33. a. Sample answer: The researcher did not take into account 
previous heart conditions. 


b. Sample answer: Divide the population into groups based 
on past heart conditions and whether or not they take fiber 
supplements. Select a random sample from each group. 

35. self-selected sample and convenience sample; In a 
self-selected sample, only people with strong opinions are 
likely to respond. In a convenience sample, parts of the 
population have no chance of being selected for the survey. 
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37. a. to determine the employment rate of graduates in their 
field of study 


b. all graduating seniors of the college 
c. Sample answer: Are you employed? If yes, is your job 
in your field of study? 
39, no; Sample answer: Some groups in the population, like the 
homeless, are difficult to contact. 
41. a. self-selected sample 
b. people who spend a lot of time on the Internet and visit 
that particular site; The survey is probably biased. 
11.3 Maintaining Mathematical Proficiency (p. 676) 
1 V18 


43. 9 45. A 47. 8 


11.4 Vocabulary and Core Concept Check (p. 623) 
1. replication 
11.4 Monitoring Progress and Modeling with 
Mathematics (pp. 623-624) 


3. The study is a randomized comparative experiment; The 
treatment is the drug for insomnia. The treatment group is 
the individuals who received the drug. The control group is 
the individuals who received the placebo. 


49. 3 


5. The individuals who do not use either of the conditioners 
were not monitored; The control group is the individuals 
who use the regular conditioner. 


7. observational study; Sample answer: Randomly choose one 
group of individuals who smoke. Then, randomly choose one 
group of individuals who do not smoke. Find the body mass 
index of the individuals in each group. 


9. experiment; Sample answer: Randomly select the same 
number of strawberry plants to be put in each of two groups. 
Use the new fertilizer on the plants in one group, and use 
the regular fertilizer on plants in the other group. Keep all 
other variables constant and record the weight of the fruit 
produced by each plant. 


11. a. Sample answer: Because the heart rates are monitored 
for two different types of exercise, the groups cannot be 
compared. Running on a treadmill may have a different 
effect on heart rate than lifting weights; Check the heart 
rates of all the athletes after the same type of exercise. 


b. no potential problems 


13. Sample answer: The sample size is not large enough to 
provide valid results; Increase the sample size. 


15. no; Your friend would have to perform an observational 
study, and an observational study can show correlation, but 
not causality. 


17. Sample answer: The placebo effect is response to a dummy 
treatment that may result from the trust in the researcher or 
the expectation of a cure; It can be minimized by comparing 
two groups so the placebo effect has the same effect on both 
groups. 

19. yes; Repetition reduces the effect of unusual results that may 
oceur by chance. 


11.4 Maintaining Mathematical Proficiency (p. 624) 
Als 


e 
~<~+—_+__+__+—_+—_++» Golf strokes 
2 3 4 5 6 7 


skewed right 


23. exponential decay 


yaar .25)* 


2 4 6 8x 


11.5 Vocabulary and Core Concept Check (p. 630) 
1. margin of error 
11.5 Monitoring Progress and Modeling with 
Mathematics (pp. 630-632) 
3. 60.4 5. a. about0.267  b. about 0.267 


7. a. yes; The first 2 surveys show more than the 66.7% of 
votes needed to override the veto. 


b. no; As the sample size increases, the percent of votes 
approaches 55.1%, which is not enough to override 
the veto. 


9. a. The company’s claim is probably accurate. 
b. The company’s claim is probably not accurate. 
c. Sample answer: 0.42 to 0.68 
11. about +6.2% 13. about +2.2% 
17. a. about +3.1%  b. between 37.9% and 44.1% 
19. The wrong percentage was substituted in the formula; 


1 1 
+0.04 = +—- 0.0016 = —; n = 625 
Va ot 


21. no; A sample size of 1 would have a margin of error of 100%. 


23. about 453 residents 
25. a. 500 voters b. about 4.5% 


c. candidate A: between 42.5% and 51.5%, candidate B: 


between 48.5% and 57.5% 
d. no; 273 voters 
27. more than 2500; To be confident that sports drink X is 


preferred, the margin of error would need to be less than 2%. 
11.5 Maintaining Mathematical Proficiency (p. 632) 


29. y=log(x+5) 31. y=O@*! 

33. geometric; a, = 3(2)"~! 

11.6 Vocabulary and Core Concept Check (p. 637) 
1, resampling 


11.6 Monitoring Progress and Modeling with 
Mathematics (pp. 637-638) 


Saeascor ob. 40mliRS ¢.. —5.875 


15. about +1.7% 


185 


13. 


iS; 


d eee 
: a on ae Control 
group 
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"i re eG Treatment 
36 38 40 42 44 #46 #48 50 group 


Depression Score 


e. The music therapy may be effective in reducing 
depression scores of college students. 


The order of the subtraction is reversed: 
eens Noone — ll Sali) = —5: Sowgouicinicenclide 


the treatment decreases the score. 
Sample answer: —1.75 


The hypothesis is most likely false; Music therapy decreases 
depression scores. 


The histogram in Exercise 9 has a roughly normal 
distribution and shows the mean differences from 

200 resamplings. The histogram in Exercise 11 is random 
and shows the mean differences from 20 resamplings; the 
histogram in Exercise 9 because it uses a large number of 
resamplings and the roughly normal distribution suggests 
music therapy decreases depression scores 

yes; As the number of samplings increase, the individual 
values should end up in each group approximately the same 
number of times, so the positive and negative differences in 
the means should balance out to 0. 


12,870; The number of combinations of 
16 items in groups of 8 amounts to 12,870. 


11.6 Maintaining Mathematical Proficiency (p. 638) 


17. 
21. 


(y — 2)(y? + 2y + 4) 


aad! 
yes; g(x) = ae aes 


19. (9w2 + 4)(3w + 2)(3w — 2) 


3 
ay 19) y V5 =| 


Chapter 11 Review (pp. 640-642) 


eA 


10. 


11. 


13. 


0.0015 2. 0.0082 


population: all U.S. motorists, sample: the 1000 drivers 
surveyed 


statistic; The mean was calculated from a sample. 
The host’s claim is most likely false. 


stratified sample; not biased 7. observational study 


It encourages a yes response; Sample answer: Reword the 
question, for example: Should the city replace the police 
cars it is currently using? 

experiment; Sample answer: Randomly select the same 
number of customers to give each type of bread to. Record 
how many customers from each group return. 

Sample answer: The volunteers may not be representative 
of the population; Randomly select from members of the 
population for the study. 

The study is a randomized comparative experiment; The 
treatment is using the new design of the car wash. The 
treatment group is the individuals who use the new design of 
the car wash. The control group is the individuals who use 
the old design of the car wash. 


between 58.9% and 65.1% 


no; As the sample size increases, the percent of votes 
approaches 46.8%, which is not enough to win. 
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Sample answer: Combine the measurements from both 
groups and assign a number to each value. Let the numbers 

| through 10 represent the data in the original control group, 
and let the numbers 11 through 20 represent the data in the 
original treatment group. Use a random number generator. 
Randomly generate 20 numbers from 1 through 20 without 
repeating a number. Use the first 10 numbers to make 

the new control group, and the next 10 to make the new 
treatment group; Repeatedly make new control and treatment 
groups and see how often you get differences between the 
new groups that are at least as large as the one you measured. 
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English-Spanish Glossary 


English 


amplitude (p. 486) One-half the difference of the 
maximum value and the minimum value of the graph of a 
trigonometric function 


arithmetic sequence (p. 478) A sequence in which the 
difference of consecutive terms is constant 


arithmetic series (p. 420) An expression formed by 
adding the terms of an arithmetic sequence 


asymptote (p. 296) A line that a graph approaches more 
and more closely 


axis of symmetry (p. 56) A line that divides a parabola 
into mirror images and passes through the vertex 


bias (0.677) An error that results in a misrepresentation 
of a population 


biased question (p. 673) A question that is flawed in a 
way that leads to inaccurate results 


biased sample (p. 671) A sample that overrepresents or 
underrepresents part of the population 


binomial distribution (p. 581) A type of probability 
distribution that shows the probabilities of the outcomes of 
a binomial experiment 


binomial experiment (p. 587) An experiment in which 
there are a fixed number of independent trials, exactly two 
possible outcomes for each trial, and the probability of 
success is the same for each trial 


Binomial Theorem (p. 574) For any positive integer n, the 
binomial expansion of (a + b)" is 
eee) — Cab? + Ca" 1b! + Ca" ~ 2b? 

a eee 


central angle (p. 472) The angle measure of a sector of a 
circle formed by two radii 


Spanish 


amplitud (p. 486) La mitad de la diferencia del valor 
maximo y el valor minimo del grafico de una funcién 
trigonométrica 


secuencia aritmética (p. 478) Una secuencia en la que la 
diferencia de términos consecutivos es constante 


serie aritmética (po. 420) Una expresién formada al sumar 
los términos de una secuencia aritmética 


asintota (p. 296) Una recta a la que una grdfica se acerca 
cada vez mas 


eje de simetria (p. 56) Una recta que divide una parabola 
en imagenes reflejo y que pasa a través del vértice 


sesgo (p. 677) Un error que da como resultado una 
representacion errénea de una poblacion 


pregunta sesgada (p. 673) Una pregunta imperfecta que 
lleva a obtener resultados inexactos 


muestra sesgada (p. 677) Una muestra que representa 
excesiva o insuficientemente parte de la poblacion 
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distribucion del binomio (p. 581) Un tipo de 
distribucién de probabilidades que muestra las 
probabilidades de los resultados posibles de un experimento 
del binomio 


experimento del binomio (p. 581) Un experimento 

en el que hay un ntmero fijo de pruebas independientes, 
exactamente dos resultados posibles para cada prueba, y la 
probabilidad de éxito es la misma para cada prueba 


teorema del binomio (p. 574) Por cada ntimero entero 
positivo n, la expansion del binomio de (a + b)" es 
(a Poy —— Cah Ga" 1b! + C.a"~ 2b 

+e+++ Cao". 


nn 


angulo central (p. 472) La medida del angulo de un 
sector de un circulo formado por dos radios 
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cluster sample (p. 670) A sample in which a population is 
divided into groups, called clusters, and all of the members 
in one or more of the clusters are randomly selected 


combination (p. 572) A selection of objects in which 
order is not important 


common difference (p. 478) The constant difference d 
between consecutive terms of an arithmetic sequence 


common logarithm (p. 371) A logarithm with base 10, 
denoted as log), or simply by log 


common ratio (p. 426) The constant ratio r between 
consecutive terms of a geometric sequence 


completing the square (p. 172) To addatermc to an 
expression of the form x? + bx such that x? + bx + cisa 
perfect square trinomial 


complex conjugates (p. 799) Pairs of complex numbers 
of the forms a + bi and a — bi, where b # 0 


complex fraction (p. 387) A fraction that contains a 
fraction in its numerator or denominator 


complex number (p. 104) A number written in the form 
a+ bi. where a and b are real numbers 


compound event (p. 564) The union or intersection of 
two events 


conditional probability (0. 547) The probability that 
event B occurs given that event A has occurred, written as 
P(B|A) 


conditional relative frequency (p. 555) The ratio of a 
joint relative frequency to the marginal relative frequency 
in a two-way table 


conjugate (p. 246) Binomials of the form aVb + cVd and 
aVb — cVd, where a, b, c, and d are rational numbers 
constant of variation (p. 360) The constant a in the 
inverse Variation equation y = o where a # 0 

a 
control group (p. 620) The group under ordinary 


conditions that is subjected to no treatment during an 
experiment 


controlled experiment (p. 620) An experiment in which 


two groups are studied under identical conditions with the 
exception of one variable 
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muestra de cluster (0.670) Una muestra en la que una 
poblacion se divide en grupos, llamados cluster en inglés, 
y todos los miembros de uno 0 mas de los cluster son 
seleccionados en forma aleatoria 


combinacion (p. 572) Una seleccién de objetos en la que 
el orden no es importante 


diferencia comun (p. 478) La diferencia constante d entre 
términos consecutivos de una secuencia aritmética 


logaritmo comun (p. 377) Un logaritmo de base 10, 
denotado como log, 0 simplemente como log 


razon comtn (p. 426) Laraz6n constante r entre términos 
consecutivos de una secuencia geométrica 


completando el cuadrado (p. 172) Agregar un término c 
a una expresién de la forma x? + bx para que x? + bx + ¢ 
sea un trinomio de cuadrado perfecto 


conjugados complejos (p. 199) Pares de nimeros 
complejos de las formas a + bi y a — bi, donde b # 0 


fracci6n compleja (po. 387) Una fraccidén que contiene una 
fracci6n en su numerador o denominador 


numero complejo (p. 104) Un numero escrito en la forma 
a + bi, donde a y b son numeros reales 


evento compuesto (p. 564) La union o interseccién de 
dos eventos 


probabilidad condicional (p. 547) La probabilidad de 
que el evento B ocurra dado que el evento A ha ocurrido, 
escrito como P(B|A) 


frecuencia relativa condicional (p. 555) Laraz6n de 
una frecuencia relativa conjunta a la frecuencia relativa 
marginal en una tabla de doble entrada 


conjugado (p. 246) Binomios’'de la forma aVb + cVd y 
aVb — cVd, donde a, b, c y d son nimeros racionales 


constante de variaciOn (p. 360) Laconstante a en la 
ecuaci6n de variaci6n inversa y= eS dondea # 0 

x 
grupo de control (po. 620) El grupo bajo condiciones 


ordinarias, que no se ve sometido a tratamiento durante 
un experimento 


experimento controlado (p, 620) Un experimento en el 
que dos grupos son estudiados bajo condiciones idénticas, 
con la excepcion de una variable 


convenience sample (p. 670) A sample in which only 
members of a population who are easy to reach are selected 


correlation coefficient (p. 25) A number r from —1 to 1 
that measures how well a line fits a set of data pairs (x, y) 


cosecant (p. 462) A trigonometric function for an acute 
angle @ of a right triangle, denoted by 
fc b= hypotenuse 

opposite 
cosine (p. 462) A trigonometric function for an acute 
angle 6 of a right triangle, denoted by 
adjacent 


eos — ——___—— 
hypotenuse 


cotangent (p. 462) A trigonometric function for an acute 
angle 6 of a right triangle, denoted by 

op adjacent 

opposite 

coterminal (p. 471) Two angles whose terminal sides 
coincide 


cross multiplying (p. 392) A method used to solve a 
rational equation when each side of the equation is a single 
rational expression 


cycle (p. 486) The shortest repeating portion of the graph 
of a periodic function 


decay factor (p. 296) The value of b in an exponential 
decay function of the form y = ab*, where a > 0 and 
0<b<l 


dependent events (p. 547) Two events in which the 
occurrence of one event does affect the occurrence of the 
other event 


descriptive statistics (0. 626) The branch of statistics 
that involves the organization, summarization, and display 
of data 


directrix (p. 68) A fixed line perpendicular to the axis 
of symmetry, such that the set of all points (x, y) of the 
parabola are equidistant from the focus and the directrix 


discriminant (p. 124) The expression b? — 4ac in the 
Quadratic Formula 


disjoint events (p. 564) Two events that have no out- 
comes in common 


muestra de conveniencia (p. 670) Una muestra en la que 
Uinicamente se seleccionan los miembros de una poblacién 
a los que es facil de llegar 


coeficiente de correlaci6n (o. 25) Unntmerorde —1la 
1 que mide cuan bien ajusta una recta a un conjunto de pares 
de datos (x, y) 


cosecante (p. 462) Una ecuacidn trigonométrica de un 
Angulo agudo 6 de un triadngulo recto, denotado por 
hipotenusa 

opuesto 


csc 9 = 


coseno (p. 462) Una ecuaci6n trigonométrica de un 

angulo agudo @ de un triangulo recto, denotado por 
adyacente 

cos 9 = ERE 

hipotenusa 

cotangente (p. 462) Una ecuacién trigonométrica de un 

Angulo agudo @ de un triadngulo recto, denotado por 

adyacente 

opuesto 


cot 6 = 


coterminal (p. 477) Dos A4ngulos cuyos lados terminales 
coinciden 


multiplicacion cruzada (p. 392) Un método utilizado 
para resolver una ecuacidn racional cuando cada lado dela © 
ecuacion es una sola expresién racional 


ciclo (p. 486) La porcién mas corta que se repite en el 
grafico de una funcion periddica 
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factor de decaimiento (p. 296) El valor de b en una 
funci6n de decaimiento exponencial de la forma y = ab*, 
dondea>Oy0<b<!l 


eventos dependientes (p. 547) Dos eventos en los que la 
ocurrencia de un evento afecta la ocurrencia del otro evento 


estadistica descriptiva (p. 626) Larama de la 
estadistica que implica la organizacion, resumen y 
presentacién de datos 


directriz (p. 68) Una recta fija perpendicular al eje de 
simetria de modo tal, que el conjunto de todos los puntos 
(x, y) de la parabola sean equidistantes del foco y la 
directriz 


discriminante (p. 124) Laexpresién b? — 4ac en la 
Formula Cuadratica 


eventos disjunto (p. 564) Dos eventos que no tienen 
resultados en comun 
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end behavior (p. 159) The behavior of the graph of a 
function as x approaches positive infinity or negative infinity 


even function (p. 215) Fora function f, f(—x) = f(x) for 
all x in its domain 


event (o. 538) Acollection of one or more outcomes in a 
probability experiment 


experiment (p. 672) A method that imposes a treatment 
on individuals in order to collect data on their response to 
the treatment 


experimental probability (0. 547) The ratio of the 
number of successes, or favorable outcomes, to the number 
of trials in a probability experiment 


explicit rule (po. 442) A rule that gives a, as a function of 
the term’s position number n in the sequence 


exponential decay function (p. 296) A function of the 
form y = ab*, wherea>QOand0<b<] 


exponential equations (p. 334) Equations in which 
variable expressions occur as exponents 


exponential function (p. 296) A function of the form 
y = ab*, where a # 0 and the base b is a positive real 
number other than | 


exponential growth function (p. 296) A function of the 
form y = ab*, where a>O and b> 1 


extraneous solutions (p. 263) Solutions that are not 
solutions of the original equation 


factor by grouping (p. 181) A method of factoring a 
polynomial by grouping pairs of terms that have a common 
monomial factor 


factored completely (p. 780) A polynomial written as 
a product of unfactorable polynomials with integer 
coefficients 


finite differences (po. 220) The differences of consecutive 
y-values in a data set when the x-values are equally spaced 


focus (p. 68) A fixed point in the interior of a parabola, 
such that the set of all points (x, y) of the parabola are 
equidistant from the focus and the directrix 
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comportamiento final (p. 159) El comportamiento del 
grafico de una funcion a medida que x se aproxima al 
infinito positivo o negativo 


funcion par (p. 275) Para una funcion f, f(—x) = f(x) para 
toda x en su dominio 


evento (p. 538) Unacoleccién de uno 0 mas resultados en 
un experimento de probabilidades 


experimento (p. 672) Un método que impone un 
tratamiento a individuos para recoger datos con respecto a 
su respuesta al tratamiento 


probabilidad experimental (p. 547) La razon del 
ntimero de €xitos, o resultados favorables, con respecto al 
numero de pruebas en un experimento de probabilidades 


regla explicita (0. 442) Una regla que daa, como una 
funcidén del nimero de posici6n n del término en la 
secuencia 


funcion de decaimiento exponencial (p. 296) Una 
funcion de la forma y = ab*, dondea>Oy0<b<1 


ecuaciones exponenciales (po. 334) Ecuaciones en donde 
las expresiones de una variable ocurren como exponentes 


funcion exponencial (p. 296) Una funcion de la forma 
y = ab*, donde a # 0 y la base b es un nimero real 
positivo distinto de 1 


funcion de crecimiento exponencial (p. 296) Una 
funcion de la forma y = ab*, d6ndea>Oy b> 1 


soluciones externas (p. 263) Soluciones que no son 
soluciones de la ecuacion original 


factorizaci6n por agrupacion (p. 181) Un método de 
factorizacién de un polinomio al agrupar pares de términos 
que tienen un factor monomio comin 


factorizado completamente (p. 180) Un polinomio 
escrito como un producto de polinomios no factorizables 
con coeficientes de nimeros enteros 


diferencias finitas (0. 220) Las diferencias de valores 
consecutivos y en un conjunto de datos cuando los valores x 
estan igualmente espaciados 


foco (p. 68) Un punto fijo en el interior de una parabola, 
de tal forma que el conjunto de todos los puntos (x, y) de la 
parabola sean equidistantes del foco y la directriz 


frequency (p. 506) The number of cycles per unit of time, 
which is the reciprocal of the period 


geometric probability (0. 540) A probability found by 
calculating a ratio of two lengths, areas, or volumes 


geometric sequence (p. 426) A sequence in which the 
ratio of any term to the previous term is constant 


geometric series (p. 428) The expression formed by 
adding the terms of a geometric sequence 


growth factor (p. 296) The value of b in an exponential 
growth function of the form y = ab*, where a > O and b > 1 


horizontal shrink (p. 74) A transformation that causes 
the graph of a function to shrink toward the y-axis when all 
the x-coordinates ate multiplied by a factor a, where a> | 


horizontal stretch (p. 74) A transformation that causes 
the graph of a function to stretch away from the y-axis 
when all the x-coordinates are multiplied by a factor a, 
where 0<a< 1 


hypothesis (p. 605) A claim about a characteristic of a 
population 


imaginary number (. 704) A number written in the form 
a + bi, where a and Db are real numbers and b + 0 


imaginary unit i (p. 104) The square root of —1, denoted 
p= v1] 


independent events (p. 546) Two events in which the 
occurrence of one event does not affect the occurrence of 
another event 


index of a radical (p. 238) The value of n in the 
radical Va 


inferential statistics (p. 626) The branch of statistics 
that involves using a sample to draw conclusions about a 
population 


information design (p. 594) The designing of data and 
information so it can be understood and used 


frecuencia (0. 506) El ntimero de ciclos por unidad de 
tiempo, que es el reciproco del periodo 


probabilidad geométrica (p. 540) Una probabilidad 
hallada al calcular la razon de dos longitudes, areas o 
volumenes 


secuencia geométrica (p. 426) Una secuencia en donde 
la raz6n de cualquier término con respecto al término 
anterior es constante 


serie geométrica (p. 428) La expresién formada al sumar 
los términos de una secuencia geométrica 


factor de crecimiento (p. 296) El valor de ben una 
funcion de crecimiento exponencial de la forma y = ab*, 
dondea>Oyb>1 


reduccion horizontal (po. 74) Una transformacién que 
hace que el grafico de una funcion se reduzca hacia el eje y 
cuando todas las coordenadas x se multiplican por un factor 
a, donde a > | 
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ampliacion horizontal (p. 74) Una transformacién que 
hace que el grafico de una funcién se amplie desde el eje y 
cuando todas las coordenadas x se multiplican por un factor 
a, donde 0<a<1 


hipotesis (0. 605) Una declaracién acerca de una 
caracteristica de una poblacién 


numero imaginario (p. 104) Un numero escrito de la 
forma a + bi, donde a y b son numeros reales y b # 0 


unidad imaginaria i (p. 104) La rafz cuadrada de —1, 
denotado i = V—1 


eventos independientes (p. 546) Dos eventos en los que 
la ocurrencia de un evento no afecta la ocurrencia de otro 
evento 


indice de un radical (p. 238) El valor de n en el radical 


Va 


estadistica inferencial (p. 626) La rama de la estadistica 
que implica el uso de una muestra para sacar conclusiones 
acerca de una poblacién 


disefio de informacion (p. 594) El] disefio de datos e 
informacion, de manera que puedan ser comprendidos y 


utilizados 
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initial side (p. 470) The fixed ray of an angle in standard 
position in a coordinate plane 


intercept form (p. 59) A quadratic function written in the 
form f(x) = a(x — p)(x — q), where a # 0 


inverse functions (p. 277) Functions that undo each other 


inverse variation (p. 360) Two variables x and y show 
: = a 
inverse variation when y = —, where a # 0. 

bs 
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joint frequency (p. 554) Each entry in a two-way table 


joint relative frequency (p. 555) The ratio of a frequency 
that is not in the total row or the total column to the total 
number of values or observations in a two-way table 


like radicals (0. 246) Radical expressions with the same 
index and radicand 


line of best fit (p. 25) A line that lies as close as possible 
to all of the data points in a scatter plot 


line of fit (0. 24) A line that models data in a scatter plot 


linear equation in three variables (p. 30) An equation 
of the form ax + by + cz = d, where x, y, and z are 
variables and a, b, and c are not all zero 


local maximum (p. 274) The y-coordinate of a turning 
point of a function when the point is higher than all nearby 
points 


local minimum (p. 274) The y-coordinate of a turning 
point of a function when the point is lower than all nearby 


points 


logarithm of y with base b (p. 370) The function 
log, y = x if and only if b* = y, where b>0, y>0, and b # 1 


logarithmic equations (p. 335) Equations that involve 
logarithms of variable expressions 
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lado inicial (op. 470) El rayo fijo de un angulo en posicién 
normal en un plano coordenado 


forma de intersecciOn (p. 59) Una ecuacion cuadratica 
escrita en la forma f(x) = a(x — p)(x — q), donde a # 0 


funciones inversas (p. 277) Funciones que se anulan 
entre si 


variacion inversa (p. 360) Dos variables x e y muestran 
al Se a 
variaciOn inversa cuando y = —, donde a # 0. 
ES 


frecuencia conjunta (p. 554) Cada valor en una tabla de 
doble entrada 


frecuencia relativa conjunta (p. 555) Larazén de una 
frecuencia que no esta en la hilera total o columna total del 
numero total de valores u observaciones en una tabla de 
doble entrada 


radicales semejantes (p. 246) Expresiones radicales con 
el mismo indice y radicando 


recta de mejor ajuste (p. 25) Una recta que se acerca lo 
mas posible a todos los puntos de datos en un diagrama de 
dispersion 


recta de ajuste (p. 24) Una recta que modela datos en un 
diagrama de dispersion 


ecuacion lineal en tres variables (op. 30) Una ecuacién 
de la forma ax + by + cz = d, donde x, y, y z son variables 
y a, b, y c no son todas cero 


maximo local (p. 274) La coordenada y de un punto de 
inflexi6n de una funcidn cuando el punto es mayor que 
todos los puntos cercanos 


minimo local (p. 274) La coordenada y de un punto de 
inflexion de una funcion cuando el punto es menor que 
todos los puntos cercanos 


logaritmo de y con base b (p. 370) La funcién 
log, y = x si y.solo si b* = y, donde b>0, y>0, yb # 1 


ecuaciones logaritmicas (p. 335) Ecuaciones que 
implican logaritmos de expresiones variables 
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margin of error (p. 629) The limit on how much the 
responses of the sample would differ from the responses 
of the population 


marginal frequency (p. 554) The sums of the rows and 
columns in a two-way table 


marginal relative frequency (p. 555) The sum of the 
joint relative frequencies in a row or a column ina 
two-way table 


maximum value (p. 58) The y-coordinate of the vertex of 
the quadratic function f(x) = ax* + bx + c, whena<0 


midline (p. 488) The horizontal line y = k in which the 
graph of a periodic function oscillates 


minimum value (p. 58) The y-coordinate of the vertex of 
the quadratic function f(x) = ax* + bx + c, whena>O 


mutually exclusive events (p. 564)’ Two events that have 
no outcomes in common 


n factorial (0.570) The product of the integers from 1 to 
n, for any positive integer n 


natural base e (op. 304) An irrational number 
approximately equal to 2.71828... 


natural logarithm (p. 377) A logarithm with base e, 
denoted by log, or In 


normal curve (p. 596) The graph of a normal distribution 
that is bell-shaped and is symmetric about the mean 


normal distribution (p. 596) A type of probability 
distribution in which the graph is a bell-shaped curve that is 
symmetric about the mean 


nth root of a (o. 238) For an integer n greater than 1, if 
b" = a, then b is an nth root of a. 
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observational study (p. 672) Individuals are observed 
and variables are measured without controlling the 
individuals or their environment. 


odd function (p. 275) Fora function f, f(—x) = —f(x) for 
all x in its domain 


ordered triple (p. 30) A solution of a system of three 
linear equations represented by (x, y, z) 


outcome (p. 538) The possible result of a probability 
experiment 


overlapping events (p. 564) Two events that have one or 
more outcomes in common 


margen de error (p. 629) El limite de cuanto habrian de 
diferir las respuestas de la muestra de las respuestas de la 
poblacion 


frecuencia marginal (p. 554) Las sumas de las hileras y 
columnas en una tabla de doble entrada 


frecuencia relativa marginal (p. 555) La suma de las 
frecuencias relativas conjuntas en una hilera o columna en 
una tabla de doble entrada 


valor maximo (p. 58) La coordenada y del vértice de la 
funcién cuadratica f(x) = ax? + bx + c, cuando a <0 


linea media (p. 488) La linea horizontal y = k en la que 
oscila el grafico de una funcién periddica 


valor minimo (p. 58) Lacoordenada y del vértice de la 
funci6n cuadratica f(x) = ax? + bx + c, cuando a>0 


eventos mutuamente exclusivos (p. 564) Dos eventos 
que no tienen resultados en comun 


factorial de n (p. 570) El producto de los nimeros enteros 
de 1 an, para cualquier nimero entero positivo n 


base natural e (0. 304) Un ndmero irracional 
aproximadamente equivalente a 2.71828... 


logaritmo natural (p. 371) Un logaritmo con base e, 
denotado como log, o In 


curva normal (p. 596) El grafico de una distribucién normal 
con forma acampanada y es simétrica con respecto a la media 
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distribuci6n normal (po. 596) Un tipo de distribucién 
de probabilidades en la que el grafico es una curva 
acampanada que es simétrica con respecto a la media 


raiz de orden n dea (p. 238) Para un ntmero entero n 
mayor que 1, si b” = a, entonces b es una raiz de orden n de a. 


estudio de observacion (p. 672) Se observan individuos 
y se miden variables sin controlar a los individuos 0 a su 
entorno. 


funcion impar (p. 275) Para una funcién f, f(—x) = —f(x) 
para toda x en su dominio 


triple ordenado (p. 30) Un solucidn de un sistema de tres 
ecuaciones lineales representadas por (x, y, Z) 


resultado (p. 538) El resultado posible de un experimento 
de probabilidad 


eventos superpuestos (p. 564) Dos eventos que tienen 
uno o mas resultados en comtin 
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parabola (p. 48) The U-shaped graph of a quadratic 
function 


parameter (p. 605) A numerical description of a 
population characteristic 


parent function (p. 4) The most basic function in a 
family of functions 


partial sum (p. 436) The sum S, of the first n terms of an 
infinite series 


Pascal’s Triangle (p. 769) A triangular array of numbers 
such that the numbers in the nth row are the coefficients of 
the terms in the expansion of (a + b)" for whole number 
values of n 


period (p. 486) The horizontal length of each cycle of a 
periodic function 


periodic function (p. 486) A function whose graph has a 
repeating pattern 


permutation (p. 570) An arrangement of objects in which 
order is important 


phase shift (0. 488) A horizontal translation of a periodic 
function 


placebo (p. 620) A harmless, unmedicated treatment that 
resembles the actual treatment 


polynomial (p. 158) A monomial or a sum of monomials 


polynomial function (p. 758) A function of the form 
f@) = a,x" + a,_ x"! +--+ + a,x + ap, where a, + 0, 
the exponents are all whole numbers, and the coefficients 
are all real numbers 


polynomial long division (p. 174) A method to divide a 
polynomial f(x) by a nonzero divisor d(x) to yield a 
quotient polynomial q(x) and a remainder polynomial r(x) 


population (p. 604) The collection of all data, such as 
responses, measurements, or counts, that you want 
information about 


probability distribution (p. 580) A function that gives 
the probability of each possible value of a random variable 
probability of an event (p. 533) A measure of the 


likelihood, or chance, that an event will occur 


probability experiment (p. 538) An action, or trial, that 
has varying results 
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parabola (p. 48) El grafico con forma de “U” de una 
funcidén cuadratica 


parametro (p. 605) Una descripcién numérica de una 
caracteristica de la poblacién 


funcion principal (po. 4) La funcién mas basica en una 
familia de funciones 


sumatoria parcial (p. 436) La sumatoria parcial S,, de los 
primeros términos n de una serie infinita 


triangulo de Pascal (p. 169) Una disposicién triangular 
de ntmeros, de tal manera que los nimeros en la fila n son 
los coeficientes de los términos en la expansion de (a + b)" 
para los valores de numeros enteros de n 


periodo (p. 486) La longitud horizontal de cada ciclo de 
una funcid6n periddica 


funcion periddica (p. 486) Una funcidn cuyo grafico 
tiene un patron de repeticion 


permutacion (p. 570) Una disposicién de objetos en la 
que el orden es importante 


desplazamiento de fase (p. 488) Una traslacién 
horizontal de una funcién periddica 


placebo (p. 620) Un tratamiento no medicado e inofensivo 
que se asemeja al tratamiento real 


polinomio (p. 758) Un monomio 0 una suma de monomios 


funcion polinomica (p. 158) Una funcidn de la forma 
Fp a," + a, 29) 4 a Gg, donde 

a,, # 0, todos los exponentes son nimeros enteros y todos 
los coeficientes son numeros reales 


division larga de polinomios (p. 174) Un método para 
dividir un polinomio f(x) por un divisor distinto de cero 
d(x) para obtener un polinomio de cociente g(x) y un 
polinomio de resto r(x) 


poblacion (p. 604) La recoleccién de datos, tales como 
respuestas, medidas o conteos, sobre los que se quiere 
informacion 


distribucién de probabilidad (p. 580) Una funcion que 
da la probabilidad de cada valor posible de una variable 
aleatoria 


probabilidad de un evento (p. 538) Una medida de la 
probabilidad o posibilidad de que ocurrira un evento 


experimento de probabilidad (o. 538) Una acciéno 
prueba que tiene resultados variables 


pure imaginary number (p. 104) A number written in 
the form a + bi, where a = 0 and b # 0 


quadrantal angle (p. 479) An angle in standard position 
whose terminal side lies on an axis 


quadratic equation in one variable (p. 94) An 
equation that can be written in the standard form 

ax* + bx + c = 0, where a, b, and c are real numbers and 
a0 


quadratic form (p. 181) An expression of the form 
au? + bu + c, where u is an algebraic expression 


Quadratic Formula (p. 122) The solutions of the 
quadratic equation ax* + bx + c = Oare 


_ —b+\b? — 4ac 
x = - oO 
2a 


and a # 0. 


, where a, b, and c are real numbers 


quadratic function (p. 48) A function that can be written 
in the form f(x) = a(x — h)? + k, where a # 0 


quadratic inequality in one variable (p. 742) An 
inequality of the form ax? + bx + c <0, ax? + bx + c>0, 
ax* + bx +c < 0, or ax? + bx + c > 0, where a, b, andc 
are real numbers and a # 0 


quadratic inequality in two variables (0. 140) An 
inequality of the form y < ax? + bx +c, y>ax*+ bx +c, 
Yeax + bx + cory 2 ax? + bx + c, where a, b, andc 
are real numbers and a # 0 


radian (po. 471) Fora circle with radius r, the measure of 
an angle in standard position whose terminal side intercepts 
an arc of length 7 is one radian. 


radical equation (p. 262) An equation with a radical that 
has a variable in the radicand 


radical function (p. 252) A function that contains a 
radical expression with the independent variable in the 
radicand 


random sample (p. 670) A sample in which each member 


of a population has an equal chance of being selected 


random variable (p. 580) A variable whose value is 
determined by the outcomes of a probability experiment 


numero imaginario puro (p. 104) Un niimero escrito en 
la forma a + bi, donde a = 0Oyb #0 


angulo cuadrantal (p. 479) Un dngulo en posicién 
estandar cuyo lado terminal descansa en un eje 


ecuacion cuadratica en una variable (0.94) Una 
ecuaci6n que puede escribirse en la forma estandar 
ax* + bx + c = 0, donde a, b, y c son nimeros reales 
ya#0 


forma cuadratica (p. 187) Una expresién de la forma 
au* + bu + c, donde u es una expresi6n algebraica 


Formula Cuadratica (p. 122) Las soluciones de la 
expresion cuadratica ax? + bx + c = Oson 


_ —b + Vb? — 4ac 
SS SSS 


5 , donde a, b, y c son nimeros reales 
a 


yaF# 0. 


funcion cuadratica (0. 48) Una funcién que puede 
escribirse en la forma f(x) = a(x — h)* + k, donde a # 0 


s-ysi6uq 


desigualdad cuadratica en una variable (p. 742) Una 
desigualdad de la forma ax? + bx + c <0, ax* + bx + c>0, | 
ax* + bx +c < 0,0 ax? + bx + c 2 O, donde a, b, y c son 
numeros reales y a # 0 


e 


Asessol sive 


desigualdad cuadratica en dos variables (p. 740) Una 
desigualdad de la forma y < ax* + bx + c,y>ax?+ bx +c, 
Voge px + c, 0 y 2 ax* + bx + c, donde a, b) y c sen 
numeros reales y a # 0 


radian (p. 477) Para un circulo con radio r, la medida de 
un angulo en posici6n estandar cuyo lado terminal 
intercepta un arco de longitud r es un radian. 


ecuacion radical (p. 262) Una ecuacion con un radical 
que tiene una variable en el radicando 


funci6n radical (p. 252) Una funcidén que contiene una 
expresion radical con la variable independiente en el 
radicando 


muestra aleatoria (p. 670) Una muestra en la que cada 
miembro de una poblacion tiene igual posibilidad de ser 
seleccionado 


variable aleatoria (p. 580) Una variable cuyo valor 


esta determinado por los resultados de un experimento de 
probabilidad 
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randomization (p. 620) A process of randomly assigning 
subjects to different treatment groups 


randomized comparative experiment (p. 620) An 
experiment in which subjects are randomly assigned to 
the control group or the treatment group 


rational expression (p. 376) A fraction whose numerator 
and denominator are nonzero polynomials 


rational function (p. 366) A function that has the form 


f(x) = oo where p(x) and q(x) are polynomials and 


q(x) #0 
recursive rule (p. 442) A rule that gives the beginning 


term(s) of a sequence and a recursive equation that tells 
how a,, is related to one or more preceding terms 


reference angle (p. 480) The acute angle formed by the 
terminal side of an angle in standard position and the x-axis 


reflection (p. 5) A transformation that flips a graph over 
the line of reflection 


repeated solution (p. 790) A solution of an equation that 
appears more than once 


replication (p. 622) The repetition of an experiment under 
the same or similar conditions to improve the validity of the 


experiment 


root of an equation (p. 94) A solution of an equation 


sample (p. 604) A subset of a population 


sample space (p. 538) The set of all possible outcomes 
for an experiment 


secant (p. 462) A trigonometric function for an acute 
angle 0 of a right triangle, denoted by 
seca hypotenuse 

adjacent 
sector (p. 472) A region of a circle that is bounded by two 
radii and an arc of the circle 


self-selected sample (p. 670) A sample in which 
members of a population can volunteer to be in the sample 
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aleatorizaci6n (p. 620) Un proceso de asignacién 
aleatoria de sujetos a distintos grupos de tratamiento 


experimento comparativo aleatorizado (p. 620) 
Un experimento en el que los sujetos son asignados 
aleatoriamente al grupo de control o al grupo de 
tratamiento 


expresion racional (p. 376) Una fraccidn cuyo 
numerador y denominador son polinomios distintos a cero 


funcion racional (p. 366) Una funcidn que tiene la forma 


{[@= oe donde p(x) y q(x) son polinomios y q(x) # 0 


regla recursiva (p. 442) Una regla para definir el(los) 
primer(os) término(s) de una secuencia y una ecuaci6n 
recursiva que indica como se relaciona a,,a uno o mas 
términos precedentes 


angulo de referencia (p. 480) El angulo agudo formado 
por el lado terminal de un angulo en posicién normal y el eje x 


reflexion (o. 5) Una transformacidn que voltea un grafico 
sobre una recta de reflexion 


solucion repetida (p. 790) Una solucién de una ecuacién 
que aparece mas de una vez 


réplica (p. 622) La repeticién de un experimento bajo las 
mismas 0 similares condiciones para mejorar la validez del 
experimento 


raiz de una ecuacion (p. 94) Una solucidn de una 
ecuacion 


muestra (p. 604) Un subconjunto de una poblacion 


espacio de muestra (p. 538) El conjunto de todos los 
resultados posibles de un experimento 


secante (po. 462) Una ecuacién trigonométrica de un 

Angulo agudo @ de un triangulo recto, denatado por 
hipotenusa 

sec = ile 

adyacente 

sector (p. 472) , Una region de un circulo conformada por 

dos radios y un arco del circulo 


muestra autoseleccionada (p. 610) Una muestra en la 
que los miembros de una poblaci6n pueden ofrecerse 
voluntariamente para formar parte de la misma 


sequence (p. 410) An ordered list of numbers 
series (p. 412) The sum of the terms of a sequence 


sigma notation (p. 472) For any sequence aj, d>, a3,..., 
the sum of the first k terms may be written as 


k 
> a, = a, + a + a; +--+ + a, where k is an integer. 
iN 


simplest form of a radical (p. 245) An expression 
involving a radical with index n that has no radicands with 
perfect nth powers as factors other than 1, no radicands 
that contain fractions, and no radicals that appear in the 
denominator of a fraction 


simplified form of a rational expression (p. 376) A 
rational expression whose numerator and denominator have 
no common factors (other than +1) 


simulation (p. 672) The use of a model to reproduce the 
conditions of a situation or process so that the simulated 
outcomes closely match the real-world outcomes 


sine (p. 462) A trigonometric function for an acute angle 6 
of a right triangle, denoted by 

“a opposite 
hypotenuse 


sinusoid (p.507) The graph of a:sine or cosine function 


solution of a system of three linear equations (p. 30) 
An ordered triple (x, y, z) whose coordinates make each 
equation true 


standard form (p. 56) A quadratic function written in the 
form f(x) = ax* + bx + c, where a # 0 


standard normal distribution (p. 597) The normal 
distribution with mean O and standard deviation | 


standard position (op. 470) An angle in a coordinate 
plane such that its vertex is at the origin and its initial side 
lies on the positive x-axis 


statistic (0.605) A numerical description of a sample 
characteristic 


stratified sample (p. 670) A sample in which a 
population is divided into smaller groups that share a 
similar characteristic and a sample is then randomly 
selected from each group 


secuencia (p. 470) Una lista ordenada de ntimeros 
serie (0.472) Lasuma de los términos de una secuencia 


notacion sigma (p. 4/2) Para cualquier secuencia ay, ap, 
a3,..., la suma de los primeros términos k puede escribirse 


k 
como >) a, = a, + a, + a, +---++ a,, donde kes un 


n=1 


ndamero entero. 


minima expresion de un radical (p. 245) Una expresién 
que conlleva un radical con indice n que no tiene 
radicandos con potencias perfectas de orden n como 
factores distintos a 1, que no tiene radicandos que 
contengan fracciones y que no tiene radicales que 
aparezcan en el denominador de una fracci6n 


forma simplificada de una expresion racional (p. 376) 
Una expresién racional cuyo numerador y denominador no 
tienen factores comunes (distintos a +1) 


simulacion (p. 672) El uso de un modelo para reproducir 
las condiciones de una situaci6n o proceso, de tal manera 
que los resultados posibles simulados coincidan en gran 
medida con los resultados del mundo real 


seno (p. 462) Una ecuacion trigonométrica de un angulo 
agudo @ de un triangulo recto, denotado por 

: S 
bia ope to 
hipotenusa 


sinusoide (p. 507) El grafico de una funcidn seno 0 coseno 


solucion de un sistema de tres ecuaciones lineales 
(0. 30) Un triple ordenado (x, y, z) cuyas coordenadas 
hacen verdadera cada ecuacion 


forma estandar (p. 56) Una funci6n cuadratica escrita en 
la forma f(x) = ax? + bx + c, donde a # 0 


distribuci6n normal estandar (p. 597) La distribucién 
normal con una media de 0 y desviaci6n estandar | 


posicion estandar (p. 470) Un Angulo en un plano 
coordenado de tal manera que su vértice esté en el origen y 
que su lado inicial descanse en el eje x positivo 


estadistica (p. 605) Una descripcién numérica de una 
caracteristica de la muestra 


muestra estratificada (0. 670) Una muestra en la que una 
poblacién se divide en grupos mas pequefios que comparten 
una caracteristica similar, y una muestra se selecciona en 
forma aleatoria de cada grupo 
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summation notation (p. 472) For any sequence ay, a, 
a,,..., the sum of the first k terms may be written as 


k 
> a, = a, + a, + a, +--+ + a, where k is an integer. 
n=] 


survey (p.672) An investigation of one or more 
characteristics of a population 


synthetic division (p. 175) A shortcut method to divide a 
polynomial by a binomial of the form x — k 


system of nonlinear equations (p. 132) A system of 
equations where at least one of the equations is nonlinear 


system of three linear equations (p. 30) A set of three 
equations of the form ax + by + cz = d, where x, y, and z 
are variables and a, b, and c are not all zero 


systematic sample (p. 670) A sample in which a rule is 
used to select members of a population 


tangent (p. 462) A trigonometric function for an acute 
angle 6 of a right triangle, denoted by 
opposite 

tan g = EP 

adjacent 
terminal side (p. 470) A ray of an angle in standard 
position that has been rotated about the vertex in a 
coordinate plane 


terms of a sequence (p. 470) The values in the range of 
a sequence 


theoretical probability (p. 539) The ratio of the number 
of favorable outcomes to the total number of outcomes 
when all outcomes are equally likely 


transformation (p. 5) A change in the size, shape, 
position, or orientation of a graph 


translation (p. 5) A transformation that shifts a graph 
horizontally and/or vertically but does not change its size, 
shape, or orientation 


treatment group (p. 620) The group that is subjected to 
the treatment in an experiment 


trigonometric identity (0.574) A trigonometric 


equation that is true for all values of the variable for which 
both sides of the equation are defined 
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notaci6n de sumatoria (po. 472) Para cualquier secuencia 
A), A>, a3, .. ., la sumatoria de los primeros términos k puede 


k 
escribirse como >) a, = a, + a, + a, +--+ +a, dondek 
n=1 


es un numero entero. 


encuesta (p. 672) Una investigaci6n de una 0 mas 
caracteristicas de una poblacion 


divisi6n sintética (p. 175) Un método abreviado para 
dividir un polinomio por un binomio de la forma x — k 


sistema de ecuaciones no lineales (p. 732) Un sistema 
de ecuaciones en donde al menos una de las ecuaciones no 
es lineal 


sistema de tres ecuaciones lineales (p. 30) Un conjunto 
de tres ecuaciones de la forma ax + by + cz = d, donde x, 
y, y zson variables y a, b, y c no son todos cero 


muestra sistematica (po. 670) Una muestra en la que se 
usa una regla para seleccionar miembros de una poblacion 


tangente (p. 462) Una ecuaci6n trigonométrica de un 
Angulo agudo 4 de un triangulo recto, denotado por 
opuesto 

tan 9 = Puss | 
adyacente 

lado terminal (p. 470) Un rayo de un Angulo en posici6n 
normal que ha sido rotado con respecto al vértice en un 
plano coordenado 


término de una secuencia (p. 470) Los valores en el 
rango de una secuencia 


probabilidad teorica (p. 539) Larazén del nimero de 
resultados favorables con respecto al ntimero total de 
resultados cuando todos los resultados son igualmente 
probables 


transformacion (p. 5) Un cambio en el tamafio, forma, 
posicién u orientacion de un grafico 


traslacion (p. 5) Una transformaci6on que desplaza un 
grafico horizontal y/o verticalmente, pero no cambia su 
tamano, forma u orientacion 


grupo de tratamiento (p. 620) El grupo que esta 
sometido al tratamiento en un experimento 


identidad trigonométrica (p. 574) Una ecuacién 
trigonomeétrica verdadera para todos los valores de la 
variable por la cual se definen ambos lados de la ecuaci6n 


two-way table (p. 554) A frequency table that displays 
data collected from one source that belong to two different 
categories 


PU | 


unbiased sample (p. 671) A sample that is representative 
of the population that you want information about 


unit circle (p. 479) The circle x* + y* = 1, which has 
center (0, 0) and radius | 


vertex form (0.50) A quadratic function written in the 
form f(x) = a(x — h)* + k, where a # 0 


vertex of a parabola (p.50) The lowest point on a 
parabola that opens up or the highest point on a parabola 
that opens down 


vertical shrink (p. 6) A transformation that causes the 
graph of a function to shrink toward the x-axis when all 
the y-coordinates are multiplied by a factor a, where 
O0<a<l 


vertical stretch (po. 6) A transformation that causes the 
graph of a function to stretch away from the x-axis when 
all the y-coordinates are multiplied by a factor a, where 
as | 


Z| 


z-score (p.597) The z-value for a particular x-value which 
is the number of standard deviations the x-value lies above 
or below the mean 


zero of a function (p. 96) An -x-value of a function f for 
which f(x) = 0 


tabla de doble entrada (p. 554) Una tabla de 
frecuencia que muestra los datos recogidos de una fuente 
que pertenece a dos categorias distintas 


muestra no sesgada (p. 677) Una muestra que es 
representativa de la poblacidn de la que se quiere 
informacién 


circulo unitario (p. 479) El circulo x? + y* = 1, que tiene 
como centro (0, 0) y radio 1 


formula de vértice (o. 50) Una funcién cuadratica escrita 
en la forma f(x) = a(x — h)* + k, donde a + 0 


vértice de una parabola (p. 50) El punto mas bajo de 
una parabola que se abre hacia arriba 0 el punto mas alto de 
una parabola que se abre hacia abajo 


reduccion vertical (po. 6) Una transformaci6n que hace 
que el grafico de una funcion se reduzca hacia el eje x 
cuando todas las coordenadas y se multiplican por un factor 
a, donde 0 <a < | 


ampliacion vertical (o. 6) Una transformacién que hace 
que el grafico de una funcion se amplie desde el eje x 
cuando todas las coordenadas y se multiplican por un factor 
a, donde a> 1 


puntaje z (p. 597) El valor z para un valor particular x que | 


es el ntimero de desviaciones estandar que el valor x tiene 
por encima o por debajo de la media 


cero de una funci6n (. 96) Un valor x de una funcion 
f para el cual f(x) = 0 
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Index 


Absolute value expressions, order by 
value, 459 
Absolute value function(s) 
parent function of, 4, 6, 7 
transformations of, 11, 38 
Addition 
additive inverse of complex 
numbers, 108 
of complex numbers, 105 
of polynomials, 165-166 
vertically and horizontally, 166 
of radicals and roots, 246-247 
of rational expressions, 383-385, 
401 
sum formulas for trigonometric 
functions, 519-521, 530 
sum of arithmetic sequence, 417 
sum of finite arithmetic series, 
420-421 
sum of finite geometric series, 
428-429 
sum of infinite geometric series, 
435-438, 453 
sum of series, 413 
sum of two cubes, factoring, 180-181 
of two functions, 269-270 
Age pyramids, 594 
Algebra tiles, completing the square, 
111 
Amplitude, of sine and cosine, 486-490 
“and” (intersection), 564—565 
Angle measures of triangles, 464 
Angle of depression, 465 
Angle of elevation, 465 
Angles and radian measure, 469-473, 
526 
converting between degrees and 
radians, 471 
coterminal, 471 
degree and radian measures of 
special angles, 472 
radian measure and degree measure, 
469 
in standard position, 470 
using radian measure, 471—473 
Angles, trigonometric functions of, 
477-481, 527 
Another Way 
central angle and sector, 473 
change-of-base formula, 330 
equation with two radicals, solving, 
264 


function operations, division, 271 
intersection points, 143 
polynomials, factoring, 182 
probability, sample space and 
outcomes, 538 
quadratic equations, solving, 
12s 123. P25 
Quadratic Formula, 135 
quadratic functions, 115 
rational equations, solving, 394 
rational expressions, multiplying, 
Sia) 
rational functions 
inverse variation and constant of 
variation, 361 
rewriting and graphing, 368 
Rational Root Theorem, 191 
three-variable system, solving, 
31-32 
trigonometric expressions, 521-522 
trigonometric functions, using circle 
‘to find, 479 
Arc length, 472—473 
Archimedes, 440 
Area 
under a normal curve, 596 
of rectangular prism, 155 
of sector, 472—473 
using to find probability, 540 
Arithmetic sequence(s), 417—420, 452 
defined, 418 
Dirichlet Prime Number Theorem, 
424 
graphs of, 417 
identifying, 418 
recursive equations, 442 
rules for, 418—420 
sum of, 417 
Arithmetic series, 420—421, 452 
defined, 420 
sum of finite series, 420—421 
Asymptote(s) 
defined, for exponential functions, 
296 
for rational functions, 366 
for secant and cosecant functions, 
500-501 
for tangent and cotangent functions, 
499-500 
Average rate of change, 77 
Axis of symmetry 
defined, of parabola, 56 
graphing a parabola, 255 
and standard equations of parabolas, 
69-70 


Bayes’ Theorem, 560 
Bell-shaped and symmetric 
histogram, 599 
Bias 
defined, 611 
recognizing in sampling, 611-612 
recognizing in survey questions, 613 
Biased questions, 613 
Biased sample, 61 | 
Binomial distribution(s), 579-582, 
588 
constructing, 582 
defined, 581 
interpreting, 582 
Binomial expansions, 574 
Binomial experiments, 58 | 
Binomial Theorem, 574 
Binomials 
cube of, 165, 167 
as factor in polynomial, 182 
multiplying three, 167 
square of, 167 
using Pascal’s Triangle to expand, 
169 
Birthday problem, 578 


Causality, 621 


Census, 604, 612 
Central angle, 472 
Change-of-base formula, 329-330 
Circle 
graphing with center at origin, 255 
standard form of, 134 
unit, 460, 477, 479, 514 
Cluster sample, 610 
Coefficient of determination, 79 
Cofunction identities, 514 
Coin flip, 538, 569, 579 
Combination(s), 569, 572-573, 588 
counting, 572 
defined, 572 
finding probability using, 573 
formula, 572-573 
Common denominators, adding or 
subtracting rational 
expressions, 384 
Common difference 
defined, 418 
in rules for arithmetic sequences, 419 


N 
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Common Errors 
imaginary solutions, 123 
nth roots, 240 
polynomials 
long division, 174 
squaring and cubing, 167 
subtraction, 166 
probability 
and binomial distribution, 582 
overlapping events, 565 
properties of logarithms, 328 
Quadratic Formula, 122 
in quadratic functions, 57, 59 
radian measure, 473 
rational exponents, 239 
and radicals, 247 
rational expressions 
simplifying, 376 
subtracting, 386 
recursive equation and rule, 443 
sequences, 411 
rule for arithmetic sequence, 419 
rule for geometric sequence, 427 
series, finding sum of, 413 
substitution, 134 
Common logarithm(s) 
changing a base, 329-330 
defined, 311 
evaluating, 311 
Common ratio 
defined, 426 
in rules for geometric sequences, 
427 
Comparative studies and causality, 
621 
Complement of event, 539-540 
Completing the square, 111-115, 149 
compared to other methods for 
solving quadratic equations, 
(25 
defined, 112 
solving quadratic equations 
by completing the square, 
113-114 
using square roots, 112 
writing quadratic functions in vertex 
form, 114 
Complex conjugates, 199-200 
Complex Conjugates Theorem, 
199-200 
Complex fraction(s) 
defined, 387 
simplifying, 357 
Complex number(s), 103—107, 148 
additive inverse of, 108 
complex solutions and zeros, 107 
defined, 104 
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equality of two, 105 
imaginary numbers, 103-104 
imaginary unit 7, 103-105 
operations with, 105-106 
adding, 105 
multiplying, 106 
subtracting, 105 
relationships in set of complex 
numbers, 103-104 
set of, 103 
Compound event(s), 564-565 
Compound interest, 299, 306 
Concept Summary 
degree and radian measures of 
special angles, 472 
methods for solving quadratic 
equations, 125 
zeros, factors, solutions, and 
intercepts, 212 
Conditional probability 
comparing, 557 
defined, 547 
finding with a table, 549 
finding with conditional relative 
frequencies, 556 
Conditional relative frequency, 
555-556 
Conic sections, 372 
Conjugate(s) 
complex, 199-200 
defined, 246 
Irrational Conjugates Theorem, 193 
Consecutive ratio test for exponential 
models, 294 
Consistent linear system, 29 
Constant function, standard form of, 
158 
Constant of variation, 360 
Constant term in function, 158 
Contingency table, 554 
Continued fraction, 476 
Continuous functions, 156 
Continuously compounded interest, 
306 
Control group 
defined, 620 
resampling data using simulation, 
635 
Controlled experiment, 620 
Convenience sample, 610-611 
Correlation, 621 
Correlation coefficient, 25 
Cosecant function 
characteristics of, 500 
defined, 461-462 
fundamental trigonometric 
identities, 514 
graphing, 500-501, 528 


Cosine function 
characteristics of, 486 
defined, 461-462 
fundamental trigonometric 
identities, 514 
graphing, 485-490, 527 
reflecting, 490 
sinusoid graphs, 507-508 
stretching and shrinking, 487—488 
translating, 488-489 
Cotangent function 
characteristics of, 498 
defined, 461-462 
fundamental trigonometric 
identities, 514 
graphing, 498-500, 528: 
Coterminal angles, 471 
Critical values, 142 
Cross multiplying, to solve rational 
equation, 392 
Cube of a Binomial, special product 
pattern, 165, 167 
Cube root function, parent function 
for, 252-253 
Cubic equations 
and imaginary solutions, 197 
and repeated solutions, 189 
solving by factoring, 190 
Cubic functions 
cubing binomials, 165, 167 
Difference of Two Cubes, 180 
inverse of, 279 
standard form of, 158 
Sum of Two Cubes, 180 
transforming graph of, 205 
writing for set of points, 220 
Cycle, of sine and cosine, 486 


Data analysis and statistics 
data collection, 609-613, 641 
experimental design, 619-622, 641 
inferences from experiments, 
633-636, 642 
inferences from sample surveys, 
625-629, 642 
normal distributions, 595—599, 640 
populations, samples, and 
hypotheses, 603-606, 640 
Data collection, 609-613, 641 
bias in sampling, 611-612 
bias in survey questions, 613 
methods of, 612-613 
sampling methods in statistics 
studies, 610-611 
Data, resampling, 633-634 
using simulation, 635 


Data sets 
analyzing, 595 
classifying, 342 
Decay factor, 296, See also 
Exponential decay function(s) 
Deductive reasoning, 46 
Degree measure of angles, 469 
converting to radians, 471-472 
of special angles, 472 
Degree of function, 158 
and end behavior, 159 
relationship to number of solutions, 
198 
Denominators, See also Least 
common denominator (LCD) 
like and unlike, adding or 
subtracting rational 
expressions, 384-387 
rationalizing, 95, 245 
Dependent events, 545-548, 586 
comparing to independent events, 
548 
defined, 545, 547 
determination of, 545 
probability of, 547-548 
Descartes, René, 200 
Descartes’s Rule of Signs, 200-201 
Descriptive statistics, 626 
Die roll, 538 
Difference Formulas for trigonometric 
functions, 519-521 
Difference of Two Cubes, 180-181 
Differences of outputs, 78, 219-221, 
342 
Direct variation, 359-361 
Directrix, of parabola, 68, 85 
Dirichlet Prime Number Theorem, 
424 
Discriminant, in Quadratic Formula, 
124-125 
Disjoint events, 564, 587 
Distance Formula, 45 
writing equation of parabola, 68 
Division 
of polynomials, 173-176, 227 
long division, 174 
Remainder Theorem, 176 
synthetic division, 175 
of rational expressions, 378-379, 
401 
by polynomial, 379 
of two functions, 270-271 
Domain 
of function, finding, 293 
of rational expression, 376 
of sequences, 410 
Doppler effect, 372 
Dot plot, 628 


Electrical circuits, 106 
Elimination, solving nonlinear system 
by, 133 
End behavior of function’s graph, 
159 
Equality for Exponential Equations, 
Property of, 334 
Equality for Logarithmic Equations, 
Property of, 335 
Equations, solving, 407 
Even function(s), 215 
Event(s) 
compound, 564-565 
defined, 538 
probability of complement of, 
539-540 
Exactly one solution, in system of 
three linear equations, 30-31 
Experiment(s) 
defined, 612 
describing, 620 
making inferences, 633-636, 642 
See also Inferences from 
experiments 
randomization in, and designing, 
621 
with two samples, 634 
Experimental design, 619-622, 641 
analyzing, 622 
describing experiments, 620 
randomization in experiments and 
observational studies, 621 
using experiments, 619 
Experimental probability, 541, 545 
Explicit rule(s) 
defined, 442 
translating between recursive rules 
and, 444 
Exponential decay function(s), 
295-299, 350 
defined, 296 
graphing, 297 
Exponential decay models, 297—299 
Exponential equation(s) 
defined, 334 


Property of Equality for Exponential 


Equations, 334 
solving, 333-335, 352 
Exponential form, 310 
Exponential function(s) 
defined, 296 
growth and decay functions, 
295-299, 350 


inverse properties of, 312 
modeling with, 341-345, 352 
natural base e, 303-306, 350 
transformations of, 317-319, 321, 
351 
writing, 343-344 
Exponential growth function(s), 
295-299, 350 
defined, 296 
graphing, 297 
Exponential growth models, 297-299 
Exponential inequalities, solving, 337 
Exponential Property of Inequality, 
San 
Exponential models 
consecutive ratio test, 294 
exponential regression, 345 
writing and finding, 341-345 
Exponential Property of Inequality, 
O37 
Exponents 
properties of integer exponents, 235, 
243 
properties of rational exponents, 
239, 243-244 
using, 293 
Expressions 
evaluating, 1 
with rational exponents, 239, 243 
simplifying algebraic, 155 
simplifying radical, 245-247 
writing in radical form, 237 
writing in rational exponent form, 
PAE 
Extraneous solutions 
defined, 263 
solving rational equation with, 394 


Factor by grouping, 181 
Factor, equivalent statements, 212 
Factor Theorem, 182-183, 200 
Factored completely, 180 
Factorial numbers 
n, 570 
writing recursive rules, 443 
Factoring 
compared to other methods for 
solving quadratic equations, 
125 
polynomials, 91, 96, 179-183, 227 
determining whether binomial is 
a factor, 182 
Difference of Two Cubes, 
180-18] 
by grouping, 181 
in quadratic form, 181 


index A81 


Sum of Two Cubes, 180-181 
solving polynomial equations by, 
190 
solving quadratic equations by, 94, 
96 
special products, 91 
Favorable outcomes, 539 
Fibonacci, Leonardo, 449 
Fibonacci sequence, 443, 449 
Finite differences, 220-221 
Finite sequence, 410 
Finite series, 412 
sums of arithmetic series. 420-421 
sums of geometric series, 428—429 
First differences, 78, 219-221 
Flawed reasoning, 46 
Focus, of parabola, 67—71, 85 
defined, 68 
FOIL method, 51, 106 
Formulas 
change-of-base, 329 
combinations, 572 
Distance Formula, 45 
margin of error, 629 
permutations, 571 
Quadratic Formula, 122 
special series, 413 
trigonometric functions 
difference formulas, 520 
sum formulas, 520 
Fractals 
Koch snowflake, 432 
Sierpinski carpet, 432 
Sierpinski triangle, 440 
Fractions 
continued, 476 
writing repeating decimal as, 438 
Frequency(ies) 
defined, in trigonometric functions, 
506 
probability and two-way tables, 
554-556 
Functions 
continuous, 156 
evaluating, 407 
inverses, 275-280, 288 
operations on, 269-272, 288 
Fundamental Counting Principle, 
570 
Fundamental Theorem of Algebra, 
197-201, 229 
Fundamental Trigonometric 
Identities, 514 


Gauss, Car]! Friedrich, 198, 417 
Gaussian function, 341 


A82 Index 


Geometric probability, 540 
Geometric sequence(s), 425—428, 453 
defined, 425-426 
graphs of, 425 
identifying, 426 
recursive equations, 442 
sum of, 425 
writing rules for, 426-428 
Geometric series, 428-429, 453 
defined. 428 
partial sums of infinite series, 436 
Quadrature of Parabola, 440 
sum of finite series, 428—429 
sum of infinite series, 435-438, 453 
Graph of the system, 141 
Graphing 
compared to other methods for 
solving quadratic equations, 
125 
exponential functions, 297, 309 
logarithmic functions, 309, 313 
polynomial functions, 157-161, 212, 
226 
analyzing, 211-215, 230 
quadratic functions 
in standard form, 57 
using symmetry, 56, 69—70 
using x-intercepts, 59 
quadratic inequality in two variables, 
140 
radical functions, 251-255, 287 
parabolas and circles, 255 
square root and cube root, 252 
transforming, 253-254 
rational functions, 365—369, 386, 
400 
hyperbola, 366 
translation of, 367 
secant and cosecant functions, 
500-501, 528 
sine and cosine functions, 485—490, 
a2 
solving 
nonlinear system by, 132, 135 
quadratic equations by, 94, 135 
quadratic inequality by, 142 
sum of two functions, 269 
tangent and cotangent functions, 
497-500, 528 
Graphing calculator 
areas under normal curves, 596 
combinations, 572 
cubic regression feature, 221-222 
degree mode, 464 
dot mode, 445 
exponential regression, 345 
function operations, 272 


intersect feature, 135, 337 
limitations of, 92 

linear regression feature, 25 
logarithmic regression, 345 
maximum feature, 79, 214 
minimum feature, 214 
permutations, 571 

quadratic regression feature, 75, 79 
randInt feature, 612 

regression feature, 219 
sequence mode, 445 

sinusoidal regression, 509 

solve a right triangle, 464 
square viewing window, 2, 92 
standard viewing window, 2 
table feature, 156, 298, 377 
trace feature, 222, 298, 369, 445 
using Location Principle, 213 
variables displayed, 143 

zero feature, 214 


Graphs 


of cubic and quartic functions, 
transforming, 205 
of polynomial functions, analyzing, 
211-2135,.230 
even and odd functions, 215 
turning points, 211, 214 
using Location Principle, 213 
of radical functions, transformations, 
251-255, 287 
transforming 
of exponential functions, 318 
of logarithmic functions, 320 


Growth factor, 296, See also 


Exponential growth function(s) 


Heads and tails, 538 
Histograms 


analyzing, 579 
making, 535 
normal distributions, and skews, 599 


Hooke’s Law, 283 
Horizontal axis of symmetry, of 


parabolas, 69-70 


Horizontal Line Test, 278 


Horizontal shrinks 
of exponential functions, 318 
of linear functions, 14 
of logarithmic functions, 320 
of polynomial functions, 206—207 
of quadratic functions, 49 
of radical functions, 253—254 


Horizontal stretches 


of exponential functions, 318 
of linear functions, 14 
of logarithmic functions, 320 


of polynomial functions, 206 

of quadratic functions, 49 

of radical functions, 253 
Horizontal translations 

of cosine function, 489 

of exponential functions, 318 

of linear functions, 12 

of logarithmic functions, 320 

of polynomial functions, 206 

of quadratic functions, 48 

of radical functions, 253 
Hyperbolas, 366-368 
Hypotenuse, 462 
Hypotheses 

analyzing, 605-606, 640 

defined, 605 


Identities, See Trigonometric 
identity(ies) 
Imaginary number(s) 
defined, 104 
solutions of cubic and quartic 
equations, 197 
solving equations with imaginary 
solutions, 123 
Imaginary unit i 
defined, 104 
equality of two complex numbers, 
105 
finding square roots of negative 
numbers, 104 
Inconsistent linear system, 29 
Independent events, 545-548, 586 
comparing to dependent events, 548 
defined, 545-546 
determination of, 545-546 
probability of, 546-547 
Index of radical, 238 
Index of refraction, 522 
Index of summation, 412-413 
Indirect measurement, 465 
Inequality 
Exponential Property of, 337 
Logarithmic Property of, 337 
Inferences from experiments, 
633-636, 642 
about a treatment, 636 
experiments with two samples, 634 
resampling data, 633-634 
using simulation, 635 
Inferences from sample surveys, 
625-629, 642 
analyzing estimated population 
parameters, 628 
estimating population parameters, 
626-627 


margins of error for surveys, 629 
Inferential statistics, 626 
Infinite sequence, 410 
Infinite series, 412 
partial sums of geometric series, 436 
sums of geometric series, 435-438, 
453 
Infinitely many solutions, in system of 
three linear equations, 30, 32 
Infinity, positive and negative, 159 
Information design, 594 
Initial side, 470 
Intercept form, See also x-intercepts 
graphing quadratic function in, 59 
writing quadratic equations, 76—77 
Intersection of events, 564-565 
Inverse functions, 277 
Inverse properties of exponential 
functions and logarithmic 
functions, 312 
Inverse variation, 359-362, 400 
classifying equations and data, 
360-361 
defined, 360 
writing equations, 361 
Inverses of functions, 275—280, 288 
of cubic function, 279 
formula for input of function, 276 
graphing, 275 
horizontal line test, 278 
of linear function, 277 
of nonlinear functions, 278-279 
of quadratic function, 278 
of radical function, 279 
of rational functions, 395 
verifying, 280 
Irrational Conjugates Theorem, 193 


Joint frequency, 554 
Joint relative frequency, 555 


Kepler’s third law, 242 


Leading coefficient, 158 
and end behavior, 159 
Least common denominator (LCD), 
384-385 
to solve rational equation, 393 
Least common multiple (LCM), 
384-385 
Liber Abaci (Fibonacci), 449 
Like radicals, 246 
Likelihoods, and probabilities, 536, 
538 
Line of best fit, 25 


Line of fit, 24 
Line of reflection, 5, 277 
Linear equation in three variables, 30 
Linear equations, writing from a 
graph or table, 22-23 
Linear function(s) 
inverse of, 277 
modeling with, 21~—25, 39 
parent functions and 
transformations, 3—7, 38 
solving linear systems, 29-33, 40 
standard form of, 158 
transformations of, 11—15, 38 
Linear regression, in graphing 
calculator, 25 
Linear systems, See Systems of linear 
equations 
Literal equations, rewriting, 235 
Local maximum, 214 
Local minimum, 214 
Location Principle, 213 
Logarithm(s) 
change-of-base formula, 329-330 
and logarithmic functions, 309-313, 
350-351 
properties of, 327-330, 351 
rewriting logarithmic 
expressions, 329 
Logarithm of 1, 311 
Logarithm of b with base 5, 311 
Logarithm of y with base b, 310 
Logarithmic equation(s) 
defined, 335 
Property of Equality for Logarithmic 
Equations, 335 
rewriting, 310 
solving, 333-336, 352 
Logarithmic form, 310 
Logarithmic function(s) 
graphing, 313 
inverse properties of, 312 
and logarithms, 309-313, 350-351 
modeling with, 341-345, 352 
natural base e, 303-306, 350 
parent graphs for, 313 
transformations of, 317, 320-321, 
Bail 
Logarithmic inequalities, solving, 337 
Logarithmic Property of Inequality, 
337 
Logarithmic models 
logarithmic regression, 345 
writing and finding, 341-345 
Logarithmic Property of Inequality, 
337 
Logic, deductive reasoning, 46 
Logistic function, 341 


index A83 


Long division of polynomials, 174 
Lower limit of summation, 412 


Margin of error, 629 
Marginal frequency, 554 
Marginal relative frequency, 555 
Maximum value(s) 
defined, of parabola, 58 
finding with zeros of function, 97 
local maximum, 214 
of sine and cosine functions, 487-488 
Mean 
area under normal curve, 596 
comparing measures of center, 593 
Measures of center, comparing, 593 
Measuring 
angle measures of triangles, 464 
angles and radian measure, 
469-473, 526 
indirect measurement, 465 
right triangle trigonometry, side 
lengths and angle measures, 
464 
units, converting, 358 
Median, comparing measures of center, 
593 
Midline of graph, 488 
Minimum value(s) 
defined, of parabola, 58 
finding with zeros of function, 97 
local minimum, 214 
of sine and cosine functions, 487-488 
Mode, comparing measures of center, 
04 
Modeling 
circular motion, and jump ropes, 508 
a dropped object, 98 
with exponential functions, 
341-345, 352 
a launched object, 126 
with linear functions, 21~25, 39 
with logarithmic functions, 
341-345, 352 
with polynomial functions, 219-222, 
230 
with quadratic functions, 75-79, 86 
with trigonometric functions, 
505-509, 529 
electric currents, 505 
frequency, 506 
Modeling with Mathematics, 
Throughout. See for example: 
data analysis, and information 
design, 594 
exponential and logarithmic 
functions, annual interest, 306 


A84 Index 


linear functions 
function identification, 7 
transformations of linear 
functions, 15 
writing linear equation from a 
table, 23 
polynomial! functions, and volume of 
pyramid, 208 
probabilities and likelihoods, 536 
quadratic equations 
and baseball, 115 
perimeter and area of land, 143 
quadratic functions 
parabola and golf shot, 60 
path of water spray, 51 
radical functions, and dropped 
object, 254 
rational functions 
3-D printers, 369 
inverse variation, 362 
sequences and series, interest 
compounded monthly, 446 
trigonometric functions, 473 
Monomials, finding a common factor, 
180 
Moore’s Law, 451 
Multiplication 
of complex numbers, 106 
of polynomials, 165, 167-168, 226 
square and cube of binomials, 
167 
sum and difference product, 167 
vertically and horizontally, 167 
Properties 
Power of Product, 168, 244 
Product of Powers, 167, 244 
Zero-Product, 96 
of rational expressions, 377-378, 
401 
by polynomial, 378 
of two functions, 270-271 
Multiplicity, repeated solutions, 190 
Multi-step problems, quadratic 
functions, 97 
Mutually exclusive events, 564 


n factorial, 570 
Natural base e, 303-306, 350 
approximating, 303 
defined, 304 
graphing natural base functions, 
303, 305 
Natural base exponential function, 
303, 305 
translating, 319 


Natural logarithm(s) 
changing a base, 329-330 
defined, 311 
evaluating, 311 
Negative angle identities, 514 
Negative Exponent Property, 244 
Negative real zeros, 200—201 
Newton’s Law of Cooling, 335 
No solutions, in system of three linear 
equations, 30, 32 
Nonlinear systems of equations, 
solving, 131-135, 150 
by elimination, 133, 150 
by graphing, 132, 135 
by substitution, 133, 134 
Normal curve, area under, 596 
Normal distribution(s), 595—599, 640 
areas under a normal curve, 596 
defined, 596 
finding a normal probability, 596 
recognizing, 599 
standard normal! distribution, 
597-598 
Notation, for series, summation and 
sigma, 412 
nth root(s) 
defined, of a, 238 
and rational exponents, 237-240, 
286 
real nth roots of a, 238 
solving equations, 240 
nth term 
rule for, in arithmetic sequence, 419 
rule for, in geometric sequence, 427 
Numbers of solutions 
of nonlinear systems, 132 
circle and line, 134 
relationship to degree of polynomial, 
198 
in system of three linear equations, 
30-32 
‘using Quadratic Formula, 124 
Observational study 
defined, 612 
in experimental design, 620-621 
Odd function(s), 215 
Operations on functions, 269-272, 
288 
addition, 269-270 
division, 270-271 
multiplication, 270-271 
subtraction, 270-271 
Opposite side, 462 
“or” (union), 564—565 


Ordered triple, 30 
Oscillating motions, 506 
Outcomes 

defined, 538 

favorable, 539 
Overlapping events 

defined, 564 

finding probability of, 565, 587 
Parabola(s) 


defined, 48 


directrix, 68-70 
Distance Formula to write equation 
of, 68 
equation of translation of, 71 
finding maximum and minimum 
values, 58 
focus of, 67-71, 85 
graphing with horizontal axis of © 
symmetry, 255 
latus rectum, 74 
properties of graph of, 57, 59 
Quadrature of Parabola, 440 
satellite dishes and spotlights, 67 
standard equations of, 69~70 
and symmetry, 55—56 
Parabolic reflectors, 71 
Parameter(s) 
defined, 605 
and statistics, 605 
Parent function(s) 
defined, 4 
for exponential decay functions, 296 
for exponential growth functions, 
296 
identifying, 3-4 
for logarithmic functions, 313 
of quadratic functions, 5—7 
for simple rational functions, 366 
of sine and cosine, 486 
for square root and cube root 
functions, 252—253 
Partial sum of infinite geometric 
series, 436 
Pascal, Blaise, 169 
Pascal’s Triangle 
binomial expansions and, 574 
defined, 169 
patterns for cubing binomials, 165, 
169 
using to expand binomials, 169 
Patterns 
inverse variation, 362 
Pascal’s Triangle and cubing 
binomials, 165 


special factoring patterns of 
polynomials, 180 
special product patterns of 
polynomials, 167—168 
Pendulum 
and infinite geometric series, 438 
period, 258 
Percent, finding, 535 
Perfect square trinomial, 113 
Performance Tasks 
Accident Reconstruction, 83 
Algebra in Genetics: The 
Hardy-Weinberg Law, 147 
For the Birds—Wildlife 
Management, 225 
Circuit Design, 399 
Curving the Test, 639 
Integrated Circuits and Moore’s 
Law, 451 
Lightening the Load, 525 
Measuring Natural Disasters, 349 
A New Dart Board, 585 
Secret of the Hanging Baskets, 37 
Turning the Tables, 285 
Period © 
defined, of sine and cosine, 486-487 
of tangent and cotangent, 499 
Periodic function, of sine and cosine, 
486 
Permutation(s), 569-571, 588 
counting, 570 
defined, 570 
finding probability using, 571 
formulas, 571 
Phase shift, 488 
Pi (77), 476 
Placebo, 620 
Point-slope form, writing equation of 
a line, 22 
Polynomial(s) 
adding and subtracting, 165-166, 
226 
defined, 158 
dividing, 173-176, 227 
rational expression by, 379 
factoring, 91, 179-183, 227 
multiplying, 165, 167-168 
rational expression by, 378 
set of 
closed under addition and 
subtraction, 166 
closed under multiplication, 167 
not closed under division, 175 
Polynomial equation(s) 
Fundamental Theorem of Algebra, 
197-201, 229 
solving, 189-193, 228 
by factoring, 190 


Polynomial function(s), 154 
analyzing graphs of, 211-215, 230 
defined, 158 
end behavior of, 159 
finding zeros of, 190, 192, 199 
graphing, 157-161, 212, 226 
identifying and evaluating, 158-159 
modeling with, 219-222, 230 
standard form of, 158 
summary of common types of, 158 
transformations of, 205—208, 229 
turning points of, 214 

Polynomial identity, proving, 168 

Polynomial long division, 174 

Population parameters 
analyzing estimated, 628 
estimating, 626-627 

Population proportion, 605 
estimating, 627 

Populations, and samples, 604-605, 

640 

Positive real zeros, 200-201 

Power function, 252 

Power of Power Property, 238, 244 

Power of Product Property, 168, 244 

Power of Quotient Property, 244 

Power Property of Logarithms, 328 

Precision, Attending to 
exactly two answers, 539 
extraneous solutions, 263 
graphing calculator viewing window, 

DNS 
probabilities, 582 

Principal (investment), 299 

Principal root, 238 

Prisms 
rectangular, 155 
triangular, 522 

Probability, 534 
binomial distributions, 579-582, 588 
of complements of events, 539-540 
conditional (See Conditional 

probability) 
disjoint and overlapping events, 
563-566, 587 
experimental, 541, 545 
frequencies, 554-556 
geometric, 540 
independent and dependent events, 
545-549, 586 
permutations and combinations, 
569-574, 588 
sample spaces, 537-541, 586 
theoretical, 538-540 
two-way tables, 553-557, 587 

Probability distribution(s) 

constructing, 580 


Index A85 


defined, 580 
interpreting, 581 
normal distribution, 595-599 
Probability experiment, 538 
Probability of an event 
defined. 538 
and likelihoods, 536, 538 
Probability of complement of event, 
539-540 
Probability of compound events, 
564-565 
Probability of dependent events, 
547-548 
Probability of independent events, 
546-547 
Product of Powers Property, 167, 244 
Product Property of Logarithms, 328 
Product Property of Radicals, 245, 
253 
Property(ies) 
of Equality for Exponential 
Equations, 334 
of Equality for Logarithmic 
Equations, 335 
Exponential Property of Inequality, 
B37 
of exponents, 235, 243 
of finite differences, 221 
of graph of parabola 
in intercept form, 59 
in standard form, 57 
inverse properties of exponential and 
logarithmic functions, 312 
Logarithmic Property of Inequality, 
337 
of logarithms, 327-328, 351 
Power Property, 328 
Product Property, 328 
Quotient Property, 328 
Negative Exponent, 244 
Power of Power, 238, 244 
Power of Product, 168, 244 
Power of Quotient, 244 
Product of Powers, 167, 244 
Quotient of Powers, 244 
of radicals 
Product Property of Radicals, 
245, 253 
Quotient Property of Radicals, 
245 
of rational exponents, 239, 243, 244, 
286 
Zero Exponent, 244 
Zero-Product, 96 
Published reports, evaluating, 620 
Pure imaginary number(s), 104 
Pure tone, 506 
Pythagorean identities, 513,514, 521 
Pythagorean Theorem, 459, 462, 526 


A86 Index 


Quadrantal angles, 479 
Quadratic equation(s), See also 
System(s) of nonlinear 
equations 
solving, 93-98, 148 
by completing the square, 
113-114 
complex solutions and zeros, 107 
by factoring, 94, 96 
by graphing, 94, 135 
using Quadratic Formula, 
122-123 
using square roots, 94, 95 
summary of methods for solving, 
125 
writing with three points, 78 
Quadratic equation in one variable, 
94 
Quadratic form, factoring polynomials 
in, 181 
Quadratic Formula, 121—126, 149 
analyzing the discriminant, 124—125 
compared to other methods for 
solving quadratic equations, 
125 
defined, 122 
deriving, 121 
solving equations using, 122—123 
Quadratic function(s) 
characteristics of, 55—60, 84 
defined, 48 
focus of a parabola, 67-71 
graphing 
in standard form, 57 
using symmetry, 56 
using x-intercepts, 59 
identifying graphs of, 47 
inverse of, 278 
modeling with, 75-79, 86 
parent function of, S—7 
in standard form, 56 
transformations of, 47-51, 84 
writing in vertex form, 114 
Quadratic inequality(ies), 139-143, 
150 
graphing in one variable, 142 
graphing in two variables, 140 
solving, 139 
by graphing, 142 


Quadratic inequality in one variable, 


142 
Quadratic inequality in two 
variables, 140 
Quadratic regression, 75, 79 
Quadrature of Parabola, 440 


Quartic equation(s), and imaginary 
solutions, 197 
Quartic function(s) 
finding zeros of, 190 
standard form of, 158 
transforming graph of, 205 
Quotient of Powers Property, 244 
Quotient polynomial, 174 
Quotient Property of Logarithms, 
328 
Quotient Property of Radicals, 245 
Radian measure, See also Angles and 
radian measure 
of angles, writing, 469 
of special angles, 472 
using, 471-473 
Radians, 471 
Radical equation(s) 
defined, 262 
solving, 261-265, 287 
with extraneous solutions, 263 
with rational exponent, 264-265 
steps, 262 
with two radicals, 264 
Radical expressions, simplifying, 
245-247 
Radical form 
compared to rational exponent form, 
239 
writing expressions in, 237 
Radical function(s) 
defined, 252 
graphing, 251-255, 287 
inverse of, 279 
transformations of, 253-254 
Radical inequalities, solving, 265, 287 
Radicals 
products and quotients of, 243 
properties of, 245, 286 
Random sample 
and bias in sampling, 611 
defined, 610 
in populations and samples, 604 
Random variable, 580 
Randomization, 620-621 
Randomized block design, 622 
Randomized comparative 
experiment 
defined, 620 
and resampling data, 633-634 
Range 
of function, finding, 293 
of sequences, 410 
Rational equations, solving, 391-395, 
402 


by cross multiplying, 392 
with extraneous solution, 394 
by using the least common 
denominator, 393 
Rational exponents 
and nth roots, 237-240, 286 
properties of, 239, 243, 244, 286 
Rational expression(s) 
adding and subtracting, 383-386, 
401 
defined, 376 
dividing, 378-379, 401 
by polynomial, 379 
multiplying, 377-378, 401 
by polynomial, 378 
rewriting rational functions, 386 
simplifying, 376 
simplifying complex fractions, 387 
Rational function(s) 
defined, 366 
graphing, 365-369, 386, 400 
inverse of, 395 
inverse variation, 359-362, 400 
Rational numbers, adding and 
subtracting, 357 
Rational Root Theorem, 191—192 
Rationalizing the denominator, 95, 
245 
Reading 
census survey, 612 
Factor Theorem, 182 
local maximum and local minimum, 
214 
positive infinity, 159 
radians, 472 
reference angle, theta prime, 480 
series and summation notation, 412 
standard normal table, 598 
triangle letters, 464 
two-way table, 554 
Real nth roots of a, 238 
Real numbers, relationship in set of 
complex numbers, 103-104 
Real-life problems, Throughout. See 
for example: 
exponential and logarithmic 
functions 
car value, 298 
continuously compounded 
interest, 306 
Newton’s Law of Cooling, 335 
sound loudness in decibels, 330 
linear equations, seats in 
amphitheater, 33 
polynomial functions 
baseball distance, 219 
biomass energy, 222 


Descartes’s Rule of Signs, and 
tachometer, 201 
electric vehicles, 161 
roller coaster, 183 
probability 
adults with pets, 541 
diagnostic test for diabetes, 566 
quadratic equations 
complex numbers and electrical 
circuits, 106 
dropped object compared to 
thrown object, 126 
monthly magazine, 97 
quadratic inequality, rope 
climbing, 141 
quadratic functions 
golf shot, 60 
parabolic reflectors, 71 
radical functions 
annual depreciation rate, 240 
function operations, rhino, 272 
hurricane wind velocity, 263 
inverse functions, sphere, 280 
rational functions 
3-D printers, 395 
annual per capita income, 379 
sequences and series 
house of cards, 421 
loan payment, 429 
pendulum swinging distance, 438 
recursive rules and fish 
populations, 445 
stacking apples, 411 
trigonometric functions 
distance of golf ball, 481 
index of refraction and triangular 
prism, 522 
indirect measurement of canyon, 
-465 
Reasoning Abstractly 
unit circle, 460 
vertical stretch and shrink, 6 
Reasoning, deductive, 46 
Reciprocal identities, 514 
Rectangular prism, 155 
Recursive equations 
for arithmetic sequences, 442 
for geometric sequences, 442 
Recursive rule(s) with sequences, 
441-446, 454 
defined, 442 
evaluating, 441—442 
translating between explicit rules 
and, 444 
writing, 442-443 
Reference angles, 480—481 


Reflection(s) 
defined, 5 
of exponential functions, 318 
graph of inverse function, 277 
graphing and describing, 5 
of linear functions, in x-axis and 
y-axis, 13 
of logarithmic functions, 320 
of polynomial functions, 206-207 
of quadratic functions, in x-axis and 
y-axis, 49 
of radical functions, 253 
of sine and cosine functions. 490 
Relative frequencies, finding, 
conditional, 555-556 
joint and marginal, 555-556 
Relative maximum, 214 
Relative minimum, 214 
Remainder polynomial, 174 
Remainder Theorem, 176 
Factor Theorem, special case, 
182-183, 200 
Remember 
average rate of change, 77 
differences of functions, 342 
exponential functions, 343 
FOIL method to multiply binomials. 
3 
function notation, 5 
Fundamental Counting Principle, 
570 
population proportion and sample 
proportion, 627 
Power of Product Property, 168 
Product of Powers Property, 167 
proportional relationship, 22 
Pythagorean Theorem, 462 
rational equations, 395 
reflection, 490 
repeating decimal, 438 
sample mean, 626 
slope-intercept form, 5 
stretches and shrinks, 487 
vertical stretches and shrinks, 207 
vertical and horizontal translations, 
488 
x-intercept of quadratic function, 59 
Repeated solution(s) 
of cubic equations, 189 
defined, 190 
Repeating decimal, writing as fraction, 
438 
Replication, 622 
Resampling data, 633-634 
using simulation, 635 
Richter scale for earthquakes, 326, 
349 
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Right Triangle Definitions of 
Trigonometric Functions, 
462 
Right triangle trigonometry, 
461-465, 526 
evaluating functions, 462-463 
side lengths and angle measures, 
464 
six trigonometric functions, 
461-462 
trigonometric values for special 
angles, 463 
Root of an equation, 94 
Roots, approximating and evaluating, 
236 
Rule for Arithmetic Sequence, 
418-420 
Rule for Geometric Sequence, 
426-428 
Rule of Signs, Descartes’s, 200-201 
Rules for sequences, 409, 411 
Sample(s) 


defined, 604 


experiments with two samples, 634 
and populations, 604, 640 
types of, 610-611 
Sample data, using, 603 
Sample proportion, 605, 627 
Sample size, 622 
Sample space, 537-541, 586 
defined, 538 
finding, 537-538 
Sample surveys, See Inferences from 
sample surveys 
Sampling methods in statistical 
studies, 610-61] 
Sampling techniques, analyzing, 609 
Secant function 
characteristics of, 500 
defined, 461-462 
fundamental trigonometric 
identities, 514 
graphing, SOO-501, 528 
Second differences, 78, 219-221 
Sector, area of, 472—473 
Self-selected sample, 610-61 | 
Sequence(s), See also Arithmetic 
sequence(s); Geometric 
sequence(s) 
defined, 409-410 
and recursive rules, 441-446, 454 
writing rules for, 409, 411 
writing terms of, 410 
Sequences and series 
analyzing arithmetic, 417—421, 452 
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analyzing geometric, 425-429, 453 
defining and using, 409-413, 452 
recursive rules with sequences, 
441-446 
sums of infinite geometric series, 
435-438, 453 
Series, See also Arithmetic series; 
Geometric series 
defined, 412 
formulas for special series, 413 
sum of, 413 
summation notation for, 412 
writing rules for, 412-413 
Shrinks 
of exponential functions, 318 
graphing and describing vertical, 6 
of linear functions, 14 
of logarithmic functions, 320 
of polynomial functions, 206 
of quadratic functions, 49 
of sine and cosine functions, 487 
Side lengths of triangles, 464 
Sigma notation, 412 
Simplest form of a radical, 245 
Simplified form of rational 
expression, 376 
Simplifying complex fractions, 387 
Simulation(s) 
defined, 612 
and hypotheses, 605-606 
resampling data with, 635 
Sine function 
characteristics of, 486 
defined, 461—462 
fundamental trigonometric 
identities, 514 
graphing, 485—490, 527 
reflecting, 490 
sinusoid graphs, 507-508 
stretching and shrinking, 487 
translating, 488—489 
Sinusoidal regression, 509 
Sinusoids, 507 
Skewed histograms, 599 
Slope-intercept form, writing equation 
of a line, 22 
Solution of a system of three linear 
equations, 30 
Solutions, equivalent statements, 212 
Special angles 


degree and radian measures of, 472 | 


trigonometric values for, 463 
Special patterns of polynomials 

factoring, 180 

product, 167 
Special series, formulas for, 413 
Sphere, surface area and radius of, 280 


Spreadsheet, using, 408 
Square of a Binomial, special product 
pattern, 167 
Square root function, parent function 
for, 252—253 
Square roots 
compared to other methods for 
solving quadratic equations, 
125 
of negative numbers, 104 
simplifying, 91 
solving quadratic equations using, 
94-95, 112 
Standard deviation 
area under normal curve, 596 
finding, 593 
formula for, 595 
Standard equations, of parabola with 
vertex 
at (h, k), 70 
at origin, 69 
Standard form 
of circle, 134 
of common polynomial functions, 
158 
defined, for quadratic functions, 56 
graphing, quadratic functions, 57 
Standard normal distribution, 
597-598 
defined, 597 
Standard normal table, 598 
Standard position of angles, 470 
Statistics, See also Data analysis and 
statistics 
defined, 604—605 
and parameters, 605 
Straight line depreciation, 21 
Stratified sample, 610-611 
Stretches 
of exponential functions, 318 
graphing, and describing vertical, 6 
-of linear functions, 14 
of logarithmic functions, 320 
of polynomial functions, 206 
of quadratic functions, 49 
of sine and cosine functions, 487 
Study Skills 
Analyzing Your Errors, 259, 373 
Creating a Positive Study 
Environment, 119 
Form a Final Exam Study Group, 
495 
Forming a Weekly Study Group, 325 
Keeping Your Mind Focused, 187, 
433 
Making a Mental Cheat Sheet, 561 
Reworking Your Notes, 617 


Taking Control of Your Class Time, | Systems of linear equations, solving, 
19 29-33, 40 
Using the Features of Your Textbook algebraically, 31-32 


Trigonometric functions 
angles and radian measure, 
469-473, 526 


to Prepare for Quizzes and of any angle, 477-481, 527 

Tests, 65 evaluating, 462-463, 478, 480 
Substitution, solving nonlinear system Tangent function graphing functions 

by, 133-134 characteristics of, 498 secant and cosecant, 500-501, 


Subtraction 
of complex numbers, 105 
difference formulas for trigonometric 
functions, 519-521, 530 
difference of two cubes, factoring, 
180-181 
of polynomials, 165-166, 226 


defined, 461—462 528 
fundamental trigonometric sine and cosine, 485—490, 527 
identities, 514 tangent and cotangent, 497-500, 
graphing, 497—499, 528 528 
Terminal side, 470 modeling with trigonometric 
Terms of sequence, writing, 410 ___ functions, 505-509, 529 
Theoretical probability, 538-540 right triangle, 461-465, 526 


vertically and horizontally, 166 defined, 539 definitions of six functions, 
of radicals and roots, 246-247 finding, 539, 545 461-462 
of rational expressions, 383-384, Third differences, 221 side lengths and angle measures, 
386, 401 Three-variable system, solving, 31-32 464 
of two functions, 270-271 Transformation(s) trigonometric values for special 


angles, 463 
signs of function values, 480 
sum and difference formulas, 
519-522, 530 
trigonometric identities, 513-516, 


Success of trial, 541 

Sum and Difference Product of 
polynomials, 167 

Sum Formulas for trigonometric 
functions, 519-521 


of absolute value function, 11, 13, 38 
combinations of, 7, 15 

defined, 5 

describing, 5—6 

of exponential functions, 317-319, 


Sum of Two Cubes, 180-181 321, 351 wre - 
Summation notation, for series, 412 of figures, | using circle, general definitions of, 
Surveys of linear functions, 12-15, 38 : i 
; : of logarithmic functions, 317, writing, 
a le aaa d . 320-321, 351 Trigonometric identity(ies), 513-516, 
truthfulness, 609 of parent functions, 3-7, 38 530 
Benes 604 612 of polynomial functions, 205-208, defined, 514 
: fs 229 finding trigonometric values, 515 


defined, 612 

finding margins of error for, 629 

making inferences, 625-629, 642 
See also Inferences from 
sample surveys 


fundamental, 514 
in right triangle trigonometry, 461 
verifying, 516 
writing, 513 
Turning points of polynomial 


of quadratic functions, 47-51, 84 

of radical functions, 253-254, 287 
Translation(s) 

defined, 5 

of exponential functions, 318 


recognizing bias in questions, 613 graphing and describing, 5 functions 
Syllogism, 46 of linear functions, 12 approximating, 211 
Symmetric about the origin, 215 of logarithmic functions, 320 finding, 214 


Symmetric about the y-axis, 215 of natural base exponential function, local maximum and local minimum, 
Synthetic division 319 214 


defined, 175 of polynomial functions, 206-207 Two-way frequency table, 554 
of polynomials, and remainder, of quadratic functions, 48 Two-way table(s), 553-557, 587 
i 1 of radical functions, 253 defined, 554 
System(s) of nonlinear equations of simple rational functions, 367 making, 554 


defined, 132 
solving, 131-135, 150 


of sine and cosine functions, 
488-489 


and Venn diagram, 553 


Treatment group Uy 


defined, 620 Unbiased sample, 611-612 
making inferences about, 636 Union of events, 564—565 
resampling data using simulation, Unit circle 


by elimination, 133, 150 

by graphing, 132, 135 

by substitution, 133-134 
System of quadratic inequalities, 


graphing, 141 635 defined, 460, 479 
System of three linear equations Tree diagram, 569 using with six trigonometric 
defined, 30 Trials of probability experiment, 541 functions, 479 
solving algebraically, 31-32 Triangular prism, 522 Units of measure, converting, 358 


Systematic sample, 610-611 Trigonometric equations, solving, 522 Upper limit of summation, 412 
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Validity of experiment, 622 
Variation, See Inverse variation 
Venn diagram, 553 
Vertex 
defined, of parabola, 50 
and standard equations of parabolas, 
69-70 
Vertex form 
defined, of quadratic function, 50 
writing quadratic equations, 76 
writing quadratic functions in, 114 
Vertical asymptotes 
for secant and cosecant functions, 
500-501 
for tangent and cotangent functions, 
499 
Vertical axis of symmetry, of 
parabolas, 69-70 
Vertical shrinks 
defined, 6 
of exponential functions, 318 
of linear functions, 14 
of logarithmic functions, 320 
of polynomial functions, 206-207 
of quadratic functions, 49 
of radical functions, 253 
-rtical stretches 
defined, 6 
of exponential functions, 318 
of linear functions, 14 
of logarithmic functions, 320 
of polynomial functions, 206 
of quadratic functions, 49 
of radical functions, 253 


< 
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Vertical translations 
of exponential functions, 318 
of linear functions, 12 
of logarithmic functions, 320 
of polynomial functions, 206 
of quadratic functions, 48 
of radical functions, 253 
of sine function, 489 


Writing, Throughout. See for example: 

exponential functions, 343-344 

an exponential model, 298 

inverse variation equations, 361 

polynomial functions for data sets, 
220 

quadratic equations, 76-77 

to model data, 78-79 

recursive rules for sequences, 
442-443 

transformations of exponential and 
logarithmic functions, 321 

transformations of polynomial 
functions, 207—208 

transformations of quadratic 
functions, 50-51 

transformations of radical functions, 
254 

trigonometric functions, 507 


x-axis reflections 
of linear functions, 13 
of quadratic functions, 49 
x-intercepts 
equivalent statements, 212 
finding, of graph of linear equation, 
45 


graphing quadratic functions using, 
59 

of polynomial graphs, identifying, 
[57 

of sine and cosine functions, 487 

using to graph polynomial functions, 
212 

writing quadratic equations using, 
76-77 

as zeros of function, 96 

y-axis reflections 


of linear functions, 13 
of quadratic functions, 49 


Zero Exponent Property, 244 
Zero(s) of a function 
defined, 96 
and Descartes’s Rule of Signs, 
200-201 
equivalent statements, 212 
finding number of solutions, 198 
of polynomial function, finding, 190, 
1925193 
using Location Principle, 213 
of quadratic function, finding, 96, 
107 
using to write polynomial function, 
193 
Zero-Product Property, 96 
z-score 
defined, 597 
and standard normal table, 598 
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Properties 


Properties of Exponents 


Let a and b be real numbers and let m and n be rational numbers. 


Zero Exponent Negative Exponent Product of Powers Property 


a° = 1, where a # 0 a@eghaantn 


aq" = where a # 0 


Quotient of Powers Property Power of a Power Property Power of a Product Property 
a” = gmon where a # 0 (any = am (oy = pe 
a" : 
Power of a Quotient Property Rational Exponents Rational Exponents 
a\m _ (OG qinin = (qi/n)m = (Ya) —min — 1 — 1 = ] 
iB = be where b #F 0 a qn (qin ym (x7q 
where a # 0 


Properties of Radicals 


Let a and b be real numbers and let n be an integer greater than 1. 


Product Property of Radicals Quotient Property of Radicals 
tf Sree nf A n 
ab = Va +Vb 2 =~ where b #0 


Square Root of a Negative Number 
1. If ris a positive real number, then V—r = ivr. 


2. By the first property, it follows that (ivr)? = —r. 


Properties of Logarithms 

Let b, m, and n be positive real numbers with b # 1. 

Product Property Quotient Property Power Property 
log, mn = log, m + log, n log, ™ = log, m= log, n log, m”" = n log, m 
Other Properties 

Zero-Product Property 

If A and B are expressions and AB = 0, then A = 0 or B = 0. 


Property of Equality for Exponential Equations 
If b>0 and b # 1, then &* = bY if and only if x = y. 


Property of Equality for Logarithmic Equations 
If b, x, and y are positive real numbers with b # 1, then log, x = log, y if and only if x = y. 
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Patterns 


Square of a Binomial Pattern 
(a+b) =a? + 2ab + Pb 


Sum and Difference Pattern 
(a+ bla—b)=a-b 


(a — b)?? = a*® — 2ab+ Bb 
Cubeoha Binnie! Completing the Square 
(a + bs = a3 + 3a2b + 3ab? + B3 pe By = (x i by 
(a — b) = a3 — 3a*b + 3ab? — b3 2 


Perfect Square Trinomial Pattern 
a+labt hao 
a? — 2ab + b* = (a — by? 


Difference of Two Squares Pattern 
a* — b* = (a + bya — b) 


Sum of Two Cubes Difference of Two Cubes 
a? + b3 = (a + b)(a? — ab + b*) © —P = (a= baer) 


Theorems 


The Remainder Theorem 
If a polynomial f(x) is divided by x — k, then the remainder is r = f(k). 


The Factor Theorem 
A polynomial f(x) has a factor x — k if and only if f(k) = 0. 


The Rational Root Theorem 

If f(x) = a,x” + +++ + a,x + ag has integer coefficients, then every rational solution of f(x) = 0 has the form 
p _ factor of constant term do 

g _ factor of leading coefficient a, 


The Irrational Conjugates Theorem 
Let fbe a polynomial function with rational coefficients, and let a and 5 be rational numbers such that Vb 
is irrational. 


If a + Vb is a zero of f, then a — Vb is also a zero of f. 


The Fundamental Theorem of Algebra 


Theorem __ If f(x) is a polynomial of degree n where n > 0, then the equation f(x) = 0 has at least one solution 
in the set of complex numbers. 


Corollary — If f(x) is a polynomial of degree n where n > 0, then the equation f(x) = 0 has exactly n solutions 
provided each solution repeated twice is counted as 2 solutions, each solution repeated three times 
is counted as 3 solutions, and so on. 


The Complex Conjugates Theorem 
If fis a polynomial function with real coefficients, and a + bi is an imaginary zero of f, then a — bi is alsoa 
zero of f. 


Descartes’s Rule of Signs 
Let f(x) = a,x" + a, — x"~! + +++ + ayx? + ax + ag be a polynomial function with real coefficients. 


¢ The number of positive real zeros of fis equal to the number of changes in sign of the coefficients of f(x) or 
is less than this by an even number. 


¢ The number of negative real zeros of fis equal to the number of changes in the sign of the coefficients of 
f(—x) or is less than this by an even number. 
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Formulas 


Algebra 

Slope Slope-intercept form Point-slope form 

m= 2221 bea) Sena aay a HX =) 
sr alr | 


Standard form of a quadratic function 
F(x) = ax? + bx + c, where a # 0 


Intercept form of a quadratic function 
f(x) = a(x — p)(x — q), where a #0 


Standard equation of a circle 
cay = 77 


Exponential growth function 
y = ab*, where a>O and b> 1 


Logarithm of y with base b 
log, y = x if and only if b* = y 


Sum of 7 terms of 1 


n 


mi=n 


= 1 


Sum of squares of first n positive integers 
> 2= n(n + 1)(2n + 1) 

= 6 

i=] 


Sum of first 1 terms of an arithmetic series 
$, = (45 | 

2 
Sum of first 1 terms of a geometric series 


[= a,( = = where r # 1 
(| Se 


Recursive equation for an arithmetic sequence 
a, — a, - | ape! 


Statistics 


Sample mean 


= es 
— ——— 
n 


Vertex form of a quadratic function 
f(x) = a — h)* + k, where a + 0 


Quadratic Formula 
_ —b + Vb? — 4ac 
26 SS 


, where a # 0 
2a 


Standard form of a polynomial function 
fies” + dy ee Fax a, 


Exponential decay function 
y = ab‘, wherea>Oand0<b< 1 


Change-of-base formula 


lo a: 
log.a = EOEp ee where a, b, and c are positive real numbers 
og, Cc 


log, 
with b #4 1 andc £ 1. 


Sum of first 7 positive integers 


n 


5 
2! 2 


Explicit rule for an arithmetic sequence 
a, =a, + (n— 1)d 


Explicit rule for a geometric sequence 
a, =ar7} 


Sum of an infinite geometric series 


“i ~ provided 7l<4 


S=5 


Recursive equation for a geometric sequence 


a, =rea,—| 


Standard deviation 


Go| ee eee, EP 
n 


Margin of error for sample proportions 
1 


vn 
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Trigonometry 


General definitions of trigonometric functions 


Let 6 be an angle in standard position, and let (x, y) be the point where the 


terminal side of @ intersects the circle x2 + y? = 7°. The six trigonometric functions 


of 6 are defined as shown. 


[> 


cos § = 
r r 


fe r 
csc 0=-,y #0 sec @=-,x #0 
: x 


Conversion between degrees and radians 


180° = aradians 
Arc length of a sector Area of a sector 


s=r0 


Reciprocal Identities 


cot d= cont 
sin 6 

Pythagorean Identities 

sin? 6 + cos? 9= 1 

1 + tan? = sec? 6 

1 + cot? @ = csc? 6 


cos(— 6) = cos 6 


Sum Formulas 
sin(a + b) = sinacosb + cosa sin b 
cos(a + b) = cos acos b — sina sin b 


tana + tan b 


tan(@a + b) = 
( | — tan a tan b 


Probability and Combinatorics 


Number of favorable outcomes 
Total number of outcomes 


Theoretical Probability = 


Probability of the complement of an event 
P(A) = 1 — P(A) 


Probability of dependent events 
P(A and B) = P(A) « P(B| A) 


Permutations Combinations 
oat ae n! 
rT Oa a nn De 


The Binomial Theorem 


Negative Angle Identities 
sin(— 9) = —sin 6 


tan(— 6) = —tan 0 


y 
(x, y) 
x 
tan 0 = y x#0 
a5 
cot 0 =~, y#0 
ty, 
sector y radian 
» oe 7 « Measure 
m 3 
4 
anG 
< length 
iS 
| 
cot d= 
tan 0 


Cofunction Identites 


sin( 7 = 6| = cos 0 


Difference Formulas 
sin(a — b) = sina cos b — cos asin b 
cos (a — b)=cosacosb + sina sinb 


tan a — tan b 


it a a 
AN) 1 + tan a tan b 


Number of successes 
Number of trials 


Experimental Probability = 


Probability of independent events 
P(A and B) = P(A) « P(B) 


Probability of compound events 
P(A or B) = P(A) + P(B) — P(A and B) 


Binomial experiments 


P(k successes) = ,C,p*(1 — p)"~ * 


(a + by = ,Cya"b® + .C,a"— 1b! + ,C,a"~ 2b? + --- + ,C,a%b", where n is a positive integer. 
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Perimeter, Area, and Volume Formulas 


Square 


G70 on 6 — 2 77- 
A= mr 


Rhombus/Kite 


Rectangle Triangle 


P=20+2w P=atbt+c 
A= tw A = bh 
Parallelogram Trapezoid 
jp / : 
a 
b 
b, 

A=bh A = sh(b, + by) 

J Regular n-gon 

| 


I 1 
A = 5aP orA = sa ens 


Cylinder Pyramid 


Vp 
L=2arh = 5PL 
S = 2ar2 + 2arh S=B+>PL 
pore! V = 1Bh 
Sphere 
L Stee S=4ar 
S= ar + arb V = inh 
Vee zmrh 
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=e 
iD 
— 
@ 
= 
1. 
SS 
rm 
1 


Other Formulas 


Pythagorean Theorem 
a? + b* = c? 


Conversions 


U.S. Customary 

1 foot = 12 inches 

1 yard = 3 feet 

1 mile = 5280 feet 

| mile = 1760 yards 

1 acre = 43,560 square feet 
| cup = 8 fluid ounces 

1 pint = 2 cups 

1 quart = 2 pints 

1 gallon = 4 quarts 

1 gallon = 231 cubic inches 
1 pound = 16 ounces 

1 ton = 2000 pounds 


Metric 

i centimeter = 10 millimeters 

1 meter = 100 centimeters 

| kilometer = 1000 meters 

I liter = 1000 milliliters 

1 kiloliter = 1000 liters 

1 milliliter = 1 cubic centimeter 
1 liter = 1000 cubic centimeters 
1 cubic millimeter = 0.001 milliliter 
] gram = 1000 milligrams 

1 kilogram = 1000 grams 
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Simple Interest 
I= Prt 


Compound Interest 
nt 
A=P(1+=| 
n 


Continuously Compounded Interest 
A = Pe" 


U.S. Customary to Metric 

1 inch = 2.54 centimeters 

1 foot ~ 0.3 meter 

1 mile ~ 1.61 kilometers 

1 quart ~ 0.95 liter 

1 gallon ~ 3.79 liters 

1 cup ~ 237 milliliters 

1 pound ~ 0.45 kilogram 

1 ounce © 28.3 grams 

1 gallon ~ 3785 cubic centimeters 


Distance 
a—Tt 


Time 

1 minute = 60 seconds 
1 hour = 60 minutes 

1 hour = 3600 seconds 
1 year = 52 weeks 


Temperature 
C = 2(F — 32) 
F=2C+ 32 


Metric to U.S. Customary 
1 centimeter ~ 0.39 inch 


1 meter ~ 3.28 feet 


1 meter ~ 39.37 inches 
1 kilometer ~ 0.62 mile 


1 liter ~ 1.06 quarts 
1 liter ~ 0.26 gallon 


1 kilogram ~ 2.2 pounds 
1 gram ~ 0.035 ounce 
1 cubic meter ~ 264 gallons 
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Standards for 
Viathem atical Practice 


The Big Ideas Math program was written with the Standards for 
Mathematical Practice as its foundation. Every lesson provides students 
with the opportunity to develop the “processes and proficiencies” 
that are required for success in high school mathematics and 
for college and career readiness. 


Make sense of problems and ~ Use appropriate tools 
persevere in solving them. ~ Strategically. 


Reason abstractly 


and quantitatively. Attend to precision. 


Construct viable arguments 
and critique the reasoning 
of others. 


Look for and make use 
of structure. 


ae. for and express regularity 


Model with mathematics. ; 
in repeated reasoning. 
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